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Foreword

My education was not much different from that of most mathematicians of my
generation. It included courses on modern algebra, real and complex variables,
both point set and algebraic topology, some number theory and projective ge-
ometry, and some specialized courses such as one on Riemann surfaces. In
none of these courses was a hypergeometric function mentioned, and I am not
even sure if the gamma function was mentioned after an advanced calculus
course. The only time Bessel functions were mentioned was in an undergradu-
ate course on differential equations, and the only thing done with them was to
find a power series solution for the general Bessel equation. It is small wonder
that with a similar education almost all mathematicians think of special func-
tions as a dead subject which might have been interesting once. They have no
idea why anyone would care about it now.

Fortunately there was one part of my education which was different. As
a junior in college I read Widder’s book The Laplace Transform and the
manuscript of its very important sequel, Hirschman and Widder’s The Convo-
lution Transform. Then as a senior, I. I. Hirschman gave me a copy of a preprint
of his on a multiplier theorem for Legendre series and suggested I extend it to
ultraspherical series. This forced me to become acquainted with two other very
important books, Gabor Szegd’s great book Orthogonal Polynomials, and the
second volume of Higher Transcendental Functions, the monument to Harry
Bateman which was written by Arthur Erdélyi and his co-workers W. Magnus,
F. Oberhettinger and F. G. Tricomi.

From this I began to realize that the many formulas that had been found,
usually in the 18th or 19th century, but once in a while in the early 20th
century, were useful, and started to learn about their structure. However, I
had written my Ph.D. thesis and worked for three more years before I learned
that not every fact about special functions I would need had already been
found, and it was a couple of more years before I learned that it was essential
to understand hypergeometric functions. Like others, I had been put off by all
the parameters. If there were so many parameters that it was necessary to put
subscripts on them, then there has to be a better way to solve a problem than
this. That was my initial reaction to generalized hypergeometric functions,
and a very common reaction to judge from the many conversations I have
had on these functions in the last twenty years. After learning a little more
about hypergeometric functions, I was very surprised to realize that they had
occurred regularly in first year calculus. The reason for the subscripts on the
parameters is that not all interesting polynomials are of degree one or two. For

xiii
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a generalized hypergeometric function has a series representation

oo

Se 1)

n=0

with ¢p+1/¢n a rational function of n. These contain almost all the examples
of infinite series introduced in calculus where the ratio test works easily. The
ratio ¢,+1/¢, can be factored, and it is usually written as

Cn+1  (nH4a1)---(n+ap)x @)
o b0t b+ 1)
Introduce the shifted factorial
((l)o = 1,
(3)
() =ala+1)---(a+n—-1), n=1,2,....
Then if ¢g = 1, equation (2) can be solved for ¢, as
a1)n - (Qp)n xn

Cp =
(b1)n =+ (bg)n n!
and

o] = X G 2

7

is the usual notation.
The first important result for a ,F, with p > 2, ¢ > 1 is probably Pfaff’s

sum
—n, a, b (c—a)p(c—0),
F | = TG 01 (6

’ 2[0, a+b+1l—c—n } (An(lc—a—0>), " (6)

This result from 1797, see Pfaff [1797], contains as a limit when n — oo, another
important result usually attributed to Gauss [1813],

2l {a’ b;l} _Hr(c—a-b)

~Te—aT(c=b)’ Re (¢ —a—5) > 0. (7)

The next instance is a very important result of Clausen [1828]:

{F[ a, b }}2 F[ 2a, 2b, a+b (8)
T = A
21 a+b+% 302 a+b+%, 2a + 2b

Some of the interest in Clausen’s formula is that it changes the square of a
class of 2F1’s to a 3F». In this direction it is also interesting because it was
probably the first instance of anyone finding a differential equation satisfied by
[y(2)]?, y(z)z(z) and [2(x)]? when y(z) and z(z) satisfy

a(z)y” +b(x)y + c(x)y = 0. (9)



Foreword XV

This problem was considered for (9) by Appell, see Watson [1952], but
the essence of his general argument occurs in Clausen’s paper. This is a com-
mon phenomenon, which is usually not mentioned when the general method is
introduced to students, so they do not learn how often general methods come
from specific problems or examples. See D. and G. Chudnovsky [1988] for an
instance of the use of Clausen’s formula, where a result for a o Fj is carried to a
3%, and from that to a very interesting set of expansions of 7—. Those identi-
ties were first discovered by Ramanujan. Here is Ramanujan’s most impressive
example:

9801 1/4),(1/2),(3/4), 1
m22[1103+26390n]( / )(1§n(1)nn!/ ) O

n=0

(10)

There is another important reason why Clausen’s formula is important. It
leads to a large class of 3F%’s that are nonnegative for the power series variable
between —1 and 1. The most famous use of this is in the final step of de
Branges’ solution of the Bieberbach conjecture, see de Branges [1985]. The
integral of the 2 F1 or Jacobi polynomial he had is a 3F», and its positivity is
an easy consequence of Clausen’s formula, as Gasper had observed ten years
earlier. There are other important results which follow from the positivity in
Clausen’s identity.

Once Kummer [1836] wrote his long and important paper on 2F;’s and
1F1’s, this material became well-known. It has been reworked by others. Rie-
mann redid the 2 F} using his idea that the singularities of a function go a long
way toward determining the function. He showed that if the differential equa-
tion (9) has regular singularities at three points, and every other point in the
extended complex plane is an ordinary point, then the equation is equivalent
to the hypergeometric equation

z(l—2)y" +c— (a+ b+ 1)z]y’ —aby =0, (11)

which has regular singular points at * = 0,1,00. Riemann’s work was very
influential, so much so that much of the mathematical community that consid-
ered hypergeometric functions studied them almost exclusively from the point
of view of differential equations. This is clear in Klein’s book [1933], and in
the work on multiple hypergeometric functions that starts with Appell in 1880
and is summarized in Appell and Kampé de Fériet [1926].
The integral representations associated with the differential equation point
of view are similar to Euler’s integral representation. This is
a, b

| = I'(c) ! )bl — pyeb-t
zFl[ o }_F(b)F(c—b)/o (1 t) "% (1 —¢t) dt, (12)

|z] < 1, Re ¢ > Re b > 0, and includes related integrals with different contours.
The differential equation point of view is very powerful where it works, but it
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does not work well for p > 3 or ¢ > 2 as Kummer discovered. Thus there is a
need to develop other methods to study hypergeometric functions.

In the late 19th and early 20th century a different type of integral rep-
resentation was introduced. These two different types of integrals are best
represented by Euler’s beta integral

1
_ _ I'(a)T'(b)
o1 = )bt = 2 b 1
|era—orta = GO Re (@) >0 (13)
and Barnes’ beta integral
1 oo
o T(a+ )b+ it)I'(c —it)I'(d —it) dt (14)
™ — 00
Ila+c)T'(a+ T+ c)T'(b+ d)
= Tatbtctd , Re(a,b,c,d) > 0.

There is no direct connection with differential equations for integrals like
(14), so it stands a better chance to work for larger values of p and g.

While Euler, Gauss, and Riemann and many other great mathematicians
wrote important and influential papers on hypergeometric functions, the devel-
opment of basic hypergeometric functions was much slower. Euler and Gauss
did important work on basic hypergeometric functions, but most of Gauss’
work was unpublished until after his death and Euler’s work was more influ-
ential on the development of number theory and elliptic functions.

Basic hypergeometric series are series Y ¢, with ¢,+1/¢, a rational func-
tion of ¢™ for a fixed parameter ¢, which is usually taken to satisfy |¢| < 1, but
at other times is a power of a prime. In this Foreword |g| < 1 will be assumed.

Euler summed three basic hypergeometric series. The one which had the
largest impact was

ST (=12 = (g5 9)ee, (15)
where
(a; @)oo = [T (1 = ag™. (16)
n=0
If
(@;9)n = (4;9) 0 /(a9"™; @) o (17)

then Euler also showed that

1 i T

@ Do =5 (G 0)n’

n

jz <1, (18)
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and

Eventually all of these were contained in the g-binomial theorem

(023 9)c _ N~ (GO0 0
(3 9)oo _nz::o(q;q)n o kst 20)

While (18) is clearly the special case a = 0, and (19) follows easily on
replacing = by za~! and letting a — oo, it is not so clear how to obtain (15)
from (20). The easiest way was discovered by Cauchy and many others. Take
a = ¢V, shift n by N, rescale and let N — oo. The result is called the triple
product, and can be written as

0 n
(@ Qoo (08 Do (G D)0 = Y (—1)"q2)a. (21)

n=-—oo

Then q — ¢° and o = ¢ gives Euler’s formula (15).

Gauss used a basic hypergeometric series identity in his first proof of the
determination of the sign of the Gauss sum, and Jacobi used some to determine
the number of ways an integer can be written as the sum of two, four, six
and eight squares. However, this particular aspect of Gauss’ work on Gauss
sums was not very influential, as his hypergeometric series work had been, and
Jacobi’s work appeared in his work on elliptic functions, so its hypergeometric
character was lost in the great interest in the elliptic function work. Thus
neither of these led to a serious treatment of basic hypergeometric series. The

result that seems to have been the crucial one was a continued fraction of
Eisenstein. This along with the one hundredth anniversary of Euler’s first

work on continued fractions seem to have been the motivating forces behind
Heine’s introduction of a basic hypergeometric extension of 2Fi(a,b; c;x). He
considered

a b S a b
q“, q @ D@ Dn
201 . ;q,w] =) —F——z", |z|<L (22)
{ q ,;, (4% @)n (@ Dn
Observe that
(4" @)n
1 = n
q1—>Hi (1 —g)» (a)
SO
a b a, b
lim 2¢1 . gzl =2k ;x
q—)

Heine followed the pattern of Gauss’ published paper on hypergeometric
series, and so obtained contiguous relations and from them continued fraction
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expansions. He also obtained some series transformations, and the sum

" ] (6T 0)ee(67 % ) c—ab
201 14,49 = . g <1 23)
q° (0% 0)00 (727 @) o | | (

This sum becomes (7) when ¢ — 1.

As often happens to path breaking work, this work of Heine was to a large
extent ignored. When writing the second edition of Kugelfunctionen (Heine
[1878]) Heine decided to include some of his work on basic hypergeometric
series. This material was printed in smaller type, and it is clear that Heine in-
cluded it because he thought it was important, and he wanted to call attention
to it, rather than because he thought it was directly related to spherical har-
monics, the subject of his book. Surprisingly, his inclusion of this material led
to some later work, which showed there was a very close connection between
Heine’s work on basic hypergeometric series and spherical harmonics. The
person Heine influenced was L. J. Rogers, who is still best known as the first
discoverer of the Rogers—-Ramanujan identities. Rogers tried to understand this
aspect of Heine’s work, and one transformation in particular. Thomae [1879]
had observed this transformation of Heine could be written as an extension of
Euler’s integral representation (12), but Rogers was unaware of this explana-
tion, and so discovered a second reason. He was able to modify the transfor-
mation so it became the permutation symmetry in a new series. While doing
this he introduced a new set of polynomials which we now call the continuous
g-Hermite polynomials. In a very important set of papers which were unjustly
neglected for decades, Rogers discovered a more general set of polynomials and
found some remarkable identities they satisfy, see Rogers [1893a,b, 1894, 1895].
For example, he found the linearization coefficients of these polynomials which
we now call the continuous g-ultraspherical polynomials. These polynomials
contain many of the spherical harmonics Heine studied. Contained within this
product identity is the special case of the square of one of these polynomials as
a double series. As Gasper and Rahman have observed, one of these series can
be summed, and the resulting identity is an extension of Clausen’s sum in the
terminating case. Earlier, others had found a different extension of Clausen’s
identity to basic hypergeometric series, but the resulting identity was not sat-
isfactory. The identity had the product of two functions, the same functions
but one evaluated at x and the other at gz, and so was not a square. Thus
the nonnegativity that is so useful in Clausen’s formula was not true for the
corresponding basic hypergeometric series. Rogers’ result for his polynomials
led directly to the better result which contains the appropriate nonnegativity.
From this example and many others, one sees that orthogonal polynomials
provide an alternative approach to the study of hypergeometric and basic hy-
pergeometric functions. Both this approach and that of differential equations
are most useful for small values of the degrees of the numerator and denomi-
nator polynomials in the ratio ¢,+1/c,, but orthogonal polynomials work for
a larger class of series, and are much more useful for basic hypergeometric se-
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ries. However, neither of these approaches is powerful enough to encompass all
aspects of these functions. Direct series manipulations are surprisingly useful,
when done by a master, or when a computer algebra system is used as an aid.
Gasper and Rahman are both experts at symbolic calculations, and I regularly
marvel at some of the formulas they have found. As quantum groups become
better known, and as Baxter’s work spreads to other parts of mathematics as
it has started to do, there will be many people trying to learn how to deal with
basic hypergeometric series. This book is where I would start.

For many years people have asked me what is the best book on special
functions. My response was George Gasper’s copy of Bailey’s book, which was
heavily annotated with useful results and remarks. Now others can share the
information contained in these margins, and many other very useful results.

Richard Askey

University of Wisconsin






Preface

The study of basic hypergeometric series (also called g-hypergeometric series or

g-series) essentially started in 1748 when Euler considered the infinite product
o0

()3 = T] (1 —¢"*1)~! as a generating function for p(n), the number of

partitions of a positive integer n into positive integers (see §8.10). But it was

not until about a hundred years later that the subject acquired an independent

status when Heine converted a simple observation that lirri [(1-¢*)/(1—q)] =a
q—?

into a systematic theory of 2¢1 basic hypergeometric series parallel to the
theory of Gauss’ 2F) hypergeometric series. Heine’s transformation formulas
for 2¢1 series and his g-analogue of Gauss’ 2F31(1) summation formula are
derived in Chapter 1, along with a g-analogue of the binomial theorem, Jacobi’s
triple product identity, and some formulas for g-analogues of the exponential,
gamma and beta functions.

Apart from some important work by J. Thomae and L. J. Rogers the
subject remained somewhat dormant during the latter part of the nineteenth
century until F. H. Jackson embarked on a lifelong program of developing
the theory of basic hypergeometric series in a systematic manner, studying
g-differentiation and g¢-integration and deriving g-analogues of the hyperge-
ometric summation and transformation formulas that were discovered by
A. C. Dixon, J. Dougall, L. Saalschiitz, F. J. W. Whipple, and others. His
work is so pervasive that it is impossible to cover all of his contributions in a
single volume of this size, but we have tried to include many of his important
formulas in the first three chapters. In particular, a derivation of his summation
formula for an g¢7 series is given in §2.6. During the 1930’s and 1940’s many
important results on hypergeometric and basic hypergeometric series were de-
rived by W. N. Bailey. Some mathematicians consider Bailey’s greatest work
to be the Bailey transform (an equivalent form of which is covered in Chap-
ter 2), but equally significant are his nonterminating extensions of Jackson’s
g7 summation formula and of Watson’s transformation formula connecting
very-well-poised g¢7 series with balanced 4¢3 series. Much of the material on
summation, transformation and expansion formulas for basic hypergeometric
series in Chapter 2 is due to Bailey.

D. B. Sears, L. Carlitz, W. Hahn, and L. J. Slater were among the promi-
nent contributors during the 1950’s. Sears derived several transformation for-
mulas for 3¢, series, balanced 4¢3 series, and very-well-poised ,+1¢,, series.
Simple proofs of some of his 3¢, transformation formulas are given in Chap-
ter 3. Three of his very-well-poised transformation formulas are derived in
Chapter 4, where we follow G. N. Watson and Slater to develop the theory of
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basic hypergeometric series from a contour integral point of view, an idea first
introduced by Barnes in 1907.

Chapter 5 is devoted to bilateral basic hypergeometric series, where the
most fundamental formula is Ramanujan’s 111 summation formula. Substan-
tial contributions were also made by Bailey, M. Jackson, Slater and others,
whose works form the basis of this chapter.

During the 1960’s R. P. Agarwal and Slater each published a book par-
tially devoted to the theory of basic hypergeometric series, and G. E. Andrews
initiated his work in number theory, where he showed how useful the sum-
mation and transformation formulas for basic hypergeometric series are in the
theory of partitions. Andrews gave simpler proofs of many old results, wrote
review articles pointing out many important applications and, during the mid
1970’s, started a period of very fruitful collaboration with R. Askey. Thanks to
these two mathematicians, basic hypergeometric series is an active field of re-
search today. Since Askey’s primary area of interest is orthogonal polynomials,
g-series suddenly provided him and his co-workers with a very rich environment
for deriving g-extensions of beta integrals and of the classical orthogonal poly-
nomials of Jacobi, Gegenbauer, Legendre, Laguerre and Hermite. Askey and
his students and collaborators who include W. A. Al-Salam, M. E. H. Ismail,
T. H. Koornwinder, W. G. Morris, D. Stanton, and J. A. Wilson have produced
a substantial amount of interesting work over the past fifteen years. This flurry
of activity has been so infectious that many researchers found themselves hope-
lessly trapped by this alluring “g-disease”, as it is affectionately called.

Our primary motivation for writing this book was to present in one modest
volume the significant results of the past two hundred years so that they are
readily available to students and researchers, to give a brief introduction to the
applications to orthogonal polynomials that were discovered during the current
renaissance period of basic hypergeometric series, and to point out important
applications to other fields. Most of the material is elementary enough so
that persons with a good background in analysis should be able to use this
book as a textbook and a reference book. In order to assist the reader in
developing a deeper understanding of the formulas and proof techniques and
to include additional formulas, we have given a broad range of exercises at the
end of each chapter. Additional information is provided in the Notes following
the Exercises, particularly in relation to the results and relevant applications
contained in the papers and books listed in the References. Although the
References may have a bulky appearance, it is just an introduction to the vast
literature available. Appendices I, IT, and III are for quick reference, so that it
is not necessary to page through the book in order to find the most frequently
needed identities, summation formulas, and transformation formulas. It can
be rather tedious to apply the summation and transformation formulas to the
derivation of other formulas. But now that several symbolic computer algebraic
systems are available, persons having access to such a system can let it do some
of the symbolic manipulations, such as computing the form of Bailey’s 10¢9
transformation formula when its parameters are replaced by products of other
parameters.
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Due to space limitations, we were unable to be as comprehensive in our
coverage of basic hypergeometric series and their applications as we would
have liked. In particular, we could not include a systematic treatment of basic
hypergeometric series in two or more variables, covering F. H. Jackson’s work
on basic Appell series and the works of R. A. Gustafson and S. C. Milne on
U(n) multiple series generalizations of basic hypergeometric series referred to
in the References. But we do highlight Askey and Wilson’s fundamental work
on their beautiful g-analogue of the classical beta integral in Chapter 6 and
develop its connection with very-well-poised g¢7 series. Chapter 7 is devoted
to applications to orthogonal polynomials, mostly developed by Askey and
his collaborators. We conclude the book with some further applications in
Chapter 8, where we present part of our work on product and linearization
formulas, Poisson kernels, and nonnegativity, and we also manage to point
out some elementary facts about applications to the theory of partitions and
the representations of integers as sums of squares of integers. The interested
reader is referred to the books and papers of Andrews and N. J. Fine for
additional applications to partition theory, and recent references are pointed
out for applications to affine root systems (Macdonald identities), association
schemes, combinatorics, difference equations, Lie algebras and groups, physics
(such as representations of quantum groups and R. J. Baxter’s work on the
hard hexagon model of phase transitions in statistical mechanics), statistics,
etc.

We use the common numbering system of letting (k.m.n) refer to the
n-th numbered display in Section m of Chapter k, and letting (I.n), (IL.n),
and (IILn) refer to the n-th numbered display in Appendices I, II, and III,
respectively. To refer to the papers and books in the References, we place the
year of publication in square brackets immediately after the author’s name.
Thus Bailey [1935] refers to Bailey’s 1935 book. Suffixes a, b, ... are used
after the years to distinguish different papers by an author that appeared in
the same year. Papers that have not yet been published are referred to with
the year 2004, even though they might be published later due to the backlogs
of journals. Since there are three Agarwals, two Chiharas and three Jacksons
listed in the References, to minimize the use of initials we drop the initials of the
author whose works are referred to most often. Hence Agarwal, Chihara, and
Jackson refer to R. P. Agarwal, T. S. Chihara, and F. H. Jackson, respectively.

We would like to thank the publisher for their cooperation and patience
during the preparation of this book. Thanks are also due to R. Askey,
W. A. Al-Salam, R. P. Boas, T. S. Chihara, B. Gasper, R. Holt, M. E. H. Ismail,
T. Koornwinder, and B. Nassrallah for pointing out typos and suggesting im-
provements in earlier versions of the book. We also wish to express our sincere
thanks and appreciation to our TEXtypist, Diane Berezowski, who suffered
through many revisions of the book but never lost her patience or sense of
humor.






Preface to the second edition

In 1990 it was beyond our wildest imagination that we would be working on a
second edition of this book thirteen years later. In this day and age of rapid
growth in almost every area of mathematics, in general, and in Orthogonal
Polynomials and Special Functions, in particular, it would not be surprising if
the book became obsolete by now and gathered dust on the bookshelves. All
we hoped for is a second printing. Even that was only a dream since the main
competitor of authors and publishers these days are not other books, but the
ubiquitous copying machine. But here we are: bringing out a second edition
with full support of our publisher.

The main source of inspiration, of course, has been the readers and users
of this book. The response has been absolutely fantastic right from the first
weeks the book appeared in print. The kind of warm reception we enjoyed
far exceeded our expectations. Years later many of the leading researchers
in the field kept asking us if an updated version would soon be forthcoming.
Yes, indeed, an updated and expanded version was becoming necessary dur-
ing the latter part of the 1990’s in view of all the explosive growth that the
subject was experiencing in many different areas of applications of basic hy-
pergeometric series (also called g-series). However, the most important and
significant impetus came from an unexpected source — Statistical Mechan-
ics. In trying to find elliptic (doubly periodic meromorphic) solutions of the
so-called Yang-Baxter equation arising out of an eight-vertex model in Statis-
tical Mechanics the researchers found that the solutions are, in fact, a form
of hypergeometric series > a,z", where a,+1/a, is an elliptic function of n,
with n regarded as a complex variable. In a span of only five years the study
of elliptic hypergeometric series and integrals has become almost a separate
area of research on its own, whose leading researchers include, in alphabeti-
cal order, R. J. Baxter, E. Date, J. F. van Diejen, G. Felder, P. J. Forrester,
I. B. Frenkel, M. Jimbo, Y. Kajihara, K. Kajiwara, H. T. Koelink, A. Kuniba,
T. Masuda, T. Miwa, Y. van Norden, M. Noumi, Y. Ohta, M. Okado, E. Rains,
H. Rosengren, S. N. M. Ruijsenaars, M. Schlosser, V. P. Spiridonov, L. Stevens,
V. G. Turaev, A. Varchenko, S. O. Warnaar, Y. Yamada, and A. S. Zhedanov.

Even though we had not had any research experience in this exciting
new field, it became quite clear to us that a new edition could be justified
only if we included a chapter on elliptic hypergeometric series (and modular
and theta hypergeometric series), written in an expository manner so that it
would be more accessible to non-experts and be consistent with the rest of
the book. Chapter 11 is entirely devoted to that topic. Regrettably, we had
to be ruthlessly selective about choosing one particular approach from many
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possible approaches, all of which are interesting and illuminating on their own.
We were guided by the need for brevity and clarity at the same time, as well
as consistency of notations.

In addition to Chapter 11 we added Chapter 9 on generating and bi-
linear generating functions in view of their central importance in the study of
orthogonal polynomials, as well as Chapter 10, covering briefly the huge topic
of multivariable ¢-series, restricted mostly to F. H. Jackson’s g-analogues of the
four Appell functions Fy, F», F3, F4, and some of their more recent extensions.
In these chapters we have attempted to describe the basic methods and results,
but left many important formulas as exercises. Some parts of Chapters 1-8
were updated by the addition of textual material and a number of exercises,
which were added at the ends of the sections and exercises in order to retain
the same numbering of the equations and exercises as in the first edition.

We have corrected a number of minor typos in the first edition, some
discovered by ourselves, but most kindly pointed out to us by researchers
in the field, whose contributions are gratefully acknowledged. A list of er-
rata, updates of the references, etc., for the first edition and its translation
into Russian by N. M. Atakishiyev and S. K. Suslov may be downloaded at
arxiv.org/abs/math.CA /9705224 or at www.math.northwestern.edu/~george/
preprints/bhserrata, which is usually the most up-to-date. Analogous to the
first edition, papers that have not been published by November of 2003 are
referred to with the year 2003, even though they might be published later.

The number of people to whom we would like to express our thanks and
gratitude is just too large to acknowledge individually. However, we must men-
tion the few whose help has been absolutely vital for the preparation of this
edition. They are S. O. Warnaar (who proof-read our files with very detailed
comments and suggestions for improvement, not just for Chapter 11, which
is his specialty, but also the material in the other chapters), H. Rosengren
(whose e-mails gave us the first clue as to how we should present the topic of
Chapter 11), M. Schlosser (who led us in the right directions for Chapter 11),
S. K. Suslov (who sent a long list of errata, additional references, and sug-
gestions for new exercises), S. C. Milne (who suggested some improvements in
Chapters 5, 7, 8, and 11), V. P. Spiridonov (who suggested some improvements
in Chapter 11), and M. E. H. Ismail (whose comments have been very helpful).
Thanks are also due to R. Askey for his support and useful comments. Finally,
we need to mention the name of a behind-the-scene helper, Brigitta Gasper,
who spent many hours proofreading the manuscript. The mention of our ever
gracious TEXtypist, Diane Berezowski, is certainly a pleasure. She did not
have to do the second edition, but she said she enjoys the work and wanted
to be a part of it. Where do you find a more committed friend? We owe her
immensely.
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BASIC HYPERGEOMETRIC SERIES

1.1 Introduction

Our main objective in this chapter is to present the definitions and no-
tations for hypergeometric and basic hypergeometric series, and to derive the
elementary formulas that form the basis for most of the summation, transfor-
mation and expansion formulas, basic integrals, and applications to orthogonal
polynomials and to other fields that follow in the subsequent chapters. We be-
gin by defining Gauss’ 2 F1 hypergeometric series, the ,. F (generalized) hyper-
geometric series, and pointing out some of their most important special cases.
Next we define Heine’s 2¢1 basic hypergeometric series which contains an addi-
tional parameter ¢, called the base, and then give the definition and notations
for .¢s basic hypergeometric series. Basic hypergeometric series are called
g-analogues (basic analogues or g-extensions) of hypergeometric series because
an . F series can be obtained as the ¢ — 1 limit case of an ,.¢, series.

Since the binomial theorem is at the foundation of most of the summation
formulas for hypergeometric series, we then derive a g-analogue of it, called the
g-binomial theorem, and use it to derive Heine’s g-analogues of Euler’s trans-
formation formulas, Jacobi’s triple product identity, and summation formulas
that are g-analogues of those for hypergeometric series due to Chu and Vander-
monde, Gauss, Kummer, Pfaff and Saalschiitz, and to Karlsson and Minton.
We also introduce g-analogues of the exponential, gamma and beta functions,
as well as the concept of a g-integral that allows us to give a g-analogue of
Euler’s integral representation of a hypergeometric function. Many additional
formulas and g-analogues are given in the exercises at the end of the chapter.

1.2 Hypergeometric and basic hypergeometric series

In 1812, Gauss presented to the Royal Society of Sciences at Gottingen his
famous paper (Gauss [1813]) in which he considered the infinite series
ab ala+1)b(b+1) , ala+1)(a+2)b(b+1)(b+2) 4
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as a function of a, b, ¢, z, where it is assumed that ¢ # 0,—1,—2,..., so that
no zero factors appear in the denominators of the terms of the series. He
showed that the series converges absolutely for |z| < 1, and for |z| = 1 when
Re (¢ — a—b) > 0, gave its (contiguous) recurrence relations, and derived his
famous formula (see (1.2.11) below) for the sum of this series when z = 1 and
Re (¢ —a—b) > 0.
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Although Gauss used the notation F'(a,b,c,z) for his series, it is now
customary to use F'(a,b;c; z) or either of the notations

2Fi(a, b; ¢ 2), 2k [a’cb§2]
for this series (and for its sum when it converges), because these notations
separate the numerator parameters a,b from the denominator parameter c
and the variable z. In view of Gauss’ paper, his series is frequently called
Gauss’ series. However, since the special case a = 1,b = ¢ yields the geometric
series
l+z+22 4234+,

Gauss’ series is also called the (ordinary) hypergeometric series or the Gauss
hypergeometric series.
Some important functions which can be expressed by means of Gauss’

series are
(14 2)* = F(—a,b;b;—2),

log(1+2) =2F(1,1;2; —2),
sin~lz = 2F(1/2,1/2;3/2; 22), (1.2.2)
tan~tz = 2F(1/2,1;3/2; —2%),
e* = lim F(a,b;b;z/a),
a—o0
where |z| < 1 in the first four formulas. Also expressible by means of Gauss’

series are the classical orthogonal polynomials, such as the Tchebichef polyno-
mials of the first and second kinds

To(z) = F(—n,n;1/2; (1 — 2)/2), (1.2.3)
Un(z)=(n+1)F(—n,n+2;3/2;(1 — x)/2), (1.2.4)
the Legendre polynomials
P,(z)=F(—n,n+1;1;(1 —x)/2), (1.2.5)
the Gegenbauer (ultraspherical) polynomials
M) = (2:,)" Fl—nn+ 20\ +1/2: (1 - 2)/2), (1.2.6)

and the more general Jacobi polynomials
(a+1),

P () = ——" F(-n,n+a+f+1; a+1;(1-2)/2),  (1.27)
n!
where n =0,1,..., and (a), denotes the shifted factorial defined by
r
(a)o=1, () =ala+1)---(a+n—1)= W n=1,2,.... (128)
a

Before Gauss, Chu [1303] (see Needham [1959, p. 138], Takdcs [1973] and
Askey [1975, p. 59]) and Vandermonde [1772] had proved the summation for-
mula

F(—n,b;c;1) = n=20,1,..., (1.2.9)
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which is now called Vandermonde’s formula or the Chu—Vandermonde formula,
and Euler [1748] had derived several results for hypergeometric series, including
his transformation formula

Fla,bic;2) =(1—2) P Flc—a,c—b;c;2), |2] <1 (1.2.10)
Formula (1.2.9) is the terminating case a = —n of the summation formula
T(e)T(c—a—10)
I'(c—a)l(c—10)’
which Gauss proved in his paper.

Thirty-three years after Gauss’ paper, Heine [1846, 1847, 1878] introduced
the series
1_a1_b 1_a1_a+11_b1_b+l
(g0 0™ 0™ 5y
(1-¢)(1-¢°) (1-¢)(1=¢*)(1 —¢°)(1—¢)
where it is assumed that ¢ # 1, ¢ # 0,—1,—2,... and the principal value of

each power of ¢ is taken. This series converges absolutely for |z| < 1 when
|g| <1 and it tends (at least termwise) to Gauss’ series as ¢ — 1, because

1= _ (1.2.13)

F(a,b;c;1) = Re(c—a—0b) >0, (1.2.11)

1+

ql—>ni 1—g¢q

The series in (1.2.12) is usually called Heine’s series or, in view of the
base g, the basic hypergeometric series or q-hypergeometric series.

Analogous to Gauss’ notation, Heine used the notation ¢(a,b,c,q, z) for
his series. However, since one would like to also be able to consider the case
when ¢ to the power a, b, or ¢ is replaced by zero, it is now customary to define
the basic hypergeometric series by

,b
(b(d,b;C;q,Z) = 2¢l(a7b;c;Q7z) = 2¢1 |:ac ,Q7Z:|

— Z (@ 0)n(b: 0)n 2", (1.2.14)

= (¢ )n(C O

where
. 1 n =20,
(a,Q)n_ (1_a)(l_aq)...(l_a/qnfl)7 ’I’L:172,...,

is the g-shifted factorial and it is assumed that ¢ # ¢=™ for m = 0,1,... .
Some other notations that have been used in the literature for the product
(a;q)n are (a)qn,[a]n, and even (a), when (1.2.8) is not used and the base is
not displayed.

Another generalization of Gauss’ series is the (generalized) hypergeometric

series with r numerator parameters as, ..., a, and s denominator parameters
b1,...,bs defined by

(1.2.15)

_ a1,az,...,0,
rEs(al>a27"'7ar; bla"'7bs;z) = TE9|: l; ’ b’ 7Z:|
1y---5Ys

= (a;?nb(si)fl..-.(.b(j;)n n (1.2.16)
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Some well-known special cases are the exponential function
e* = oFo(—;—;2), (1.2.17)
the trigonometric functions
sinz = z oF1(—;3/2; —22/4),
oFa(—3/ ; /4 (1.2.18)
cosz = oF1(—;1/2;—2/4),

the Bessel function
Jo(2) = (2/2)% oF1(—;a+1;—22/4)/T(a + 1), (1.2.19)

where a dash is used to indicate the absence of either numerator (when r = 0)
or denominator (when s = 0) parameters. Some other well-known special cases
are the Hermite polynomials

H,(z) = (22)" 2Fo(—n/2,(1 —n)/2;—; —x~2), (1.2.20)
and the Laguerre polynomials
1
Lo(x) = (a+7')n 1B (—na+ 1 ). (1.2.21)
n!

Generalizing Heine’s series, we shall define an .¢s basic hypergeometric
series by

. . — ai, @z, ...,0ar
T¢s(a17a27'"aar’7b17"-abquaz): T‘QSS |: b b 14,2
1, s Us

(1.2.22)

_ o (a1:9)n(a2;Q)n -+ (ar; @)n (@ 1+s_rzn
fz (;)n(01;¢)n - (bs; @n |:( 1)"q 2:|

with (3) = n(n —1)/2, where ¢ # 0 when r > s + 1.

In (1.2.16) and (1.2.22) it is assumed that the parameters by,...,bs are
such that the denominator factors in the terms of the series are never zero.
Since

(—=m), = (q_m;q)n =0, n=m+1m+2,..., (1.2.23)

an .. F series terminates if one of its numerator parameters is zero or a negative
integer, and an .¢s series terminates if one of its numerator parameters is
of the form ¢=™ with m = 0,1,2,..., and ¢ # 0. Basic analogues of the
classical orthogonal polynomials will be considered in Chapter 7 as well as in
the exercises at the ends of the chapters.

Unless stated otherwise, when dealing with nonterminating basic hyper-
geometric series we shall assume that |¢| < 1 and that the parameters and
variables are such that the series converges absolutely. Note that if |¢| > 1,
then we can perform an inversion with respect to the base by setting p = ¢~ *
and using the identity

(a:0)n = (a5 p)u(—a)"p~(2) (1.2.24)

to convert the series (1.2.22) to a similar series in base p with |p| < 1 (see
Ex. 1.4(i)). The inverted series will have a finite radius of convergence if the
original series does.
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Observe that if we denote the terms of the series (1.2.16) and (1.2.22)
which contain 2™ by u, and v, respectively, then
Up+1 (a1 +n)(ag+n)---(a, +n)

wn A+t n) - (bstn) (1.2.25)

is a rational function of n, and

Vp+1 (1 —a1q™)(1 —azq") - (1 — apq™) (—g") 7 2

Uy, (1 —g"*)(1 —b1g™)--- (1 —bsq™)

is a rational function of ¢". Conversely, if >~ u, and Y _;v, are power
series with ug = vo = 1 such that wu,+1/u, is a rational function of n and
Un+1/Vy is a rational function of ¢™, then these series are of the forms (1.2.16)
and (1.2.22), respectively.

(1.2.26)

By the ratio test, the ,.F series converges absolutely for all z if r < s, and
for |z] < 1if r = s+ 1. By an extension of the ratio test (Bromwich [1959,
p. 241)), it converges absolutely for |z| =1if r =s+1 and Re [by + -+ -+ bs —
(a1 4+-++a-)]>0.Ifr>s+1and z#0or r =s+1 and |z| > 1, then this
series diverges, unless it terminates.

If 0 < |g| < 1, the ¢, series converges absolutely for all z if r < s and
for |z] < 1if r = s+ 1. This series also converges absolutely if |¢] > 1
and |z| < |bibz---bsql/|araz - - a.|. Tt diverges for z #£ 0 if 0 < |¢| < 1 and
r>s+1, and if |[g] > 1 and [z| > |bibo - - -bsq|/|araz - - - a,|, unless it termi-
nates. As is customary, the .Fy and ,¢s notations are also used for the sums
of these series inside the circle of convergence and for their analytic contin-
uations (called hypergeometric functions and basic hypergeometric functions,
respectively) outside the circle of convergence.

Observe that the series (1.2.22) has the property that if we replace z by
z/a, and let a, — oo, then the resulting series is again of the form (1.2.22)
with r replaced by r — 1. Because this is not the case for the ,.¢s series defined

ny\71l+s—r
without the factors {(71)”q(2)} in the books of Bailey [1935] and Slater

[1966] and we wish to be able to handle such limit cases, we have chosen to use
the series defined in (1.2.22). There is no loss in generality since the Bailey and
Slater series can be obtained from the » = s+ 1 case of (1.2.22) by choosing s
sufficiently large and setting some of the parameters equal to zero.

An ,4+1F, series is called k-balanced if by +by +---+b, = k+ a1 +ax +
-+ ap+1 and z = 1; a 1-balanced series is called balanced (or Saalschiitzian).
Analogously, an ,.+1¢, series is called k-balanced if bibs - - - b, = ¢Faraz - - - ap+1
and z = ¢, and a 1-balanced series is called balanced (or Saalschiitzian). We will
first encounter balanced series in §1.7, where we derive a summation formula
for such a series.

For negative subscripts, the shifted factorial and the g¢-shifted factorials
are defined by

1 1 (—1)"

Al P s ) wuwy gy Sl ey bl s WO S L0
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o 1 1 (—qfa)g@)
@D = T DA —ag?) (U —ar™) ~ @ m0n  (@a )
(1.2.28)
where n =0,1,... . We also define
(a:q)oo = [J (1 — ad®) (1.2.29)
k=0

for |¢| < 1. Since the infinite product in (1.2.29) diverges when a # 0 and
|g| > 1, whenever (a;q)~ appears in a formula, we shall assume that |g| < 1.
The following easily verified identities will be frequently used in this book:

(a;q)n = %7 (1.2.30)

(@4 "5 q)n = (a5 q)n(—a V)"~ (2), (1.2.31)

(a5 @)n—k = % (—qail)kq(g)*”k, (1.2.32)

(@ vk = (a;9)n(aq"; @), (1.2.33)

(ag"; @) = —(a;qz’;ii;q)", (1.2.34)

(aq"; @)n—k = ((Z Z;:, (1.2.35)

(aq®*; q)n—r = (a;q()g_(g)q: L (1.2.36)

(@ "9k = %(—1)%(5)—%7 (1.2.37)
. a*l.

(ag™";q)r = %q‘"k, (1.2.38)

(a5 @)2n = (a3 ¢°)n(ag; ¢*)n, (1.2.39)

(a2§q2)n = (a;Q)n(_a§Q)n> (1.2.40)

where n and k are integers. A more complete list of useful identities is given
in Appendix I at the end of the book.

Since products of g-shifted factorials occur so often, to simplify them we
shall frequently use the more compact notations

(alv az, ..., am; q)n = (al; Q)n(a2; q)n T (am; q)nv (1241)

(al, Az, ..., Qm; q)oo = (al; Q)oo(a2; q)oo cet (am; Q)oo~ (1242)
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The ratio (1 — ¢*)/(1 — ¢) considered in (1.2.13) is called a g-number (or
basic number) and it is denoted by

[alg==——+ q¢#1 (1.2.43)

It is also called a g-analogue, g-deformation, g-extension, or a g-generalization
of the complex number a. In terms of g-numbers the g-number factorial [n],!
is defined for a nonnegative integer n by

n

(n]g! = [T ¥la; (1.2.44)

k=1

and the corresponding g-number shifted factorial is defined by

n—1
[algin = [ ] la+ Kl,. (1.2.45)
k=0
Clearly,
lim[n],! =n!, lim[a], = a, (1.2.46)
q—1 q—1
and
[algn = (1= @) "™(¢* @)n, lim[a]gn = (a)n. (1.2.47)

q—1
Corresponding to (1.2.41) we can use the compact notation

[ala az,..., am]q;n = [al]q:n [a2}q:n s [am]q;n- (1-2-48)

Since

f: [a1,a2,...,ar]gn {(_1)nq(g):| 1+Sirzn

n=0 [n]q![bh ey bs]q;n
= s (q“l,q“% g g g g, 2 (1 — q)“s"‘), (1.2.49)

anyone working with g-numbers and the g-number hypergeometric series on
the left-hand side of (1.2.49) can use the formulas for ,.¢, series in this book
that have no zero parameters by replacing the parameters by ¢ powers and
applying (1.2.49).

As in Frenkel and Turaev [1995] one can define a trigonometric number
[a; o] by
sin(moa)

[a;0] = (1.2.50)

sin(mwo)
for noninteger values of o and view [a; 0] as a trigonometric deformation of a
since limy,_o[a;0] = a. The corresponding ,ts trigonometric hypergeometric
series can be defined by

rls (al,az, ceyapiby, . bsy 0, 2)
1+s—r

—Z ‘”’“2’“ 03Ol [( jyngrio() 2 (1.2.51)

[n;o]!b1, ..., bs; 0)n




8 Basic hypergeometric series

where L
[n;o)t = [[ ko), [as0]n = []la+ ko), (1.2.52)
k=1 k=0
and
[a1, a2, ..., am; 0ln = [a1;0]n[a2; 0n - - - [am; O] (1.2.53)
From
Tioca _ ,—Tioa a/2 _ ,—a/2 1 — g
4, € e _q q _ 4 (1-a)/2
[a;0] = emic _e-mic gz _g-1/2 1 _gq ¢ ’ (1.2.54)

where ¢ = €27 it follows that

[a; o], = %q”(l a)/2-n(n-1)/4 (1.2.55)
and hence
rts(az,az, ... ar;b1,...,bs;0,2)
= 0s(q™,q%, ..., q%q" g g, c2) (1.2.56)
with
c= (1 _ q)1+s—rqr/2—s/2+(b1+--~+bs)/2—(a1+--~+ar)/27 (1'2'57)

which shows that the ,t5 series is equivalent to the ,¢; series in (1.2.49).

Elliptic numbers [a; o, 7], which are a one-parameter generalization (de-
formation) of trigonometric numbers, are considered in §1.6, and the corre-
sponding elliptic (and theta) hypergeometric series and their summation and
transformation formulas are considered in Chapter 11.

We close this section with two identities involving ordinary binomial coef-
ficients, which are particularly useful in handling some powers of ¢ that arise
in the derivations of many formulas containing g¢-series:

(n—;k) _ (;z) N (S) ik, (1.2.58)
(n2k> _ (;L> N (S) Sk —kn. (1.2.59)

1.3 The g-binomial theorem

One of the most important summation formulas for hypergeometric series is
given by the binomial theorem:

2F1(a,¢;¢2) = 1Fo(a Z (1-2)79, (1.3.1)
where |z| < 1. We shall show that this formula has the following g-analogue

o0

(a; q (az;q)
1¢0 4,2 Z_:O mt = (Z,q)c:o’ |Z| <1, |Q| < ]-; (132)
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which was derived by Cauchy [1843], Heine [1847] and by other mathemati-
cians. See Askey [1980a], which also cites the books by Rothe [1811] and
Schweins [1820], and the remark on p. 491 of Andrews, Askey, and Roy [1999]
concerning the terminating form of the ¢-binomial theorem in Rothe [1811].
Heine’s proof of (1.3.2), which can also be found in the books Heine [1878],
Bailey [1935, p. 66] and Slater [1966, p. 92], is better understood if one first
follows Askey’s [1980a] approach of evaluating the sum of the binomial series
in (1.3.1), and then carries out the analogous steps for the series in (1.3.2).
Let us set

n

falz) = <a)," 2" (1.3.3)
n=0

Since this series is uniformly convergent in |z| < e when 0 < € < 1, we may
differentiate it termwise to get

n=1 n!
— i (a n+l o
= o 2" = afee1(2). (1.3.4)
n=0
Also
Ful) ~ fona(z) = Yo Do Lot D
n=1 :
= i (a “!‘Ti-l)nfl [a—(a+n)]2"=— i n(a ‘;})nflzn
n=1 ° = I
L (ajli'l)nznﬂ = Henl?) (1.3.5)
n=0 :

Eliminating fy+1(z) from (1.3.4) and (1.3.5), we obtain the first order differ-
ential equation

fa(z) = = ~fa(2), (1.3.6)

subject to the initial condition f,(0) = 1, which follows from the definition
(1.3.3) of fu(z). Solving (1.3.6) under this condition immediately gives that
fa(z) = (1 —2z)~* for |2| < 1.

Analogously, let us now set

> a7q n n
ha(z) = %z 2l <1 gl < 1. (1.3.7)
nzo b) n

Clearly, hya(z) — fa(2) as ¢ — 1. Since hqq(2) is a g-analogue of fq+1(2), we
first compute the difference

Pale) ~ huglz) = 3 (0 (0

— 4 Dn
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— Z (G‘Q; Q)nfl [1 —a— (1 _ aqn)] o

= (@Dn

o 1—”a;n_1n
:_az( q")(a4; @)n-1

= (4 Dn

= —ai Mz" = —azhgqe(2), (1.3.8)

= (4 Q)n-1
giving an analogue of (1.3.5). Observing that
f(z) — flaz)

"(2) = i 1.3.9
£/e) = lim S (13.9)
for a differentiable function f, we next compute the difference
o (a:9)n
ho(z) — ha(qz) = Z"—q"z"
(2) — hala2) ;(q;q)n< )
i P i (a; q)n+l Zn+1
n=1 q q n—1 n=0 (Qa Q)n
= (1 — a)zhaq(2). (1.3.10)
Eliminating heq (%) from (1.3.8) and (1.3.10) gives
1—
ha(2) = — 2 ha(qz). (1.3.11)
1—-=2
Iterating this relation n — 1 times and then letting n — oo we obtain
ha(z) = ((az q)) ha(q"2)
_ (050, ) _ (075D (1.3.12)

(2 @)oo (5@)o0
since ¢" — 0 as n — oo and he(0) = 1 by (1.3.7), which completes the proof
of (1.3.2).

One consequence of (1.3.2) is the product formula

190(a;—3¢,2) 1¢0(b;—3 ¢,a2) = 1¢0(ab;—; ¢, 2), (1.3.13)
which is a g-analogue of (1 — 2)~%(1 — 2)7% = (1 — z)~27°.
In the special case a = ¢ ", n=0,1,2,..., (1.3.2) gives

100(¢7 " —0,2) = (27 q)n = (—2)"q D2 (/2 ), (1.3.14)

where, by analytic continuation, z can be any complex number. From now
on, unless stated othewise, whenever ¢=7, ¢~ %, ¢~"™, ¢~ ™ appear as numerator
parameters in basic series it will be assumed that j, k, m,n, respectively, are
nonnegative integers.

If we set @ = 0 in (1.3.2), we get

o0 n

1
160(0;—3¢,2) = Z (q;zq)n = ™ 2| <1, (1.3.15)

n=0
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which is a g-analogue of the exponential function e®. Another g-analogue of e*
can be obtained from (1.3.2) by replacing z by —z/a and then letting a — oo
to get
> qn(nfl)/Z
0bo(—; —¢,—2)= ) 2" =(~2q)co- (1.3.16)

= (@G

Observe that if we denote the g¢-exponential functions in (1.3.15) and
(1.3.16) by eq(2) and Ey(z), respectively, then e,(2)Eq(—2) = 1, e;-1(2) =
E,(—gz) by (1.2.24), and

lim e4(2(1—q)) = lir{l_ E,(2(1 —q)) = €. (1.3.17)

q—1-

In deriving g-analogues of various formulas we shall sometimes use the
observation that

“21q) 00 a —a _
% = 1¢0(¢";—¢,2) — 1Fo(a;—2) = (1-2)""asqg— 17. (1.3.18)
Thus
lim (0"% @) =(1-2)7% |z <1, areal (1.3.19)

q—1- (Z; q)oo

By analytic continuation this holds for z in the complex plane cut along the
positive real axis from 1 to oo, with (1 — z)~% positive when z is real and less
than 1.

Let A and V be the forward and backward q-difference operators, respec-
tively, defined by

Af(z) = flaz) = f(z), VI(z)=fla2) — f(2), (1.3.20)

where we take 0 < ¢ < 1, without any loss of generality. Then the unique
analytic solutions of

Af(z) _ Vg(2) B
A, f(z), f(0)=1 and v, - g(z), ¢(0)=1, (1.3.21)
are
f(z) =eq(2(1=q)) and g(z) = Ey(2(1 - q)). (1.3.22)
The symmetric g-difference operator 0, is defined by
8. (2) = f(2q*?) = f(zq7*?). (1.3.23)
If we seek an analytic solution of the initial-value problem
0qf (2
q(gf—(z) = f(2), f(0)=1, (1.3.24)
q

in the form Y 2 a,z", then we find that

1_q n/2

Ap+1 = mq an, ag=1, (1.3.25)
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n=20,1,2,... . Hence, a, = (1 — q)”q("g_”)/“/(q;q)n, and we have a third
g-exponential function

o 2 [}
(1 _ q)nq(n —n)/4 . 1 "
exp,(z) = 2" = z (1.3.26)
! nz:% (¢ @)n ,;, [n; 0]
with ¢ = ™. This g-exponential function has the properties
exp,-1(z) = exp,(2), lim exp, (2) = €7, (1.3.27)
q—1

and it is an entire function of z of order zero with an infinite product represen-
tation in terms of its zeros. See Nelson and Gartley [1994], and Atakishiyev
and Suslov [1992a]. The multi-sheet Riemann surface associated with the g¢-
logarithm inverse function z = In,(w) of w = exp,(z) is considered in Nelson
and Gartley [1996].

Ismail and Zhang [1994] found an extension of exp,(z) in the form

m

= Z a (aq 7 ,aqFTm*Z;q) b, (1.3.28)
m=0 Q7q m
which has the property
6f(z
B)_ 1) of) = Fa4+1/D) - £z 172, (13.29)
0x(z)
where
z(2) =C(¢* +¢77) (1.3.30)
with C' = —abg*/*/(1 — q) is the so-called ¢-quadratic lattice, and a and b

are arbitrary complex parameters such that |ab] < 1. In the particular case
¢ =e"? 0<6<m, x=cosh, the g-exponential function in (1.3.28) becomes
the function

Eq(xya,b) = Z q_

Ismail and Zhang showed that

(ql_Tmaew,ql_zm ae_w;q) b™. (1.3.31)

lirrié‘q(:r; a,b(1 — q)) = exp[(1 + a® — 2az)b)], (1.3.32)
qﬂ

and that &;(x;a,b) is an entire function of  when |ab| < 1. From (1.3.32) they
observed that &;(x; —i, —it/2) is a g-analogue of e**. It is now standard to use
the notation in Suslov [2003] for the slightly modified g-exponential function

oo
q co . l-m g L lom g
E(zya) = i ’”(—z eV, —iq 2 e ;) )
q(z; ) qaz mE q q q)

(1.3.33)
which, because of the normalizing factor that he introduced, has the nice prop-
erty that &(0;a) =1 (see Suslov [2003, p.17]).
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1.4 Heine’s transformation formulas for ,¢; series

Heine [1847, 1878] showed that
(b, az; q)oo
(¢,20)o0

where |z| < 1 and |b] < 1. To prove this transformation formula, first observe
from the ¢-binomial theorem (1.3.2) that

Z(z)l(aab;c;qa Z) = ]_(C/b,Z;CLZ;q, b)7 (141)

(cq"™; @)oo i (c/b;q)m (bg™)™

(b @)oo = (@:0)m

Hence, for |z| <1 and |b| < 1,

8
M
:
8V
%

2¢1(a’ b ¢4,z

e n Q)oo
_ 9w ¢ (a;Q)nzn S (C/b;Q)m nym
(6o ,;, (4 @)n mzo GDm 1)
_ (b§Q)oo (c/b; @)m pm Q)n (2
_(C;q)oomo (4 @)m Z R
_ (b Q)oo (c/b; @)m m(azqmaq)oo
- (C;q)oo,,;o Gam | Cam0)

((bc’ aj;qq;: 2¢1(c/b, z;a25q,b)

by (1.3.2), which gives (1.4.1).
Heine also showed that Euler’s transformation formula

2F1(a,b;c;2) = (1 —2)7 %P yFi(c—a,¢ — by ¢ 2) (1.4.2)
has a g-analogue of the form
(abz/c; @)oo
— 2
(250) oo

A short way to prove this formula is just to iterate (1.4.1) as follows

201(a,b;c;q,2) = #1(c/a,c/b;c;q,abz/c). (1.4.3)

201(a,b;c;q,2) = % 2¢1(c/b, z;a2;q,b) (1.4.4)
— % 2¢1(abz/c, b7 bz7Q7C/b) (145)
(abz/c;q)

= T)O:O 201(c/a,c/b;c;q,abz/c). (1.4.6)
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1.5 Heine’s g-analogue of Gauss’ summation formula

In order to derive Heine’s [1847] g-analogue of Gauss’ summation formula
(1.2.11) it suffices to set z = ¢/ab in (1.4.1), assume that |b] < 1, |¢/ab] < 1,
and observe that the series on the right side of

(b,¢/b;q) oo

201(a,b; ¢5q,¢/ab) = =S

1¢o(c/ab;—;q,b)

can be summed by (1.3.2) to give

(c/a,c/b;q)e

2¢1(a,b;c;q,c/ab) = (C C/ab' q) .

(1.5.1)

By analytic continuation, we may drop the assumption that || < 1 and require
only that |c/ab] < 1 for (1.5.1) to be valid.

For the terminating case when a = ¢~", (1.5.1) reduces to
(¢/b; @)n

201(q7 ™, by ¢; q,cq™ /b) = e, (1.5.2)

By inversion or by changing the order of summation it follows from (1.5.2) that

201(q" ", bi¢54,q) = (C(é,b—;;])"b". (1.5.3)

Both (1.5.2) and (1.5.3) are g-analogues of Vandermonde’s formula (1.2.9).
These formulas can be used to derive other important formulas such as, for
example, Jackson’s [1910a] transformation formula

- _ (G'Z;Q)oo = (a,c/b;q)k B E k
201(a,b;¢;q,2) = (% 0)m kzzo <q767az;q)k( bz) ¢(2
= é%;—(gko 202(a, ¢/b; ¢, az; 4, b2). (1.5.4)

—

This formula is a g-analogue of the Pfaff-Kummer transformation formula
2F1(a,b;c;2) = (1= 2)7% 2F1(a,c — by 2/ (2 — 1)). (1.5.5)

To prove (1.5.4), we use (1.5.2) to write

(b: ) Zki (s e/biadn iy

(¢:¢9)n

n=0
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and hence
201 (a, b; c; q, 2)

_Z CLkakk (g% c/b;q)n (bg")"

= (@

n

:ii (@ Qb Dn ey (3)

(¢ Dk—n(q,69)n

n=0k=n
:ii““7“”<mwﬁ>
n=0 k=0 ¢¢:9)
_x- (a,¢/biq)n i
=N =0

_ (a%9)00 o~ (a,¢/b39)n B
= bz)"q\2/,
TR N orvrrma

by (1.3.2). Also see Andrews [1973]. If a = ¢~ ™, then the series on the right
side of (1.5.4) can be reversed (by replacing k by n — k) to yield Sears’ [1951c]
transformation formula

201(q7 ", b5¢59, 2)

c/b;q)n [(bz\" n 1 1-m 3 -1 1-n
—%(;) 302(q7 ", q/z, ¢t T be g, 05, q). (1.5.6)

1.6 Jacobi’s triple product identity, theta
functions, and elliptic numbers

Jacobi’s [1829] well-known triple product identity (see Andrews [1971])

oo

1 1 n TL2 n
(202,07 /2, D)o = D (—1)"q" /22", 2 #0, (1.6.1)

n=—-—oo

can be easily derived by using Heine’s summation formula (1.5.1).
First, set ¢ = bzq? in (1.5.1) and then let b — 0 and a — oo to obtain

) 2
(*1)”(]“ /2 . N
Z 2" = (24?5 Q) o- (1.6.2)
= (@G
Similarly, setting ¢ = zq in (1.5.1) and letting a — oo and b — oo we get

i(qn Zn = .1 . (1.6.3)

= (¢.2¢:0)n (260

Now use (1.6.2) to find that
(47, q%/Z' Q)

-yy b

m=0n=0

m+n (m2+n?)/2
q m—n

V(@ Q)
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nn/2 > k2

n q nk
->C D el
= (%a = (4"
n n /2 e k2
—n q nk
§ : PR —__ (1.6.4)
—= (64 = (,¢"" )k

Formula (1.6.1) then follows from (1.6.3) by observing that

D =5 ( ”*1 (G D)n(@" o (60)

An important application of (1.6.1) is that it can be used to express the
theta functions (Whittaker and Watson [1965, Chapter 21])

1(2,q) =2 i(—l)“q@*l/zf sin(2n + 1)z, (1.6.5)
Yo (x,q) =2 i q(”+1/2)2 cos(2n + 1)z, (1.6.6)
n=0
Y3(z,q) =1+ 2 i ¢ cos2nw, (1.6.7)
n=1
Va(z,q) =1+2 i(—l)"q”2 cos 2nx (1.6.8)

in terms of infinite products. Just replace ¢ by ¢? in (1.6.1) and then set z
equal to ge?’®, —qe?®, —e?'® 2 respectively, to obtain

[eo]
V1(z,q) = 2¢**sinz H(l —¢®")(1 —2¢%" cos 2z + ¢*"),  (1.6.9)
n=1

o0
V2(z,q) = 2¢** cos H (1 —¢®)(1 +2¢°" cos 2z + ¢*"), (1.6.10)

n=1
I3(z,q) = H (1—¢®)(1 +2¢°"cos 2z + ¢*"72), (1.6.11)
n=1
and
oo
Ya(z,q) = H(l — ") (1 —2¢*" L cos 2z + ¢*72). (1.6.12)
n=1

Tt is common to write Jy(z) for 9 (x,q), k=1,...,4.
Since, from (1.6.9) and (1.6.10),

lin% 2_1q_i191(x, q) =sinz, lir% 2_1q_%192(:c,q) = cosx, (1.6.13)
q— q—

one can think of the theta functions ¥1(x,q) and ¥2(x,q) as one-parameter
deformations (generalizations) of the trigonometric functions sinz and cos x,
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respectively. This led Frenkel and Turaev [1995] to define an elliptic number
[a; 0, T] by

Y1(moa, e™7)
1 (o, em")
where a is a complex number and the modular parameters o and 7 are fixed
complex numbers such that Im (7) > 0 and ¢ # m + n7 for integer val-
ues of m and n, so that the denominator ¥1(mo,e™7) in (1.6.14) is never
zero. Then, from (1.6.9) it is clear that [a;0, 7] is well-defined, [—a;0, 7] =
—la;o,7], [1;0,7] =1, and

[a;0,7] = : (1.6.14)

sin(roa)

lim [a;0,7] = = [a;0]. (1.6.15)

Imr—o00 sin(mwo)
Hence, the elliptic number [a;0,7] is a one-parameter deformation of the
trigonometric number [a; 0] and a two-parameter deformation of the number
a. Notice that [a; 0, 7] is called an “elliptic number” even though it is not an
elliptic (doubly periodic and meromorphic) function of a. However, [a;0,T]
is a quotient of ¥; functions and, as is well-known (see Whittaker and Wat-
son [1965, §21.5]), any (doubly periodic meromorphic) elliptic function can be
written as a constant multiple of a quotient of products of ©; functions. The
corresponding elliptic hypergeometric series are considered in Chapter 11.

1.7 A g-analogue of Saalschiitz’s summation formula

Pfaff [1797] discovered the summation formula
(e=a)n(c=b)n
(C)nlc—a—10),’
which sums a terminating balanced 3F»(1) series with argument 1. It was
rediscovered by Saalschiitz [1890] and is usually called Saalschiitz formula or
the Pfaff-Saalschiitz formula, see Askey [1975]. To derive a g-analogue of
(1.7.1), observe that since, by (1.3.2),
(abz/¢; @)oo _ i (ab/c; @)x i
(#1005 (@

the right side of (1 4. 3) equals

Z Z ab/c Q)r(c/a,c/b;q)m ( )mzk+m

P )k (25 €5 @)m ¢
and hence, equating the coefficients of 2™ on both sides of (1.4.3) we get

i ~",c/a,c/b;q); j a,b;q)n
Z(q /a,c/biq); 5 _ (a,biq)

sF(a,b,—n;e,1+a+b—c—n;1) = n=0,1,..., (1.7.1)

q .
= (¢, ¢,cq' 7" Jabi q) (¢, ab/c; q)n

Replacing a, b by c/a, ¢/b, respectively, this gives the following sum of a termi-
nating balanced 3¢, series

_ (¢/a,c/biq)n

1-n, —
14, 9) (cc/abia)n

3¢2(a,b, ¢ "5 c,abc Mg =0,1,..., (L7.2)
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which was first derived by Jackson [1910a]. It is easy to see that (1.7.1) follows
from (1.7.2) by replacing a, b, ¢ in (1.7.2) by ¢%, ¢°, ¢°, respectively, and letting
g — 1. Note that letting a — oo in (1.7.2) gives (1.5.2), while letting a — 0
gives (1.5.3).

1.8 The Bailey—Daum summation formula

Bailey [1941] and Daum [1942] independently discovered the summation for-

mula b 2 o
(=4 @) (aq, aq® /b%; ¢°) oo

¢1(a, b;aq/b;q,—q/b) = , 1.8.1
21 / ) (aq/b,—a/b;q)c (181)
which is a g-analogue of Kummer’s formula
Il+a-bI(1+3
JFi(abi1+a—b—1) = LA ta= O+ 30 (1.8.2)

Fl1+a)l(1+3a—1b)
Formula (1.8.1) can be easily obtained from (1.4.1) by using the identity
(1.2.40) and a limiting form of (1.2.39), namely, (a;¢)oc = (a,aq;¢?)so, tO
see that
2¢1(a,b;aq/b; ¢, —q/b)
((I, —q; q)oo
= b, —q/b; —q;
(aq/b,—q/b, q)oo 2¢1(Q/ ) Q/ ) Q7Q7a’)
I O X i (6%/5%¢%)n _n
(ag/b, —q/b;0)oc = (¢?6%)n
(@, ) (ad?/V?; 7)o
= by (1.3.2
(@b, —a/bid)m (@) v (1:32)
(=4 9) o (aq, ag® /V%; ¢%) o

1.9 g-analogues of the Karlsson—Minton
summation formulas

Minton [1970] showed that if a is a negative integer and mj, mp, ..., m, are
nonnegative integers such that —a > mq + - - - + m,., then

a,b,b1+m1,...,b7n+mr.

r2Fria b+1,b1,...,0b, ,
_ D+ DI =) (b= b)omy -+ (b = D), (L9.1)
I'(1+b—a) (01)my -+ (b1 ), N

where, as usual, it is assumed that none of the factors in the denominators
of the terms of the series is zero. Karlsson [1971] showed that (1.9.1) also
holds when a is not a negative integer provided that the series converges, i.e.,
if Re(—a) > mg +--- +m, — 1, and he deduced from (1.9.1) that

b covy by -
T+1F7" “ 1+7b7zl, 7b o 71 :07 Re (7a)>m1+"'+m7“7 (192)
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—(m1—|—--~+mr),b1+m1,---7br+mr.1
b1,...,b, ’

_1ymattmg (ml +-+ ’/TLT)'
(—1) (b1)m, - (0r)m,.

These formulas are particularly useful for evaluating sums that appear as so-
lutions to some problems in theoretical physics such as the Racah coefficients.
They were also used by Gasper [1981b] to prove the orthogonality on (0,27)
of certain functions that arose in Greiner’s [1980] work on spherical harmonics
on the Heisenberg group. Here we shall present Gasper’s [1981a] derivation of
g-analogues of the above formulas. Some of the formulas derived below will
be used in Chapter 7 to prove the orthogonality relation for the continuous
g-ultraspherical polynomials.
Observe that if m and n are nonnegative integers with m > n, then

7’+1Fr

(1.9.3)

. b-q"; Q) _
201(¢7", ¢ ™ b3 q,9) = Mq e

(br; @)n
by (1.5.3), and hence
ag, ... 7aT7b7‘qm .
r+1¢7‘ |: bl, ) -abr—lab aqu:|
> (al,... ar;q n n - ,q ,Qk mn—+k

- z

= (q,bl,m br1;@)n =5 ( br; @)k

av" ar7 ’nq m7q n mn—+ —n+k

nOkO 1 b1 Q04 O n—k(q, brs @i
Qs myk —(8

Z b b )Q)k(_zq )kq (2)
k_o q7 17"' 7

k k

197, ...,0,q —k

e 1[b1q o beagh 0 } At

(1.9.4)

This expansion formula is a g-analogue of a formula in Fox [1927, (1.11)] and
independently derived by Minton [1970, (4)].
When r = 2, formulas (1.9.4), (1.5.1) and (1.5.3) yield

a, ba blq -1 1-— m:| (q’ bq/a; Q)oo —m
q,a == ,b; 013 q,
302 [ bg.by 1 (00 9/0 ) 201(q 1,9, 9)
(¢:b9/a;9) 00 (b1/b; @)
= mpm 1.9.5
(b4, q/a; q) o0 (b1; @)m (1.9:5)
provided that |[a~1¢*~™| < 1. By induction it follows from (1.9.4) and (1.9.5)

that if mgq, ..., m, are nonnegative integers and |a_lql_(m1+"‘+”“‘)| < 1, then
a, ba blqm17 BRRK} b?“q -1 1—(mi+--+m,)
r+2¢r+l |: bq7b1,...,b7~ yq,a g

_ (Qa bQ/a§ Q)oo (bl/b7 Q)m1 tot (b7~/b, Q)mr it
(bq,q/a;0)0c (615D my -+ (br; Qom,.

(1.9.6)
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which is a g-analogue of (1.9.1). Formula (1.9.1) can be derived from (1.9.6) by
replacing a, b, b1, ..., b, by ¢%,¢°,¢*, ..., ", respectively, and letting ¢ — 1.
Setting b, = b,m, = 1 and then replacing r by r + 1 in (1.9.6) gives

ma urs
r+1¢r |:0/, blqb yeee E)brq :q, a—lq—(m1+---+mT):| — 07 |a—lq—(m1+--<+mr)| <1,
155 bp
(1.9.7)
while letting b — oo in the case a = ¢~ ™1+ +mr) of (1.9.6) gives

—(my+--+m,.) big™1 b.gmr
q , 019 sy 0rq .
r+1¢7“ |: bl7"'7b7‘ aq71:|

B (_1)m1+-..+mr(q; Q)m1+~»+mrq—(m1+~~~+mr)(m1+‘“+mr+1)/2 (1.9.8)
(b1§q>m1 "'(br;q)mr 7

which are g-analogues of (1.9.2) and (1.9.3). Another g-analogue of (1.9.3) can
be derived by letting b — 0 in (1.9.6) to obtain

a,big™, ... b.g"m" 11—
T+1¢T[ ) 1qb ) E)rq ‘q,a 1q1 (my+ +mr)]
1y--+5Ur

(=1)ma e (e q) b - - - BT (") ()
@/ Do 00 Doms O3 Doy 27, (1.9.9)

1—(my+eetm,)

when |a~1q <1
In addition, if a = ¢~" and n is a nonnegative integer then we can reverse
the order of summation of the series in (1.9.6), (1.9.7) and (1.9.9) to obtain

q—n’ ba blqmla sy brqmr .
7"+2¢7"+1 bq, bl; . br 14,4
_ V(G Dn(b1/b5 Dy -+ (0r/b; @,
(04 n(b1;Q)my - (0r; D,

n>my+---+my, (1.9.10)

(g™, bag™, ..., byg™
rr1dy | 4 162 7 g =0, n>maedm,,  (19.11)

and the following generalization of (1.9.8)

ERSETASERL (=1)"(g;q)ng " D/2
o ol = ., (1912
10 i bi,..., b, q ] (b1;Q)my - (br; @), ( )

where n > mj + --- + m,, which also follows by letting b — oo in (1.9.10).
Note that the b — 0 limit case of (1.9.10) is (1.9.11) when n > mg + -+ - + m,.,
and it is the a = ¢~ ™+ *™) gpecial case of (1.9.9) when n = my +- - +m,..

1.10 The ¢g-gamma and ¢-beta functions

The ¢g-gamma function

r,(z) = M(l YT, 0<qg<1, (1.10.1)

(4% 9) oo



1.10 The g-gamma and g-beta functions 21

was introduced by Thomae [1869] and later by Jackson [1904e]. Heine [1847]
gave an equivalent definition, but without the factor (1—¢)*~®. When x = n+1
with n a nonnegative integer, this definition reduces to

Tyn+1)=11+q)(1+q+¢*) - (1+qg+-+¢" 1), (1.10.2)

which clearly approaches n! as ¢ — 17. Hence I'y(n+1) tends to I'(n+1) = n!
as ¢ — 17. The definition of I';(x) can be extended to |¢| < 1 by using the
principal values of ¢* and (1 — ¢)}~* in (1.10.1).
To show that
qgr{l_r q(x) =T(x) (1.10.3)
we shall give a simple, formal proof due to Gosper; see Andrews [1986]. From
(1.10.1),

Tyl 4 1) = M(l i

(" @)oo
ﬁ (1-qM(- q"*l)”” .
n:l ]_ _ qn+x _ qn)x

Hence

lm Ty(z +1) ﬁnzxc:l)x

q~>1_ n=1

. lm—li[l (1+ %)_1 (1 + %)Z]

=z2l(z)=T(z+1)

by Euler’s product formula (see Whittaker and Watson [1965, §12.11]) and the
well-known functional equation for the gamma function

[(z+1)=2zD(z), I(1)=L (1.10.4)

For a rigorous justification of the above steps see Koornwinder [1990]. From
(1.10.1) it is easily seen that, analogous to (1.10.4), I'y(x) satisfies the func-
tional equation

1—4¢q"
l—q

flz+1) = flz), f(@1)=1. (1.10.5)
Askey [1978] derived analogues of many of the well-known properties of the
gamma function, including its log-convexity (see the exercises at the end of
this chapter), which show that (1.10.1) is a natural g-analogue of I'(x).

It is obvious from (1.10.1) that I'y(z) has poles at x = 0,—1,—2,.... The
residue at x = —n is
) (1 —q)n*t . z+n
Il_{ﬂ_ln(x +n)ly(z) = (1—qg ™)1 —¢gtn)---(1-¢?) xl_l,rﬂln 1—go+n

= w. (1.10.6)

(¢ q)nloggq™?t
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The g-gamma function has no zeros, so its reciprocal is an entire function with
zeros at x = 0,—1,—2,... . Since

1 n+x

1 T —q
=1-¢ ] ———, 1.10.7
e R | S (1100

the function 1/T';(z) has zeros at x = —n + 2mik/logq, where k and n are
nonnegative integers.

A g-analogue of Legendre’s duplication formula

1 1
I'(2z)l <§> =221 (2)r <x + 5) (1.10.8)
can be easily derived by observing that
Lo (@)l (v +3) _ (4,4% 6o (1— P2
Fq2 (%) <q2I7q2w+l;q2>oo
(4 @)oo 2y1-2 1-2
e (1= ) = (L4 )T (22)
and hence
1 2x—1 1
I'q(22)T 2 5) = (1+4q) Fp(@)le(z+ 5)- (1.10.9)

Similarly, it can be shown that the Gauss multiplication formula

n —

I(na)(2m)"D/2 = p#=30(z)0 (x + %) .7 <x + 1) (1.10.10)

has a g-analogue of the form

Ty(na)T, (%) r, (%) T, <nn 1>

1 -1
_ (1 +q+---+ q”_l)"’ﬁ_lfr(m)l"r (x + ) -T, (z + nT) (1.10.11)

n
with r = ¢"; see Jackson [1904e, 1905d]. The g-gamma function for ¢ > 1 is
considered in Exercise 1.23. For other interesting properties of the g-gamma
function see Askey [1978] and Moak [1980a,b] and Ismail, Lorch and Muldoon
[1986].
Since the beta function is defined by

B(x,y) = =———=, 1.10.12
(@) = (110.12)
it is natural to define the g-beta function by
Ty(x)l
By(z,y) = Lol (v) (1.10.13)

Ly(z+y)’
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which tends to B(x,y) as ¢ — 17. By (1.10.1) and (1.3.2),

(6" )0
(4%,9Y;q) o

o (G Dse (@D
=19 (¢¥;0)o0 Z (¢:9)
=(1-9q) i (qn+1’q)°oqmc, Rez, Rey > 0. (1.10.14)

This series expansion will be used in the next section to derive a g¢-integral
representation for By (x,y).

By(z,y) = (1 —q)

1.11 The ¢-integral
Thomae [1869, 1870] and Jackson [1910c, 1951] introduced the g-integral

1 oo
|y dia == 3 s (1111)
n=0
and Jackson gave the more general definition
b b a
/a f() dqt—/o f(t) dqt—/o f(t) dgt, (1.11.2)
where -
|10 it = a1 =03 rlaa (1113)
n=0

Jackson also defined an integral on (0, 00) by

/f dyt = (1 —q) Zf (1.11.4)

n=—oo

The bilateral g-integral is defined by

o)
/ f(t) dgt = (1—q) Z - q". (1.11.5)
If f is continuous on [0,a], then it is easily seen that
hm1 f ) d t—/ f@t) (1.11.6)

and that a similar limit holds for (1.11.4) and (1.11.5) when f is suitably
restricted. By (1.11.1), it follows from (1. 10 14) that

1
By(z,y) :/ tw—lm dgt, Rex >0, y#0,-1,-2,..., (1.1L7)
0 (tq¥; q) oo

which clearly approaches the beta function integral

1
B(z,y) = / t* 1 —t)"1dt, Rex, Rey >0, (1.11.8)
0
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as ¢ — 17. Thomae [1869] rewrote Heine’s formula (1.4.1) in the g-integral
form

Iy(c) / oo (t2¢% g q)

a b, c q b—1 s U9y 4 ) oo
201(¢", 475 4% ¢, 2) = T g, (1119
. IR0 S U Gt g Y

which is a g-analogue of Euler’s integral representation

I'(c) ! b—1 —b-1 -
_ t 1—1%)° 1—tz)"%dt 1.11.10
e L e e )

where |arg(l — z)| < w and Re ¢ > Re b > 0.
The g-integral notation is, as we shall see later, quite useful in simplifying
and manipulating various formulas involving sums of series.

2F1(a,bic; 2) =

Exercises

1.1 Verify the identities (1.2.30)—(1.2.40), and show that

. o a\" _n
(i) (ag™™:q)n = (q/a;@)n <_5> g (2),
- —k—n (q/a; @) n+k ( a)" k()
i aq Qn=—"—F"—1{(—) ¢ 2/,
(i) ( ) (q/a; ) q
L _ L. _ 2n
(i) (qaj, qci?,q)n _1-agq 7
(a2, —a2;q)n l-a
(iv) (a:q)2n = (a%, —a%, (aq)%, —(aq)?; q)n.
(v) (a5 9)n(a/a: q)—n = (—a)"q(2),
(Vl) (Q7 —q, _q2; qz)oo =1.
1.2 The g-binomial coefficient is defined by
{n] _ (@9
kle (¢ O(G Dn—r
for k=0,1,...,n, and by
[a} _ @) Ty (+1)
B q (q7 qa+1; q)oo Fq(ﬁ + I)Fq(a -6+ 1)

for complex o and 3 when |g| < 1. Verify that

(i) [Zq:[nﬁkL

[ et
kt+al _ (@
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n k
(vi) (5 n =) [Z} (—2)kq(2),
k=0
when k and n are nonnegative integers.

1.3 (i) Show that the binomial theorem

(a+b)" = zn: (Z) aFpnk

k=0
where n = 0,1, ..., has a g-analogue of the form
" n
(@a) =30 | 1] Pt
k=0 q

= kinjzo {ZL a" " (a; @)k (b; @) n—r

(ii) Extend the above formula to the g-multinomial theorem

(a1a2 c Gm+1; Q)n

— n k1 k1+k2 L kiR,
- k k a ag ]
1.+ m q

X (@15 @)k, (023 Dz~ (@ Doy (@15 Qe (k)
where m=1,2,..., n=0,1,..., and
(43 9)n

n
|:k17 e k’mL G Dk (G Dk (G D+t
is the g-multinomial coefficient.

1.4 (i) Prove the inversion formula

aly...,0p
1q, 2
T¢s|:b1,...,bs7q’]
_Z all,...,arfl;q*l)n <a1~~-arz>n
—1b —1. —1)n bi---bsq

1 5---50s754

(ii) By reversing the order of summation, show that
a1y« ., Qr,q~ "
7‘+1¢S|: 1b1,...,bz ;q7Z:|
_ (a17"'aa’r‘;q)n <E> ( )
(b1...,bs30)n \4q

(g by, g " b g by---by "1\ "
XZ /717 :{ , 4 )k< q )
,q n/aT7 ) 1 Qp z

1
= (¢, 9 "/al,...
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when n=0,1,....

(iii) Show that
Agy...,Qr+1
r+1¢r bla . ZT):_ 14, q2:|

_ (a1, 0r+1;Q) oo /1 o1 (qt,bit, ..., brt; @)oo
(1 7q)(Q7b177bT7Q)OO 0 (alt, ar+1t q)

when 0 < ¢ < 1, Re z > 0, and the series on the left side does not
terminate.

dgt,

1.5 Show that

(¢,bq"™; Q)m b/c q)n Z”: NeTAIA

k
cd"iq
(59)m )n q,cq1 /b q)k ( Jm

k=0

1.6 Prove the summation formulas 5
be; n

(i) 201(a7 " ¢ " qb% 6%, ) = (ﬂiq)"q_(Z),

i a;c;q,c/a :%
(i) 1¢1(a; ¢34, ¢/a) O

(iil) 2¢0(a, ¢ " —:1q,¢" /a) =a™",

IV Z TL —n ' 2
:o

2 (G0
) adoleiip ) = (azp~tip o
(vi) 2¢1(a,b; ¢;p,p) = (a/e,b/¢p" oo

(1/c,ab/e;p~Y)ae’
1.7 Show that, for |z| < 1,

lp| > 1, |azp~t| < 1,

|p| > 1.

(6*42 @)oo

2
2¢1(a®,aq;a;q,2) = (1 +az
( )= ) (2:0)0

1.8 Show that, when |a| < 1 and |bg/a?| < 1,

2¢1(a?, a?/b; b; g2, bg/a?)

(a®, ;%) [(b/a;q) N (—b/a; q) s
2(b,bq/0%;6%)s0 | (a39)o0 (—a;q)0
(Andrews and Askey [1977])

1.9 Let ¢(a,b,c) denote the series 2¢1(a, b; ¢; q, z). Verify Heine’s [1847]
q-contiguous relations:
(1—-a)(1=0)

(i) ¢(a,b,cq7t) = ¢la,b,c) = 02m¢(aq7 bg, cq),

(11) QS(aq’ ba C) - ¢(aa ba C) = a’zi : i¢(aq) bqv cq),
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(1-0)(1—c/a)

iii ¢ QQ7b7cq _¢ a,b,c :az—¢ QQ7bqucq2 9
(i) ofag,ben) = olab.c) = ax A= T o )
1
(IV) (b(aqv bq_l, C) - Cb(av b) C) = az%ﬁb(aq, b7 Cq)
1.10 Denoting 2¢1(a,b;c;q, 2), 2 (aqil,b7 ) 201(a, bgtt c;q,z)
and 2¢1(a, b; cqg*t; ¢, 2) by ,¢(aqil), ( 1) and ¢(cg™?), respectively,
show that

(i) b(1 —a)p(aq) — a(l —b)g(bg) = (b— a)e,

(it) a(l —b/c)p(bg™") — b(1 —a/c)plag™") = (a — b)(L — abz/cq)s,

(ii)) ¢(1 —a/c)p(ag™) + (1 = a)(1 — abz/c)p(aq)
=[14+q—a—aq/c+a?z(1 —b/a)/c]o,

(iv) (1=¢)(g—e)(abz = c)p(cg™ ) + (¢ — a)(c — b)zg(cq)
= (c—1)[e(q —¢) + (ca + cb — ab — abq)z] .

(Heine [1847])

1.11 Let g(0; X\, p, v) = (Ae®, uv; @)oo 201 (e™, ve=; uv; q, Ae'®). Prove that
g(6; A\, p, v) is symmetric in A, g, v and is even in 6.

1.12 Let D, be the g-derivative operator defined for fixed g by

_ (&)~ flez)
Dyf(z) = T1—q)z
and let Du = Dy(Dy~u) for n =1,2,... . Show that
(i) im D, f(2) = if(z) if f is differentiable at z,
q—1 dz
(ii) Dy 2¢1(a,b;c;q,2) = CONETIE (a b q) )n 201(aq",bq"; cq"; q, 2),
oy | (210)s0
(lll) Dq {W 2¢1 a, b ciq,z
_ (e/a,c/biq)n (ab\" (2q" q) T
= e (—) (ab2/c ) 201(a,b;cq"; q, 24").

(iv) Prove the g-Leibniz formula

n

Pyl = 3 |4 Pisdnbate)

k=0 q
1.13 Show that u(z) = 2¢1(a,b;c; q, z) satisfies (for |z| < 1 and in the formal
power series sense) the second order g-differential equation

1—¢c (I—a)(1-=20)—(1-—abq)
1—q+ 1—g¢q

z(ec — aqu)Dsu + { z| Dqu

_(1-a)(1-0)
(1—q)?
where D, is defined as in Ex. 1.12. By replacing a, b, ¢, respectively, by

g%, q%, ¢¢ and then letting ¢ — 1~ show that the above equation tends to
the second order differential equation

2(1=2)0"+[c—(a+b+ 1)z} —abv =0

u =0,
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for the hypergeometric function v(z) = 2Fi1(a,b;c; z), where |z| < 1.
(Heine [1847])

1.14 Let |z| < 1 and let e4(x) and E,(x) be as defined in §1.3. Define

L eylin) —ey(ci) S (1)
na(2) = 2i B ,;) (¢ @)2n+1
cos, (1) = eq(iz) + eq(—iz) = (—1)"az?"
o 2 -2 (@)
Also define
: _ Eyliz) — Ey(—ix) _ Ey(iz) + Ey(—ix)
Sing(z) = 57 , Cosg(z) = 5 .
Show that
(i) eq(iz) = cosy(x) + ising(z),
(i) E,(iz) = Cosgy(z) + iSing(x),
(iii) sing(x)Sing(x) + cosy(z)Cosy(z) = 1,
(iv) sing (2)Cosy (z) — Sing(x) cosq(x) = 0.

For these identities and other identities involving g-analogues of sin x and
cos x, see Jackson [1904a] and Hahn [1949c¢].

1.15 Prove the transformation formulas

, q b, _ (27" /e @) o " ¢/b,0
w0 |70 e = B a7 ]

) a0 |0 s = CLE D gy |4 5001 ).

c (GOn
g "b _ (e/biq)n [Q‘", b,bzq™"/c ]
(Hl) 2¢1 |: c 54, Z:| - (C; q)n 3¢2 bqlin/C, 0 34,4 -

(See Jackson [1905a, 1927])
1.16 Show that

o0

>

n=0

Jn "2 = (—g;9) oo (ag; ¢) o

1.17 Show that

zn: (a,b;q)k (_ab)nfkq(nfk)(n+k—l)/2
= @Gk

k
)kq(Z)
aq"ﬂz qan(l—aq k)

(Carlitz [1974))
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1.18 Show that

(i) (6;@) 0 191(a5¢5¢,2) = (25 @) 0 101(az/c5 254, €),

and deduce that 1¢1(—bg; 0; ¢, —q) = (=bg%; ¢*) o/ (¢ ¢%) o
(i) (39 201(a,0;¢;q, 2) = (az;q)oo 102(a; ¢, az;q, cz),
> (G;Q)n (n) n —-n 1-n 2
111 ———q\2/(at/z ,a; a;q,qz°/a
(iii) ;(q’az;q)nq (at/2)" 2¢1(q ¢ "/a;q,q2°/a)

= <_Zt;q)0<> Zd)l(aaa/zzﬂlz;qa _Zt)a ‘Zﬂ <L

1.19 Using (1.5.4) show that

. a,q/a (ab,bg/a; ¢*) oo
1 y 4, _b Y ——
® 202 { —q,b } ()
292 | 4bgh, —abgh ' (¢, a2b2¢; ¢%) o0

(Andrews [1973))

1.20 Prove that if Re z > 0 and 0 < ¢ < 1, then

oo

. _ q
i Lg() = (¢ Q)oc(l — @)t ,
(i) ¢(z) = (¢ 9)o0(1 — q) ;(q;q)n
i = .
() Lq(x) (q;q) nz:%
1.21 For 0 < ¢ < 1 and = > 0, show that
d2 0 n+z
T2 logI'y(x) = (logq) Z T

which proves that logT'y(z) is convex for > 0 when 0 < g < 1.

1.22 Conversely, prove that if f(z) is a positive function defined on (0, co)which

satisfies
wi

1—-gq

1 f(z) for some q,0 < g < 1,
—dq

flo+1) =

and log f(z) is convex for x > 0, then f(z) = I';(x). This is Askey’s
[1978] g-analogue of the Bohr-Mollerup [1922] theorem for I'(z). For two
extensions to the ¢ > 1 case (with I'y(z) defined as in the next exercise),
see Moak [1980D].

1.23 For ¢ > 1 the g-gamma function is defined by

1. -1
q ~3q 0 —z_x(z—
Iy(0) = (L gy,
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1.24

1.25

1.26

Basic hypergeometric series

Show that this function also satisfies the functional equation (1.10.5) and
that T'y(z) — I'(x) as ¢ — 1. Show that for ¢ > 1 the residue of I'y(z)

at t = —nis
n+1
(q—1)"*1q2)

(¢;q)nlogq

Jackson [1905a,b,e] gave the following g-analogues of Bessel functions:

@) (¢ @)oo v v+1 2
Ty (x5 q) = W(wﬂ) 201(0,0;¢"" % q, —2° /4),
v+1 2 v+1
q 7 4)oo v v xr=q
Jﬁz)(fﬂ;Q) = %@/2) 0P1 (;q +l;q, T4 ) )
v+1,
I i) = L a2 201050 g0 ),

where 0 < ¢ < 1. The above notations for the g-Bessel functions are due
to Ismail [1981, 1982, 2003c].
Show that

Jlgz)(:r;q) = (—x2/4;q)oo Jlgl)(ac;q), |x] < 2, (Hahn [1949c])
and

lim P (2(1 — q);q) = J(@), k=123
qAP

For the ¢-Bessel functions defined as in Exercise 1.24 prove that

O o =000 - O, k=12
(i) ID (2q?;q) = ¢/ (Jﬁl)@c; q) + %Jﬁ)l(:v; Q>> ;

(i) ID (2qt;q) = ¢7/? (Jﬁl) (z19) — %Jﬁ)l(w; q)) :

(iv) "I (2q"%q) = @J@ (q) = Iy (w50).

(i) Following Ismail [1982], let
(@) = I (239) T D (2q? 5 q) — TG (21 9) TP (2473 ).
Show that
1 z?
Pl = (147 ) 1@
and deduce that, for non-integral v,

fo(@) = a7"%(¢", 61 Qoo /(4 ¢, —7%/4; ) o
(ii) Show that

gv(qx) + <$2/4 —q" - q‘”)gu(ﬂﬂ) +gu(zq 1) =0
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1.28

1.29
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with g, (x) = @) (2q"/?;¢?) and deduce that
2v 1—211; qZ)

" ra—1) — - ra~ 1) = (¢, q 0o y(v—1)
gv(2)g-v(2q™") = g-v(2)gu(2q ") P :
(Ismail [2003c¢])
Show that
(i) i t"J@ (z;q) = (fx2/4;q)ooeq(zt/2)eq(fx/2t),
) S U () = eqlot/DBy(—qz/20).

Both of these are g-analogues of the generating function

o

Z thn(-T) — ez(t—tfl)/2.

n=-—oo

The continuous g-Hermite polynomials are defined in Askey and Ismail
[1983] by

n
(¢ O)n i(n—2k)0
H,(z|q) = g — " ,
(@l (4 )k(a5 D

where & = cos 6; see Szegd [1926], Carlitz [1955, 1957a, 1958, 1960] and
Rogers [1894, 1917]. Derive the generating function

H 1
Z (n($)|q)tn _ R [t] < 1. (Rogers [1894])
— \@:9)n SR ES
n=0

The continuous g-ultraspherical polynomials are defined in Askey and Is-
mail [1983] by

n

k n—k i(n—
Cotasfla) = 32 POt ooy,

k=0 kq(Ink

where x = cos 6. Show that

Cn(z; Blg) = ((§7q))"ein0 201 [ﬂ q’ /B'n,7q Q5 21‘9}

(ﬁ q)n —zn n q_n)ﬂ,ﬁezw,
- (q q) Gﬂ ¢2 |: ﬁ270 7qaq:| )

lim Gy (234" |q) = Cp (),
q%

i (61}62076156719’ )

Cr(; Blg)t" = [t| < 1. (Rogers [1895])
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1.30 Show that if m1,...,m, are nonnegative integers, then
. b, b]_qynl7 ceey brqmr . 1—(mi+---+m,)
(1) T‘+l¢7"+l |: bq,b17...,b7« 14,4

1.31

1.32

_ (q; q)oo(bl/b§ q>m1 T (br/b; q)mr pmattm
(045 @)oo (b1: Dy - (br; @, ’

my My

(11) T'¢T' blq Y b"’q 7Q7 qi(ml+..'+mr) = Oa
bi,... by
my s

(i) B e L )
bi,....b,

()™ (G5 )oob™ O (1)),
(bl; Q)ml T (br; q)mr
(Gasper [1981a])

Let Ay denote the g-difference operator defined for a fixed ¢ by
Apf(2) =bf(gz) — f(2).
Then A; is the A operator defined in (1.3.20). Show that
Apz™ = (bg™ — 1)z"
and, if

(a1, yr5Q)n (45— P Yn(n—
_ 5 s Uy -1 s—r)n  (1+s—r)n(n—-1)/2 n
U“(Z) (qvblv"'abs;q)n< ) 1 “

then
(AA, /gDy, /g Db, ) Vn(2)

= 2(Aa,Agy - Ay )Un_1(2¢*57T), n=1,2,... .
Use this to show that the basic hypergeometric series
v(z) = pds(az,...,ar;b1,...,bs;4, 2)
satisfies (in the sense of formal power series) the g-difference equation
(AAY, /gD, /g Dy y)0(2) = 2(Ag, -+ Ag, Jv(2¢"77).

This is a g-analogue of the formal differential equation for generalized
hypergeometric series given, e.g. in Henrici [1974, Theorem (1.5)] and
Slater [1966, (2.1.2.1)]. Also see Jackson [1910d, (15)].

The little g-Jacobi polynomials are defined by

pn(x3a,0;q) = 201(q7 ", abg" 5 ag; ¢, qz).

Show that these polynomials satisfy the orthogonality relation

s bq; q); . ) )
> g (aq) pn(q’; a,b;¢)pm(d’; a, b5 q)
= (©9);
0, if m # n,
={ (9,b¢;9)n(1 — abg)(ag)™ (abg®;q)so
(ag, abq; q)n (1 — abg®™ ™) (aq; @)oo

, ifm=n.



Exercises 33

(Andrews and Askey [1977 ])
1.33 Show for the above little g-Jacobi polynomials that the formula

n

po(@ic,diq) = > annpr(z;a,biq)

k=0
holds with
k+1 (q,n aq qun+l'Q)k qkfn qun+k+l aqk+1
a = —]_ k ( 2 ) ’ ’ ! ’ ’ N .
kn = (—1)"q (@ cq. b T 302 g1, apg?ire D4

(Andrews and Askey [1977])

1.34 (i) If m, my, my, ..., m, are arbitrary nonnegative integers and
la=tgmHi=(mit+m)| < 1 show that
a, b7 blqm17 sy brqmr
bql+ma bla EERR br’

-1 m+1(m1+---+m,.):|

r+2¢r+l |:

4, a

_ (4,54/434) 0 (045 @) (01/5 s -~ (b0/b3 Qi iy e, —m
(b9, 6/ ;@)oo (@5 Q)m (015 QDmy -+ (03 Q)m,
¢ b,ba /by bafb ] _
bq/a, bt~ /by, ... bgt=mr /b, P

X r+2 ¢r+l |:

(i) if mg,my, ..., m, are nonnegative integers and |a~tgt—(mait+mn)| <

1, |eq| < 1, show that
a, ba blqm13 ey brqu —1 _1—(mq+---+m,)

T T 4, a
+2¢ i |: bCQabl7"';b7‘ 1 1 :|

(ba/a,¢q; @)oo (01/b:Q)my - (br/Y Dy iy +-vm,
(beq; 4/a;@)00 (013 my =+ (br; Qi

c 1 b,bg/by,...,bq/b,
bq/a,bg*=™ /by, ... bg*~ ™" /b,

X 7‘+2¢7‘+1 |: ;q:CQ:| .

(Gasper [1981a])

1.35 Use Ex. 1.2(v) to prove that if  and y are indeterminates such that
xy = qyx, q commutes with x and y, and the associative law holds, then

e HHECS W

(See Cigler [1979], Feinsilver [1982], Koornwinder [1989], Potter[1950],
Schiitzenberger [1953], and Yang [1991)).

1.36 Verify that if x and y are indeterminates satisfying the conditions in
Ex. 1.35, then

(i) eq(Y)eq(z) = eq(z +y), eq(z)eq(y) = eq(z +y —ya);
(i) Ey(2)Eq(y) = Eg(x +vy), Ey(y)Eq(x) = Eq(z +y + yz).
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(Fairlie and Wu [1997]; Koornwinder [1997], where g-exponentials with
g-Heisenberg relations and other relations are also considered.)
1.37 Show that
(QZ;QZ)OO { {—qezw _qe—zw ) 2]
Ei(zi0) = —5—— ’ e
o(50) = Lz ) o 129 q 1

941/4 2,20 2,-2if
+1q qacos@z¢1[ ¢e ,qsqe ;qz,az]}

with z = cos@.

1.38 Extend Jacobi’s triple product identity to the transformation formula

— (ab/q; Q)2 q"
1 b b: 95/49)2nd
+Z SR RCLLL D Y e wrn

Deduce that

o0
CLQan
1+2 ngn® — .
" Z (6:0)o<(a0i " OOZ% 4. —aq; q)n(ag; ¢%)n

(Warnaar [2003a])

Notes

§61.1 and 1.2  For additional material on hypergeometric series and orthog-
onal polynomials see, e.g., the books by Erdélyi [1953], Rainville [1960], Szegd
[1975], Whittaker and Watson [1965], Agarwal [1963], Carlson [1977], T.S. Chi-
hara [1978], Henrici [1974], Luke [1969], Miller [1968], Nikiforov and Uvarov
[1988], Vilenkin [1968], and Watson [1952]. Some techniques for using sym-
bolic computer algebraic systems such as Mathematica, Maple, and Macsyma
to derive formulas containing hypergeometric and basic hypergeometric se-
ries are discussed in Gasper [1990]. Also see Andrews [1984d, 1986, 1987b],
Andrews, Crippa and Simon [1997], Andrews and Knopfmacher [2001], An-
drews, Knopfmacher, Paule and Zimmermann [2001], Andrews, Paule and
Riese [2001a,b], Askey [1989f, 1990], Askey, Koepf and Koornwinder [1999],
Boing and Koepf [1999], Garoufalidis [2003], Garoufalidis, Le and Zeilberger
[2003], Garvan [1999], Garvan and Gonnet [1992], Gosper [2001], Gosper and
Suslov [2000], Koepf [1998], Koornwinder [1991b, 1993a, 1998], Krattenthaler
[1995b], Paule and Riese [1997], Petkovsek, Wilf and Zeilberger [1996], Riese
[2003], Sills [2003c], Wilf and Zeilberger [1990], and Zeilberger [1990b].
§81.3-1.5 The g¢-binomial theorem was also derived in Jacobi [1846],
along with the ¢-Vandermonde formula. Bijective proofs of the ¢-binomial
theorem, Heine’s 2¢1 transformation and g-analogue of Gauss’ summation for-
mula, the g-Saalschiitz formula, and of other formulas are presented in Joichi
and Stanton [1987]. Rahman and Suslov [1996a] used the method of first or-
der linear difference equations to prove the g-binomial and ¢-Gauss formulas.
Bender [1971] used partitions to derive an extension of the g-Vandermonde
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sum in the form of a generalized ¢-binomial Vandermonde convolution. The
even and odd parts of the infinite series on the right side of (1.3.33) appeared
in Atakishiyev and Suslov [1992a], but without any explicit reference to the
g-exponential function. Also see Suslov [1998-2003] and the g-convolutions in
Carnovale [2002], Carnovale and Koornwinder [2000], and Rogov [2000].

§1.6  Other proofs of Jacobi’s triple product identity and/or applications
of it are presented in Adiga et al. [1985], Alladi and Berkovich [2003], An-
drews [1965], Cheema [1964], Ewell [1981], Gustafson [1989], Joichi and Stan-
ton [1989], Kac [1978, 1985], Lepowsky and Milne [1978], Lewis [1984], Mac-
donald [1972], Menon [1965], Milne [1985a], Sudler [1966], Sylvester [1882],
and Wright [1965]. Concerning theta functions, see Adiga et al. [1985], Askey
[1989c¢], Bellman [1961], and Jensen’s use of theta functions in Pélya [1927] to
derive necessary and sufficient conditions for the Riemann hypothesis to hold.

§1.7 Some applications of the g-Saalschiitz formula are contained in Car-
litz [1969b] and Wright [1968].

§1.9 Formulas (1.9.3) and (1.9.8) were rediscovered by Gustafson [1987a,
Theorems 3.15 and 3.18] while working on multivariable orthogonal polynomi-
als.

§1.11 Also see Jackson [1917, 1951] and, for fractional g-integrals and
g-derivatives, Al-Salam [1966] and Agarwal [1969b]. Toeplitz [1963, pp. 53-55]
pointed out that around 1650 Fermat used a g-integral type Riemann sum to
evaluate the integral of ¥ on the interval [0,b]. Al-Salam and Ismail [1994]
evaluated a g-beta integral on the unit circle and found corresponding systems
of biorthogonal rational functions.

Ex.1.2 The ¢-binomial coeflicient {Z} , which is also called the Gaus-
q

sian binomial coefficient, counts the number of £ dimensional subspaces of an
n dimensional vector space over a field GF(q), ¢ a prime power (Goldman and
Rota [1970]), and it is the generating function, in powers of ¢, for partitions into
at most k parts not exceeding n — k (Sylvester [1882]). It arises in such diverse
fields as analysis, computer programming, geometry, number theory, physics,
and statistics. See, e.g., Aigner [1979], Andrews [1971a, 1976], M. Baker and
Coon [1970], Baxter and Pearce [1983], Berman and Fryer [1972], Dowling
[1973], Dunkl [1981], Garvan and Stanton [1990], Handa and Mohanty [1980],
Thrig and Ismail [1981], Jimbo [1985, 1986], van Kampen [1961], Kendall and
Stuart [1979, §31.25], Knuth [1971, 1973], Pdlya [1970], Pélya and Alexander-
son [1970], Szegé [1975, §2.7], and Zaslavsky [1987]. Sylvester [1878] used the
invariant theory that he and Cayley developed to prove that the coefficients of

the Gaussian polynomial [Z} = Eajqj are unimodal. A constructive proof

was recently given by O’Hara [1990]. Also see Bressoud [1992] and Zeilberger

[1989a,b, 1990b]. The unimodality of the sequence <[Z} :k=0,1,..., n) is
q

explicitly displayed in Aigner [1979, Proposition 3.13], and Macdonald [1995,
Example 4 on p. 137].

Ex.1.3 Cigler [1979] derived an operator form of the ¢g-binomial theorem.
MacMahon [1916, Arts. 105-107] showed that if a multiset is permuted, then
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the generating function for inversions is the ¢g-multinomial coefficient. Also see
Carlitz [1963a], Kadell [1985a], and Knuth [1973, p. 33, Ex. 16]. Gasper derived
the g-multinomial theorem in part (ii) several years ago by using the ¢g-binomial
theorem and mathematical induction. Andrews observed in a 1988 letter that it
can also be derived by using the expansion formula for the ¢-Lauricella function
®p stated in Andrews [1972, (4.1)] and the ¢-Vandermonde sum. Some sums
of g-multinomial coefficients are considered in Bressoud [1978, 1981c|. See also
Agarwal [1953a)].

Ex.1.8 Jain [1980c] showed that the sum in this exercise is equivalent to
the sum of a certain 21 series, and summed some other 21, series.

Ex.1.10 Analogous recurrence relations for 1¢; series are given in Slater
[1954c].

Exercises 1.12 and 1.13 The notations A, ¥4, and Dy are also employed
in the literature for this g-derivative operator. We employed the script D, op-
erator notation to distinguish this ¢g-derivative operator from the g-derivative
operator defined in (7.7.3) and the g¢-difference operator defined in Ex. 1.31.
Additional results involving g¢-derivatives and ¢-difference equations are con-
tained in Adams [1931], Agarwal [1953d], Andrews [1968, 1971a], Bowman
[2002], Carmichael [1912], Di Vizio [2002, 2003], Faddeev and Kashaev [2002],
Faddeev, Kashaev and Volkov [2001], Hahn [1949a,c, 1950, 1952, 1953], Is-
mail, Merkes and Styer [1990], Jackson [1905¢, 1909a, 1910b,d,e], Miller [1970],
Mimachi [1989], Sauloy [2003], Starcher [1931], and Trjitzinsky [1933]. For
fractional g-derivatives and ¢-integrals see Agarwal [1969b] and Al-Salam and
Verma [1975a,b]. Some “g-Taylor series” are considered in Jackson [1909b,c]
and Wallisser [1985]. A ¢-Taylor theorem based on the sequence {¢,(x)}5%Z,
with ¢, () = (ae®,ae™";q),, * = cosf, was obtained by Ismail and Stanton
[2003a,b] along with some interesting applications.

Ex.1.14 For g-tangent and ¢-secant numbers and some of their proper-
ties, see Andrews and Foata [1980] and Foata [1981]. A discussion of
g-trigonometry is given in Gosper [2001]. See also Bustoz and Suslov [1998]
and Suslov [2003].

Exercises 1.20-1.23  Ismail and Muldoon [1994] studied some inequalities
and monotonicity properties of the gamma and g-gamma functions.

Ex.1.22 Also see Artin [1964, pp. 14-15]. A different characterization of
I', is presented in Kairies and Muldoon [1982].

Exercises 1.24-1.27 Other formulas involving ¢-Bessel functions are con-
tained in Jackson [1904a—d, 1908], Ismail and Muldoon [1988], Rahman [1987,
1988c, 1989b,c], and Swarttouw and Meijer [1994]. It was pointed out by Is-
mail in an unpublished preprint in 1999 (rewritten for publication as Ismail
[2003c]) that Jlss)(:c;q) was actually introduced by Jackson [1905a], contrary
to the claim in Swarttouw [1992] that a special case of it was first discovered
by Hahn [1953] and then in full generality by Exton [1978].

Ex.1.28 See the generating functions for the continuous ¢g-Hermite poly-
nomials derived in Carlitz [1963b, 1972] and Bressoud [1980b], and the appli-
cations to modular forms in Bressoud [1986]. An extension of these g-Bessel
functions to a g-quadratic grid is given in Ismail, Masson and Suslov [1999].
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Ex.1.32 Masuda et al. [1991] showed that the matrix elements that arise
in the representations of certain quantum groups are expressible in terms of
little g-Jacobi polynomials, and that this and a form of the Peter-Weyl theorem
imply the orthogonality relation for these polynomials. Padé approximants for
the moment generating function for the little g-Jacobi polynomials are em-
ployed in Andrews, Goulden and D.M. Jackson [1986] to explain and extend
Shank’s method for accelerating the convergence of sequences. Padé approxi-

mations for some ¢-hypergeometric functions are considered in Ismail, Perline
and Wimp [1992].
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SUMMATION, TRANSFORMATION, AND EXPANSION FORMULAS

2.1 Well-poised, nearly-poised, and very-well-poised
hypergeometric and basic hypergeometric series

The hypergeometric series

a1,a2,...,0Q
i IS A (211)

is called well-poised if its parameters satisfy the relations

1+a1:a2+b1:a3+b2:...:ar+1+br7 (212)

and it is called nearly-poised if all but one of the above pairs of parameters
(regarding 1 as the first denominator parameter) have the same sum. The
series (2.1.1) is called a nearly-poised series of the first kind if

1+a1¢a2+b1:a3+b2:-~:ar+1+br, (213)
and it is called a mearly-poised series of the second kind if
l4+a1=ay+bi=a3+by=---=a, +b_1 #a,«+1+br. (214)

The order of summation of a terminating nearly-poised series can be re-
versed so that the resulting series is either of the first kind or of the second
kind.

Kummer’s summation formula (1.8.2) gives the sum of a well-poised o F}
series with argument —1. Another example of a summable well-poised series
is provided by Dixon’s [1903] formula

sFyla,be;1+a—b,14+a—c;1]

T4 30)l(1+a—-bl(1+a—c)I(1+5a—b—c) (2.15)
S T(l4+al(l+ia-bI(1+3a—cT(l+a—-b—c) o

Re (14 3a—b—c) > 0, which reduces to Kummer’s formula (1.8.2) by letting
¢ — —00.

If the series (2.1.1) is well-poised and as = 1 + %aj, then it is called a
very-well-poised series. Dougall’s [1907] summation formulas

a,1+%a, b, ¢, d, e, —n 1
%a,l+a—b,1+a—c,1+a—d,1—|—a—e,1+a—|—n’
1+a),Ql+a-b-—c)p(l+a-b—d)p(l1+a—c—d),

T Qta-bnlta—cmlta—dnlta-b—c—dn (2.1.6)

I
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when the series is 2-balanced (i.e, 1 +2a+n=0b+c+d+e), and

a,l—l—%a, b, ¢, d 1
%a,l—}—a—b,l—l—a—c,l—l—a—d’
I'l+a-b0I1+a—-c)l(1+a—-d)(14+a—b—c—d) (2.1.7)
CT(l+a)l(l+a—-b—cT(l+a—b—dIT(1+a—c—d)’
when Re (14+a—b—c—d) > 0, illustrate the importance of very-well-poised
hypergeometric series. Note that Dixon’s formula (2.1.5) follows from (2.1.7)
by setting d = %a.
Analogous to the hypergeometric case, we shall call the basic hypergeo-
metric series

5F

T+1¢T alabGQ,..-;z’T-‘rl;q’Z (218)
1y--+ »Ur

well-poised if the parameters satisfy the relations

qay; = G,le = a3b2 == CLT_HbT; (219)
1 1
very-well-poised if, in addition, as = gaf, a3 = —qai; a nearly-poised series of
the first kind if
qai # azby = azby = --- = a,1by,

and a nearly-poised series of the second kind if
qa; = a2b1 = CL3b2 == arbr_1 75 CLT_HZ)T. (2110)

In this chapter we shall be primarily concerned with the summation and trans-
formation formulas for very-well-poised basic hypergeometric series. To help
simplify some of the displays involving very-well-poised ;.1 1 ¢, series which arise
in the proofs in this and the subsequent chapters we shall frequently replace

1 1

a1,qa2,—qaz,aq, ..., 0rs1
r+19r 1 ’q%17 03 s o it 34, %
aj, —aj 7qa1/a4a s ,qal/aT+1
by the more compact notation
r1Wir (a5 a4, a5, ... 0415, 2) - (2.1.11)

In the displays of the main formulas, however, we shall continue to use the
r+1¢r notation, since in most applications one needs to know the denominator
parameters.

In all of the very-well-poised g¢5, s¢p7 and 19¢9 series in Appendix IT and

Appendix IIT the parameters aq,aq,...,a,+1 and the argument z satisfy the
very-well-poised balancing condition
PR
(agas - arp1)z = (£(a1q)2) 3 (2.1.12)

with either the plus or minus sign, where (alq)% is the principal value of the
square root of a;q. Thus, we will call a 1 W, series very-well-poised-balanced
(or, for brevity, VWP-balanced) if (2.1.12) holds. A special case of this condi-
tion was stated at the end of §2.4 in the first edition of this book. It follows
from (2.1.12) that a VWP-balanced series is balanced (1-balanced) when z = g,
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a balanced 1 W, series is VWP-balanced when r is even, but it is not neces-
sarily VWP-balanced when r is odd since then we only know that the squares
of both sides of (2.1.12) (with z = ¢) are equal (see the comments in the first
paragraph of §2.6). When r 4+ 1 = 2k is an even integer, which is usually the
case, (2.1.12) simplifies to the condition

(asas - --ag)z = (a1q)* 2. (2.1.13)

Notice that if we set ag, = :I:(a1q)%, then the o, Wsi_1 series reduces to a
ok—1Wag_o series that satisfies (2.1.12) with » = 2k — 2 and the corresponding
plus or minus sign.

Since any well-poised ,11¢, series that satisfies the relations in (2.1.9) can
be written as a very-well-poised series in the form

1 11 1
T+5WT+4(G‘1; a12 ) _a12 ) qaf ) _qa12 ya2, A3,...,r4154, Z)7 (2114)

if follows that the very-well-poised balancing condition for the series in (2.1.14)
is consistent with the well-poised balancing condition

(a1ag - arq1)z = —(F(a1q)?) ! (2.1.15)

for a well-poised ,11¢, series to be well-poised-balanced (WP-balanced). In
particular, the 2¢ series in the Bailey-Daum summation formula (1.8.1) is
WP-balanced. Clearly, every VWP-balanced basic hypergeometric series is
WP-balanced and, by the above observations, every WP-balanced basic hy-
pergeometric series can be rewritten to be a VWP-balanced series of the form
in (2.1.14).

2.2 A general expansion formula

Let a, b, c be arbitrary parameters and k be a nonnegative integer. Then, by
the g-Saalschiitz formula (1.7.2)

302 (¢7%, ag®, ag/bc; ag/b, ag/c; q,q)

_ (ed Mg (b (@)k (2.2.1)
(ag/b,cq*/asq)  (agq/b,ag/c;q)r \bc/ ’ -
so that
- (bv Caq_n;q)k A
= (q,aq/b,aq/c; q)

k E o —k. ). (p—7. ' k
Z (aq/bc,aq ,q 7Q)j(q ,q)k q] (bc> Ak

(¢,aq/b,aq/c; q);(q; ) agq

Jj=0
n—j

M IM-

(aq/bc7 aq”j,qﬂ;j;Q)j (q7n§<Z)i+j i be i o
o Aiyj
— = (6,09/b,09/¢9)(¢0)i4; aq

o
Il

(aq/be,aq’,q7"5q)
“ (g,aq/b,aq/c;q);

(—l)jqf(%)

|

J
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n— n

i (- a be \ i
% q Jq q)lq—zj <_C) Ai-l-j’ (222)
—~ (¢, a¢7;9)i aq

where {Ay} is an arbitrary sequence. This is equivalent to Bailey’s [1949]
lemma. Choosing

(avalv"'aar;Q)k k
Ay = 2.2.3
<blab2a"'7br’+1;q>k ( )
we obtain the expansion formula
(b a,b,c,al,ag,...,ar,q_" A
rHatres aq/byaq/c,by,ba, ... beybryy b
—~ (ag/bc,ar, s, ar,q7"5q); [ bez ,(j)
Z : 4 \2(a;q)2;
=0 an’Q/b G/Q/C blv"'abrabT-‘rhq)j aq
27 J J J gi—™n
aq~’,a1q9°,a2q9’,...,0rq’, q bez
x e . g, 92.2.4
T+2¢T+1 |: blqj7b2qj7 R bT‘qjvb’f"-‘rlq] 1 aq]+1:| ( )

This is a g-analogue of Bailey’s formula [1935, 4.3(1)]. The most important
property of (2.2.4) is that it enables one to reduce the ;446,13 series to a sum
of ,4o¢,11 series. Consequently, if the above , 20,41 series is summable for
some values of the parameters then (2.2.4) gives a transformation formula for
the corresponding ,44¢,4+3 series in terms of a single series.

2.3 A summation formula for a terminating
Very-well-poised 4¢3 series

-

Settmg b = qaz,c = —qaz and ap = bk,k =1,2,. rabr—l—l — aqn-i-l, we
obtain from (2.2.4) th
1 _
a7 qa27 7q "
4¢3|: % % qn+1 14, =
)
n

J 2
T 1 qz)°q
(g,a2,—az,aq"t1;q);

Z —q~ a7 ) (a;q)2 )

7=0
x 261 (ag™, ¢’ " ag’ T g, —2q" ). (2.3.1)

If we set z = ¢™ so that the above 4¢3 series is VWP-balanced, then the 5¢4

series on the right of (2.3.1) can be summed by means of the Bailey-Daum
summation formula (1.8.1), which gives

) (—4: Q) oo (gt ag® 25 ¢%)
! o (agrtit =g g) 0
(2.3.2)
Hence, using the identities (1.2.32), (1.2.39) and (1.2.40), and simplifying, we
g g
obtain the transformation formula

1 1
a, qa§7 —qai » q
163 ni1 ST

j+n+1.
J 745 —

201 (ag™, ¢’ " aq

—n
1 1
az,—az,aq
(aq, —q: @)n

= (at.—qabi ). 201 (" —a ' —a " q.q) - (2.3.3)
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Clearly, both sides of (2.3.3) are equal to 1 when n = 0. By (1.5.3) the 3¢
series on the right of (2.3.3) has the sum(q'~";q), (- a 1" /(=q7 " q), when
n=0,1,.... Since (¢"";¢), =0 unless n = 0, it follows that

1 1
aaqc’/??_qaﬁ?qin
4¢3 |: 1 1 n+1 ;Qaqn:| = 5n,0 y (234)

where
1, m=n,

5’”’”:{0, m # n,

is the Kronecker delta function. This summation formula will be used in the
next section to obtain the sum of a g¢s series.

(2.3.5)

2.4 A summation formula for a terminating

very-well-poised g¢5 series

Let us now set a; = qa%, asy = —qa%,bl = a%, by = —a%,brﬂ = aq"*! and
ap = by, for k =3,4,...,r. Then (2.2.4) gives

1 1
(b |: a’7qa§77qa§7b7c7q7n :|
e 1q, 2
° a%7_a%7QQ/b7GQ/caaqn+l
_Z<aq/bc a0, —qat,q";9);(a; ), <_bc_z)3q<é>
? (q.a%,—a?,aq/b,aq/c,aq"*+';q); aq
ag¥, ¢’ ar, —¢ar, " bez
PR AT AR L (2.4.1)
daz,—¢/az, ag ! ag’*!

If z = aq™™! /bc, then we can sum the above 4¢3 series by means of (2.3.4) to
obtain the summation formula

& aqaz —qa2 b,c,q™™ . ag" !

6 W5 az 7a2 aq/b aq/c aqn+1’Q7 bC
 (ag/be,qa?, —qa?,q" " q)n (a;q)2n [y gn(n+1)/2
- 1 1 1 -1)"q

(q7 az,—az, aq/b7 G'Q/c? aqn—i- 5 Q)n

_ (ag, aq/bc; q)n

(aq/b,aq/c; q)n
Note that the above g¢s series is VWP-balanced and that this summation
formula reduces to (2.3.4) when bc = ag. In the next two sections, like climbing

the steps of a ladder, we will use (2.4.2) to extend it to a transformation formula
and a summation formula for very-well-poised g¢7 series.

(2.4.2)

2.5 Watson’s transformation formula for a

terminating very-well-poised g¢; series

We shall now use (2.4.2) to prove Watson’s [1929a] transformation formula
for a terminating very-well-poised g¢7 series as a multiple of a terminating
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balanced 4¢3 series:

a,qa?,—qaz,bc,d,e,q" . a2q2+n]
a%a—a%,aq/b,aq/c,aq/d,aq/e,ag““’q’ bede

_ (aq,aq/de; q)n g ", d,eaq/bc

= (ag/dagfe;)n *¥* | aq/b,aq/c,deq /0’ @9 (2.5.1)

It suffices to observe that from (2.2.4) we have

8P7 {

¢ |: a,qa%, —qa%’b’ c, d7e,q*n a2q2+n:|
7 iq, ————
’ az,—a?,aq/b,aq/c,aq/d,aq/e,aq" " bede

1 1 _ ] .
(a’q/bca qaz,—qaZ,d,e,q nvq)_] (a’;q)Zj <_aqn+l)3q<%)
= (¢,0%,—a%,aq/b, ag/c,aq/d, ag/e,aq™*; q); de

n

2 j+1l,3 i+1,% dad el gi— I+n—j
ag®, ¢ laz, —¢'az, dg? eq? g7 " agttnd

X o5 | L . 0 2.5.2
¢5[qﬂa%,—qja%,aq3+1/d7aq3+1/e,aq3+”+1’q’ de ] 252

which gives formula (2.5.1) by using (2.4.2) to sum the above g¢s5 series.
Clearly, the g7 series in (2.5.1) is VWP-balanced and the transformation
formula (2.5.1) reduces to the summation formula (2.4.2) when bc = agq.

2.6 Jackson’s sum of a terminating very-

well-poised balanced g¢; series

The g¢7 series in (2.5.1) is balanced when the six parameters a, b, ¢,d, e and n
satisfy the condition
a’q" ! = bede, (2.6.1)

which is the very-well-poised balancing condition. For such a series Jackson
[1921] showed that

1 1
e > -n
a,an,—qa%b,c,d, €,q

(l%, _a% 5 aq/ba aq/c, aq/da aq/ea aq

_ (aq,aq/bc, aq/bd, aq/cd; q)n
(ag/b,aq/c,aq/d, aq/bed; q)n
when n=0,1,2,... . This formula follows directly from (2.5.1), since the 4¢3
series on the right of (2.5.1) becomes a balanced 3¢9 series when (2.6.1) holds,
and therefore can be summed by the ¢-Saalschiitz formula. Notice that the
very-well-poised series in (2.6.2) is also balanced if a?¢"*! = —bede # 0, but
then it is not VWP-balanced and it is not summable as a quotient of products
of ¢-shifted factorials. Hence, not every balanced terminating very-well-poised
g7 series is summable.

Formula (2.6.2) is a g-analogue of (2.1.6), as can be seen by replac-
ing a,b,c,d,e by ¢% q° q°% q%,q°, respectively, and then letting ¢ — 1. It
should be observed that the series g¢7 in (2.6.2) is balanced, while the lim-
iting series 7Fg in (2.1.6) is 2-balanced. The reason for this apparent dis-
crepancy is that the appropriate g-analogue of the term (1 + %a)k/(%a)k
= (a+ 2k)/a in the 7 F series is not (qa2;q)x/(a2;q)r = (1 —a2¢")/(1 — a?)

8P7

LA

(2.6.2)
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but (qa%7 —qa%;q)k/(a%7 —OL%;q);€7 which introduces an additional g-factor in
the ratio of the products of the numerator and denominator parameters. Anal-
ogous to (2.1.12), one could call the very-well-poised 7 F series in (2.1.6) VWP-
balanced if (b+c+d+e—n)+1=2(a+1), so that then every terminating
very-well-poised 7Fg(1) series is summable whenever it is VWP-balanced.

2.7 Some special and limiting cases of Jackson’s and
Watson’s formulas: the Rogers—Ramanujan identities

Many of the known summation formulas for basic hypergeometric series are
special or limiting cases of Jackson’s formula (2.6.2). For example, if we take
d — oo in (2.6.2) we get (2.4.2). On the other hand, taking the limit a — 0
after replacing d by aq/d gives the g-Saalschiitz formula (1.7.2). Let us now
take the limit n — oo in (2.6.2) to obtain the following summation formula for
a non-terminating VWP-balanced ¢¢5 series

a,qa%, —qa%,b, ed  aq

az, —a%,aq/b, aq/c, aq/d’q’ bed
_ (g, aq/be,ag/bd, ag/cds g)os
(aq/b,aq/c,aq/d, aq/bed; q)oe”

where, for convergence, it is required that |ag/bed| < 1. This formula is clearly
a g-analogue of Dougall’s 5F, summation formula (2.1.7), and it reduces to
(2.3.4) when bc = ag and d = ¢~™. If ed = aq, then (2.7.1) reduces to the
summation formula 4W3(a;b;q,1/b) = 0, where |b] > 1. Setting d = at in
(2.7.1), we get a g-analogue of Dixon’s formula (2.1.5)

6Ps

(2.7.1)

1 1
a,—qa?,b,c qa?

4¢3 —a%,aq/b, aq/c,q’ be

_ (aq,aq/be, qa%/b,qa%/C; 2o (2.7.2)

(aq/b,aq/c,qa?,qa? [bc; @)oo’

provided |ga? /be| < 1.
Watson [1929a] used his transformation formula (2.5.1) to give a simple
proof of the famous Rogers—Ramanujan identities (Hardy [1937)):

e’} n?

3 _ (¢ 100 (2.73)
= (¢ 0)n .

> n(n+1) 4 5.5
q _ (9.6,¢% ) (2.7.4)

= (@ D)n (45 9)oo
where |g| < 1. First let b,¢,d,e — oo in (2.5.1) to obtain

n

(a;q)r (1 —aq%) @™ Dk o) 5 mo
Z @ )x (1—a) (ag" L q)p © (aq")

k=0
n —n.

— (e (" @)k n+1\ Kk k(k—1)/2
= (agi q)n Y - . (2.7.5)
o d = (G Ok (maa™™)"a
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Since the series on both sides are finite this limiting procedure is justified as
long as the term-by-term limits are assumed to exist. However, our next step
is to take the limit n — oo on both sides of (2.7.5), which we can justify by
applying the dominated convergence theorem. Thus we have

1+Z (aq; @)r— 1(1—aq )(_1)ka2k k(5k—1)/2

s (@) !
BT i 2.7
= (aq,q)ook;) G (2.7.6)

In view of Jacobi’s triple product identity (1.6.1) the series on the left side of
(2.7.6) can be summed in the cases a = 1 and a = ¢ by observing that

o 2k
14 Z (@ Qr-1(1 — ¢ )(_l)qu(skq)/g

(@ Dk

-

= > (-1)"¢"tV2 = (% ¢ ¢%) (2.7.7)
and

0
Z(l PR (1) kg k82
k=0

0o
= > (=)'t = (q,¢",¢% ") . (2.7.8)

The identities (2.7.3) and (2.7.4) now follow immediately by using (2.7.6). For
an early history of these identities see Hardy [1940, pp. 90-99].

2.8 Bailey’s transformation formulas for terminating

504 and 7¢g series

Using Jackson’s formula (2.6.2), it can be easily shown that
(a7b7 (oH Q)k _ (/\bc/a,q)k
(¢, aq/b,aq/c; q)k (an/ Abe; q)r
" Z (A1q); (1 — Ag*7)(Ab/a, Ac/a, ag/be; q);
=0 ( q;q )J(l - )(G'Q/ba G'Q/Ca )\bC/G;, Q)j

(a; Qwtj(a/X; @Qr—j (aN
“ O iy (G0 ( ) ’ (28.1)

A

where ) is an arbitrary parameter. If { Ay} is an arbitrary sequence, it follows
that

i (a,b,¢;q)k

= (a,aq/b,aq/c; )k
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i (Abe/a; q)x zk: (A1) 1 - >\‘12j) (Ab/a, Ac/a, aq/be; q);
£ (ga? /\bc; q)), ’“J N(ag/b, ag/c, Noc/a; ),

(a5 Qrrj(a/N; Qr—j (g)j
(A Dreti (G Dr—j A

(N g 1—)\q23)(>\b/a Ae/a,aq/be; q)j(a;q)a; [aNi

-2 (5)

(4:9); \)(ag/b, aq/c, qa/xbc; q); (Mg q)2; \

7=0
(anJ ,a/ A Abeg? [a; q)x "
= (g, Ag*H, a?qi T Abe; q) T

X

(2.8.2)

provided the change in order of summation is justified (e.g., if all of the series
terminate or are absolutely convergent).

It is clear that appropriate choices of A and A, will lead to transformation
formulas for basic hypergeometric series which have at least a partial well-
poised structure.

First, let us take Ax, = ¢*(d,q ™ q)x/(aq/d,a’q " /)?;q),, and X\ =
qa?/bed, so that the inner series on the right of (2.8.2) becomes a balanced
and terminating 3¢o. Summing this 3¢9 series and simplifying the coefficients,
we obtain Bailey’s [1947a,c] formula

7b’ 7d’ -
5P4 @604 ]

aq/b,aq/c,aq/d,a?q /)2 11
~ (M\q/a, Nq/a;q)n X, gAZ, —qA2,bA/a, cA/a,d)/a,
(Mg, N%q/a%;q)n - Hl )\%,—)\%,aq/b,aq/c,aq/d,
a%,—a?,(aq)%, —(aq)?, Nq"+ Ja,q7"
Ag/az,—Ag/a?,Mq/a)?,—\a/a)?,aq™" /A Aq

where \ = ga?/bcd.

Note that the 5¢4 series on the left is balanced and nearly-poised of the
second kind, while the 12¢11 series on the right is balanced and VWP-balanced.
Note also that a terminating nearly-poised series of the second kind can be
expressed as a multiple of a nearly-poised series of the first kind by simply
reversing the series.

By proceeding as in the proof of (2.8.3), one can obtain the following
variation of (2.8.3)

5 mob,c,de
504 /b, g n/c g /d, equn/)\Q’%

_ ()‘2 n+1, )‘Q/ev Q)n ¢ |: )‘7 q)\z ) _q)‘Q B )‘bqna )‘ana )‘dqna
C e g, T IAE A g b, g " e g,
q—n/Z’ _q—n/Q,q(l—n)/Q, _q(l—n)/Q, e, /\2qn+1/e
AGHH2 —AgtHn/2 Ng(Hm)/2 _\g(1H)/2 Ng /e eqT™ /A

where A\ = ¢' 72" /bcd.

w1 04|, (283)

1¢,q|, (2.8.4)
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Next, let us choose Ar = ¢*(1 — a¢®*)(d,q™;q)x/(1 — a)(aq/d,
a’¢> " /N%q)r and X = qa?/bed in (2.8.2) so that the inner series on the
right side takes the form
;1—ag¥ (d,qa7";9),
1—a (aq/d,a®q>"/X2;q);

ag¥,¢*vaz, —¢' a3, a/)\, ¢ "
X 5¢4 .

Faz, —glaz APt a?gd 2 N2 4

This 5¢4 series is a special case of the 5¢4 series on the left side of (2.8.3); in
fact, the 12¢11 series on the right side of (2.8.3) in this case reduces to a termi-
nating g¢7 series, which we can sum by Jackson’s formula (2.6.2). Carrying out
the straightforward calculations, we get Bailey’s [1947¢] second transformation
formula

a, qa%v _qa% ) bv C, d7 qin
06| 1 1 9 om ro
aza_azaaq/baa(I/Caa(I/d,a q /)‘
_ (Mag, X /ag;q)n 1—X2¢*" " /a
(A, NG q)n 11— N2/ag
A, g\, —qA%,bA/a, cA/a, d)/a, (aq) %, —(aq)?,
X 12011 | 4 N )
Az ) —Az ) aq/ba aq/c, aq/dv )‘(q/a’) 2, _)‘(q/a) 9
qa®,—qa®, N*q" " fa,qg"
Aa%, —\a* ag* " /A, P
where \ = ga?/bed.

DI= o=

(2.8.5)

2.9 Bailey’s transformation formula for
a terminating 19¢9 series

One of the most important transformation formulas for basic hypergeometric
series is Bailey’s [1929] formula transforming a terminating 19¢g9 series, which
is both balanced and VWP-balanced, into a series of the same type:

a,qa?,—qa?,b,c,d e, f,\ag" "t Jef, q"
az,—a%,aq/b,aq/c,aq/d, ag/e,aq/f,efq" /X, aq"t
(aq, ag/ef, \q/e, A/ f;@)n A, qAE, —g\%, \b/a, Ac/a, Ad/a,

N (ag/e,aq/f,Aq/ef, Aq; q)n 1009 l )\%,—)\%,aq/b, aq/c,aq/d,
e, f,dag"t fef,q7",
Aq/e, Mg/ f efq ™ [a, Ag" T ;q’q} ’
where \ = ga?/bcd.
To derive this formula, first observe that by (2.6.2)
A, gAZ, —g\2, Ab/a, Aefa, Nd/a, aq™, g™
! A2, =2, aq/b,aq/c,aq/d, \g* =™ [a, A\g™

1099 A

(2.9.1)

) G4
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_ (b, ¢, d; Ag; @)m
(aq/b,aq/c,aq/d,a/X;q)m’
and hence the left side of (2.9.1) equals

E": aq (1 —ag®™)(e, f,haq" ™ Jef, a™; Q)m(a/X; Q)m o

(2.9.2)

= @ a)m(1— a)(aq/e aq/f,efa" /X, aq" ;@) m (NG @)
y zm: ;1= Xg¥)(Ab/a,Ac/a, Ad/a,ag™, q"™; q); &
= (6:9);(1 = A)(ag/b, ag/c, aq/d, A¢' =™ [a, Ag™ 5 q)

e (@ (1= ad®™) (e, £, " ef T Dm
ZE_:O Jm—i (1 — a)ag/e, aq/f,efa "X, ag™*T; q)m
(a/ Vrn— j()\;q)j(l—)\qQJ)()\b/a,)\c/a,)\d/a;q)j (g)j
(Aq, Dm+5(09);(1 = A)(aq/b, aq/c,aq/d; q), A
_ zn: (X;q);(1 = Ag¥)(Ab/a, Ac/a, Nd/a, e, f,haq™ Tt Jef, g7 q);
— (¢:9);(1 = AN)(aq/b,aq/c,aq/d,aq/e,aq/ f,efq~" /A, aq"+1; q);

<

% (aqa Q)2] 7. n+j+1
(A) Oga) sW7 (ag¥;eq’, fq’,a/X, ag Jef. @ " q,q),

X

(2.9.3)

where the gWy; series is defined as in §2.1. Summing the above gW7; series
by means of (2.6.2) and simplifying the coefficients, we obtain (2.9.1). It is
sometimes helpful to rewrite (2.9.1) in a somewhat more symmetrical form:
10Wo (a;b,¢,d, e, f,9,h;q,q)
_ (ag,aq/ef,aq/eg, aq/eh, aq/fg,aq/fh, aq/gh, ag/efgh; @)oo
(aq/e,aq/f,aq/g,aq/h,aq/efg,aq/efh,aq/egh, aq/fgh; q)s
x 10Wy (qaz/bcd; agq/bc, aq/bd,aq/cd, e, f, 9, h;q,q) , (2.9.4)

where at least one of the parameters e, f, g, h is of form ¢~",n = 0,1,2,...,
and

¢?a® = bedefgh. (2.9.5)

2.10 Limiting cases of Bailey’s 19¢g
transformation formula

A number of the known transformation formulas for basic hypergeometric series
follow as limiting cases of the transformation formula (2.9.1). If we let b, ¢, or
d — o0 in (2.9.1), we obtain Watson’s formula (2.5.1). On the other hand, if we
take the limit n — oo, we get the transformation formula for a nonterminating
g7 series
d) a7qa%7_qa%7b7 ¢ d767f . a2q2
"7 Lad, ~a, aq/b,a0/c.aq/d, ag/e,aq/ T bede
_ (ag,ag/ef Ma/e, 7/ f; @)oo

(ag/e,aq/f, g, Mq/ef; @)oo
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p A, gAZ, —q)\%,)\b/a,)\c/m)\d/me, f aq
X 1 1 yd, —
LAY <A ag/b,ag/c,aq/d Aafe, v/ s el
(2.10.1)
where \ = ga?/bed and
max (lag/ef], |Ag/ef]) < 1. (2.10.2)

The convergence of the two series in (2.10.1) is ensured by the inequalities
(2.10.2) which, of course, are not required if both series terminate. For exam-
ple, if f=¢ ™,n=0,1,2,..., then (2.10.1) becomes
a,qa?,—qa?,b,c,d,e,q " _afq"t?
a1 [a%,a%,aq/b, aq/c,aq/d,aq/e,aqg"*! & W}
_ (ag,Aq/e;q)n
~ (ag/e, A5 @)n
A, gAZ, —q)\%,)\b/a, Ac/a,Nd/a,e,q™™  ag"T!
a1 [/\%,—/\%,aq/b7 aq/c,aq/d, \q/e, \g" 1 e ] .

(2.10.3)

This identity expresses one terminating VWP-balanced g¢7 series in terms of
another.

Using (2.5.1) we can now express (2.10.3) as a transformation formula
between two terminating balanced 4¢3 series:

q_nuav b,C_
4¢3 |: d,@, f 5q7q:|
_(e/a, fla;q)n [ ¢ " a,d/bdlc
- (6, f7q)n a 4¢3 d,aql—n/e’aql—n/f7Q7q 3
(2.10.4)

where abc = defq"~'. This is a very useful formula which was first derived by
Sears [1951c], and hence is called Sears’ 4¢3 transformation formula. Tt is a
g-analogue of Whipple’s [1926b] formula

;oa, b,
JFy | 2, ’ ;;1]
_(e_a)n(f_a)n F _naavd_byd—c 1
B (€)n(f)n Y3 ldl4a—e—nl+a—f—n'|’

(2.10.5)

wherea+b+c+1=d+e+ f+n.

Use of (2.5.1) and (2.10.1) also enables us to express a terminating bal-
anced 4¢3 series in terms of a nonterminating g¢; series. For example, if b, ¢,
or d in (2.10.1) is of the form ¢~",n = 0,1,2,..., then the series on the left
side of (2.10.1) terminates, but that on the right side does not. In particular,



50 Summation, transformation, and expansion formulas

—" . and then replacing e and f by d and e, respectively, we obtain

setting d = ¢
sWr (asb,c,d,e,q"";q,a®q"? /bede)

_ (aq,aq/de,aq"*? /bed, a®q" 2 [bee; q)o

(ag/d,aq/e, a*q"*2 [be, a?q™+2 [bede; q) o

x sWr (a®q" /be; ag" /b, aq" T Je, aq/be, d, €; q, aq/de) , (2.10.6)

provided |ag/de| < 1 to ensure that the nonterminating series on the right side
converges. Use of (2.5.1) then leads to the formula

p q¢ " a,b,c _ (deq"/a,deq™ /b, deq" /c,deq" [abc; q)
4931 e f Y T (deq™, deq™ /ab, deq™/ac, deq™ /bc; @) oo
‘o ldeqn—l, q (deqn—1)5 - (deqn—l)E 7
(deg"~1)z,  —(deq"!)%,
a, b) c, dqnv 6qn de

4, —— | » 2.10.7
deq™/a,deq™ /b, deq™ [c,e,d © abe ( )
provided def = ¢q'~"abc and |de/abc| < 1.

As another limiting case of (2.9.1) Bailey [1935, 8.5(3)] found a nontermi-
nating extension of (2.5.1) that expresses a VWP-balanced g¢7 series in terms
of two balanced 4¢3 series. First iterate (2.9.1) to get

1OW9 (a7 b7 ¢ d7 e, fa agqn+2/b6def7 q_nv q, q)
_ (aq,aq/de,aq/df  aq/ef;q)n
(ag/d,aq/e,aq/f,aq/def;q)n
x 10Wo (defq "' Jajaq/be,de, f,bdefq """ Ja® cdefq " Ja® a7 " q,q) -
(2.10.8)

Clearly, the 19Wy on the left side of (2.10.8) tends to the g¢7 series on the left
side of (2.10.1) as n — oo. However, the terms near both ends of the series on
the right side of (2.10.8) are large compared to those in the middle for large n,
which prevents us from taking the term-by-term limit directly. To circumvent
this difficulty, Bailey chose n to be an odd integer, say n = 2m + 1 (this is
not necessary, but it makes the analysis simpler), and divided the series on
the right into two halves, each containing m + 1 terms, and then reversed the
order of the second series. The procedure is schematized as follows:

2m—+1 m 2m—+1
Z Ak = Z Ak + Z Ak
k=0 k=0 k=m41
= ZAk +Z)\2m+1—ka (2.10.9)
k=0 k=0

where {\;} is an arbitrary sequence. Letting m — oo (and hence n — o0), it
follows from (2.10.8) that

aaqa%7_qa%7b7 ) daeaf a2q2 :|

87 az, —a%,aq/b, aq/c,aq/d,aq/e,aq/ f @ bede f
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_ (aq,aq/de,aq/df ,aq/ef;q)oo ag/be,d,e, f
~ (ag/d,aq/e,aq/f,aq/def;q)00 *° [aq/b,aq/c,def/a’%q}
(ag, aq/be, d, e, f,a’q? /bdef, a*q®/cdef;q)o
(ag/b,aq/c,aq/d,aq/e,aq/ f,a*q*/bedef, def [ag; @)oo
aq/de,aq/df,aq/ef,a*q® [bedef
a’q?/bdef,a’q?/cdef, aq® /def ,q,q] ’

where |a2¢?/bedef| < 1, if the g¢7 series does not terminate. Note that if
either b or ¢ is of the form ¢ ",n = 0,1,2,..., then the g¢7 series on the left
side terminates but the series on the right side do not necessarily terminate.
On the other hand if one of the numerator parameters (except a?q?/bedef) in
either of the two 4¢3 series in (2.10.10) is of the form ¢~™, then the coefficient
of the other 4¢3 series vanishes and we get either (2.5.1) or (2.10.7).

If aq/be, aq/de, aq/df or aq/ef equals 1, then (2.10.10) reduces to the g¢s
summation formula (2.7.1). If, on the other hand, aq/cd = 1 then the g¢r
series in (2.10.10) reduces to a g¢5 which, via (2.7.1), leads to the summation
formula

X 4¢3 (2.10.10)

(ag, aq/be, aq/bf,aq/ef; q)s
(ag/b,aq/e,aq/f, aq/bef;q)
_ (ag,c/e,c/f,aq/ef;q)s ag/be,e,
"~ (c,aq/e,aq/f,c/ef;q)oo 392 [aq/b,efq/c’q’q]
(ag,aq/ef, e, f,aq/bc, acq/bef;q)
(ag/e,aq/f,ef/c,c,aq/b,aq/bef;q)s
X 3 {c/e,c/f,aq/bef' ]
2 | eqsef.acqper "0

Solving for the first 3¢9 series on the right and relabelling the parameters we
get the following nonterminating extension of the g-Saalschiitz formula

|:Cl,b,C. :| _(q/67f/a7f/baf/c;q)oo
3¢2 a4, 4| = .
e, f (ag/e,bq/e,cqfe, ;)0
(¢/e,a,b,c.qf/e;q)
(e/q;aq/e,bq/e,cq/e, f; )
aq/e,bq/e,cq/e
o “greag 1)
where ef = abeq. Sears [1951a, (5.2)] derived this formula by a different
method. If a,b, or ¢ is of the form ¢~",n =10,1,2,..., then (2.10.12) reduces
to (1.7.2).
A special case of (2.10.12) which is worth mentioning is obtained by setting
c =0, f =0, and then replacing e by ¢ to get

(2.10.11)

(2.10.12)

(q/c,abq/c;q)oo
(aq/c,bq/c; q)oo
(q/c,a,b;9) 00

_ (c/q aq/C bq/C' Q)oo 2¢1(GQ/C7 bq/c; q2/c;q,q). (2.10.13)

2¢1 (aa ba ¢ q, q) =
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If a or b is of the form ¢~",n = 0,1,2,..., then (2.10.13) reduces to (1.5.3).
In general, a 2¢1(a, b; c; q, q) series does not have a sum which can be written
as a ratio of infinite products. However, we can still express (2.10.13) as the
summation formula for a single bilateral infinite series in the following way.

First, use Heine’s transformation formula (1.4.1) to transform both 20
series in (2.10.13):

(b,aq;9) oo
(6,4 9)0

S iae e

2¢1(a,b;¢;q,q) = 2¢1(¢/b, q; ag; q,b)

201 (ag/e,bafe:a*feiq,0) = (ac'(l/f/iqq/c - Z bgéjcqq (%)

(2.10.15)
Next, note that
 (9/a;@)n (ag\" _c1-ba/e~ (L/aiq)n (agy™
S () = 2 (2101
nz_%(b(f/c;Q)n(C) q 1—a nz_:l(bq/c;q)n(c) (2.10.16)
Using (2.10.14) - (2.10.16) and the identity (1.2.28) in (2.10.13) we obtain

3 (/b @y _ (e10/¢,aba/C, ¢ q)o (2.1017)
(ag; @)n (byaq,aq/c,bq/c; q)oo

n=—oo

which is Ramanujan’s sum (see Chapter 5 and Andrews and Askey [1978]).
However, the conditions under which (2.10.17) is valid, namely, |q| < 1, |b] <
1 and |ag/c| < 1, are more restrictive then those for (2.10.13). Note that
(2.10.17) tends to Jacobi’s triple product identity (1.6.1) when a = 0 and
b — 0. We shall give an alternative derivation of this important sum in Chapter
5 where bilateral basic series are considered.

As was pointed out by Al-Salam and Verma [1982a], both (2.10.10) and
(2.10.12) can be conveniently expressed as ¢-integrals. Thus (2.10.12) is equiv-
alent to

/b (qt/a,qt/b, ct; q)oo g
o (dtet, ftiq)ee !

(q,bq/a,a/b,c/d,c/e,c/f;q)oo
(ad,ae,af,bd,be,bf;q)oc

where ¢ = abdef, while (2.10.10) is equivalent to

* (qt/a, qt/b, ct, dt; g)o
/a (et, ft. gt, ht; @)oo
(¢,bq/a,a/b,cd/eh,cd/fh,cd/gh,be, bd; q)so

(ae,af,ag,be,bf,bg,bh,bcd/h; q)o
x gWy (bed/hg; be,bf,bg, c/h,d/h;q,ah), (2.10.19)

=b(1—q)

(2.10.18)

dyt

=b(1—q)
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provided ed = abefgh and |ah| < 1.

By substituting ¢ = abdef into (2.10.18), letting f — 0 and then replac-
ing a,d,e by a,c/a,d/b, respectively, we obtain Andrews and Askey’s [1981]
formula

b .
/ (qt/a,qt/b;q) oo 0t

(ct/a, dt/b; q)oo
b(l B Q)(Q7 a/ba bQ/a’v Cd; Q)oo

= . 2.10.2
(c,d, beja, ad/b; g)oc (2.1020)

In view of (1.3.18), (2.10.20) is a g-extension of the beta-type integral

/d (1+t/c)* 11 —t/d)*"! dt = B(a, b)%, (2.10.21)

—C
which follows from (1.11.8) by a change of variable.

The notational compactness of (2.10.18) and (2.10.19) is advantageous in
many applications (see, e.g., the next section). In addition, the symmetry
of the parameters in the g¢-integral on the left side of (2.10.19) implies the
transformation formula (2.10.1).

2.11 Bailey’s three-term transformation formula
for VWP-balanced g¢; series

The g-integral representation (2.10.19) of an g¢7 series can be put to advan-
tage in deriving Bailey’s [1936] three-term transformation formula for VWP-
balanced g¢7 series:

a,qa?,—qa?,b,c,d,e, f a?q?
87 {a%, —a?,aq/b,aq/c,aq/d, aq/e,aq/f;q’ deef}
_ (ag,aq/de, aq/df, aq/ef, eq/c, fa/c,b/a,bef/a; 4)oo
(ag/d,aq/e,aq/f,aq/def,q/c,efq/c,be/a,bf [a;q)
X sbr [ef/cer(ef/C)%,Q(ef/C)%,aq/ba ag/cd,ef/a.e, f y]

1

(ef /)%, —(ef /)%, bef Ja,def fa,ag/c, fafc,eqfc " a
b (ag,bg/a,bg/c,bq/d,bg/e,bq/f,d, e, f;q)s
a (aq/b,aq/c,aq/d,aq/e,aq/f,bd/a,be/a,bf [a,def/a;q)
(ag/be,bdef [a?, a*q/bdef; q)oo
(ag/def,q/c,b*q/a;q)oo
[b2/a, gba~ %, —qba~2,b,bc/a,bd/a,beja,bf Ja  a2q? ]
X g7 ; )

ba~%, —ba~},bg/a,bq/c,ba/d,bgje,ba/f . bedef
(2.11.1)

where |bd/a| < 1 and |a2?¢?/bedef| < 1.
To prove this formula, first observe that by (2.10.19)

8W7 (a; b; c, d7 €, fa q, a2q2/bcdef)
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— aq — def (aq7 da €, f7 aq/bc7 aq/dea aq/df7 GQ/ef, q)oo
adefq(1 —q) (q,aq/b,aq/c,aq/d,aq/e,aq/f,def/aq,aq/def;q)oo

4l (t/a,qt/def,aqt/bde f,aqt/cdef; q)oo
. /aq (t/de,t/df ,t/ef,aqt/bedef;q)oo dqt. (2.11.2)
Since
bdef/a def def
/ f(t) dqt “r/ f(t) dqt = f(t) dqt, (2.11.3)
od bdef/a aq
where
_ (t/a,qt/def,aqt/bdef, aqt/cde f; q)o
ft) = (t/de,t/df, t]ef, agt/bcde f; @)oo (2.11.4)
and
bdef/a
/ f(t) dgt

_ bdef(]- B q) (Q3 bdef/az, azq/bdefa bQ/d7 bq/e7 bQ/fv bQ/a’v bQ/Ca q)oo
a alaq/de, aq/df,aq/ef,bd/a,befa,bf [a,q/c,b2q/a; @)
x sWr (b2/a; b, be/a, bd/a, be/a, bf/a; q, a2q2/bcdef), (2.11.5)

/def £t) dyt — e/~ )(a.aq/b.ag/e.eq/c, fa/e.bef a, defa: g)o
bdef/a ! (d767 f’ be/a’bf/ava(I/bCa q/c, efq/c; q)oo
x §Wr (ef/c;aq/be,aq/cd,ef [a,e, f;q,bd/a),  (2.11.6)

we immediately get (2.11.1) by using (2.11.5) and (2.11.6) in (2.11.3). The
advantage of our use of the g-integral notation can be seen by comparing the
above proof with that given in Bailey [1936].

The special case ga® = bedef is particularly important since the series on
the left side of (2.11.1) and the second series on the right become balanced,
while the first series on the right becomes a g¢5 series with sum

(ag/ce,aq/cf,efa/c,q/¢ D)
(ag/c,eqfc, fa/c.aq/cef;q)se’

provided |ag/cef| < 1. This gives Bailey’s summation formula:

|: aaqa%aiqa%aba C, daeyf :|
07| 1 1 14,9
az,—az,aq/b,aq/c,aq/d,aq/e,aq/f

b (ag,c,d e, f,bq/a,bq/c,bq/d,bq/e,bq/ f; @)oo

"~ a(ag/b,aq/c,aq/d, aq/e,aq/f,bc/a,bd]a, be/a,bf [a,b>q/a; q)os
b2/a,qba_%,—qba_%,b,bc/a,bd/a, be/a,bf ja_

X 861 [ ba~z,—ba"2,bq/a,bg/c,bq/d,bq/e,bq/f ’ ]

_ (ag,b/a,aq/cd, ag/ce, aq/cf, aq/de, aq/df, aq/ef; @)oo

(ag/c,aq/d,aq/e,aq/ f,be/a,bd/a,be/a,bf /a;q)ee

)

(2.11.7)
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where qa? = bedef, which is a nonterminating extension of Jackson’s formula
(2.6.2). This can also be written in the following equivalent form
" (qt/a,qt/b t/a®,~t/a% qt/c qt/d, qt/e, qt/ f; q)oo
(t,bt/a,qt/az, —qt/a2, ct/a,dt/a,et]a, ft/a;q)se
_ b(1 —q)(q,a/b,bq/a,aq/cd,aq/ce,aq/cf,aq/de,aq/df ,aq/ef;q)co
(b,c,d, e, f,bc/a,bd/a,be/a,bf [a;q)oo

(2.11.8)

2.12 Bailey’s four-term transformation formula
for balanced 1g¢9 series

Let us start by replacing a,b,c,d,e, and f in (2.11.8) by A\, bg", Ac/a,
Ad/a, Ae/a and a/bq", respectively, to obtain

/ " (qt/ A tq" /b, t/AT, —t/A3, agt/eA, aqt/d), agt/eX btg" T fai q)os

A (t,btq™ /X, qt N2, —qt/ N2, ct/a, dt/a, et/a, atq=" /bA; @)oo
— b(l - q)(qa )‘/bv bQ/)\, bq/C, bQ/da bq/e) ¢, d, €; q)OO
(a/A, b, Ac/a, Nd/a, Nefa,a/b,befa,bd/a,be/a; q)oo

dyt

. n

(b,be/a,bd/a,be/a; q)n (g) ’ (2.12.1)
(ba/a,bg/c,bq/d,bg/e;q)n \ a

where n = 0,1,2,... . Let f,g,h be arbitrary complex numbers such that

la3q3 /bedefgh| < 1. Set p = a3q?/bede f gh, multiply both sides of (2.12.1) by
(b%/a; q)n(1 — b*¢*" /a)(bf /a,bg/a, bh/a; q), (%)”
(¢:0)n(1 = b%/a)(ba/f,ba/g,ba/h; q)n A
and sum over n from 0 to co. Then the right side of (2.12.1) leads to
b(]- - Q) (Qa )‘/bv bQ/)‘a bq/cv bQ/d7 bq/e’ ) d’ €; Q)oo
(a/A, b, Ac/a, Md/a, Nefa,a/b,befa,bd/a,be/a; q)oo
x 10Wo (b2/a;b, bc/a,bd/a,be/a,bf/a,bg/a,bh/a;q,pq). (2.12.2)
The left side leads to two double sums, one from each of the two limits of the
g-integral. From the upper limit, bg", we get
b(1 — q)(q,bq/X, abq/c), abg/d), abg/eX, b*q/a; q)
(b,a/\,b%2q/ X, befa,bd/a, be/a; q)so
" Z bz/a q (1 —b*¢°"/a)(bf /a,bg/a,bh/a; q)n <@)"
= n(1=b2/a)(bq/f,ba/g,ba/h; q)n A
- (bz/)\; Q)2n+j(1 — b2¢*" % /X) (b, be/a,bd/a, be/a; @)ntj(a/Niq);
= (4:9);(1 = b2/A)(bg/ A, abg/cA, abq/dA, abg/eX; @)n+; (b?q/a; q)an+
b(1 — q)(g,bg/A, abg/cA, abq/d), abg/eX, b°q/a; )
N (b,a/X, b%q/ X\, be/a,bd/a,be/a; q) oo
o f: (b2 /X; @) (1 — b2¢*™ /) (b, bc/a, bd/a,be/a, a/\; q)m m
= (4;0)m (1 — b2 /X)(bg/ A, abg/cA, abq/dA, abq/eX, b*q/a; q)m

x sWr (b°/a;bf a,bg/a,bh/a,b°q¢™ /X,qa"™; q, pq) - (2.12.3)

X
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Let us now assume that p = 1, that is,
a’q® = bedefgh. (2.12.4)
Then, by Jackson’s formula (2.6.2), the g¢7 series in (2.12.3) has the sum
(b*q/a,aq/fg,aq/fh,aq/gh; @)m
(ba/f,ba/g.ba/h,aq/ fgh; q)m
and the expression in (2.12.3) simplifies to
b(l B q) (Q7 bQ/)‘a abq/C)‘7 abQ/d)‘a a’bQ/e/\u qu/a‘v Q)oo
(b,a/X,b%q/ A, befa,bd/a, be/a; q)o
X 10Wy (192/>\;I)7 be/a,bd/a,be/a,bf /X, bg/, bh/)\;q,q) , (2.12.5)
since, by (2.12.4), aq/fg = bh/\, aq/fh = bg/\, and aq/gh = bf/\.
We now turn to the double sum that corresponds to the lower limit, A, in

the g-integral (2.12.1). This leads to
the series

—M1 - 9)(q,aq/¢, aq/d, ag/e, Aq/b,bAq/a; )oo
(b Aq,a/b,ch/a,dN/a,eN]a; Q)
" Z (b2 /a Q)n(1 —02¢*"/a)(b,bf /a,bg/a,bh/a,b/X;q)n
= n(1—1b2/a)(bg/a,bq/f,ba/g,ba/h,bAq/a; q)n
x gWor ()\;bq ,cA/a,dN/a,eNfa,aq™" /b;q,q)
_ M —q)(g,aq/c,aq/d, aq/e, Aq/b,bAg/a; 4) o
(b, A\q,a/b,cA/a,d\/a,e\/a;q)so
(N @m(1 = AP (b, cAfa, dNa,eda, a /b o,
Z:O (¢ m(1 = A)(Aq/b,aq/c,aq/d, aq/e,bAq/a; q)m
x gWr (b2/a;qu,bq_m/)\,bf/a,bg/a,bh/a;q,q) . (2.12.6)

The last g¢7 series in (2.12.6) is balanced and nonterminating, so we may use
(2.11.7) to get

sWr (b%/a;bg™,bg~™ /X, bf Ja,bg/a,bh/a;q, q)
_ (VPq/a, g f 0 g, A\ Ry aq ) fg, aq) fhy ag/gh, ag™ /b;q) s
B (bAg™+t/a,bg/ f,ba/g,bq/h, a/X, fq™, 94" hq™; @)oo

aq™ (b%q/a,bg=™ /N, bf Ja,bg/a,bh/a,aq™ T /b, aq™ T i)

b (bg*=™/a,bAg™ 1 /a,bq/ f,bq/g,bq/h, a/X, fq™, 94™; @)oo
(ag™ /g, aq™ 1 /b, A" q) oo
(hg™, ag®™*%; q)oo
x sW7 (ag”™;bg™, fq™, 9™ hq™ a/Xiq.q) - (2.12.7)

Use of this breaks up the double series in (2.12.6) into two parts:

—X1 —q)(q,b%q/a,A\q/b,\q/ [, Aq/g. Aq/h,bf /A, bg/X; q) o
(b, f,9,h,bq/ f,bq/g,bq/h, A\q; q)

X
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(bh/A,aq/c,aq/d, aq/e; Q)
(a/A,eh/a,dN/a,eN]a; q) oo
x 10Wo (A;b,cA/a,dN/a,eX/a, f,g,h;q,q)
a1 - q)(q,b/\, Aq/b,b*q/a, aq/b,aq/c, aq/d, ag/e, aq/ f, aq/g; @)
(b,a/b,aq,cA/a,d)\/a,e)/a,bq/a,bq/f,ba/g,bq/h;q)oc
(ag/h,bf/a,bg/a,bh/a;q)
(a/A £, 9,0 @)oo
y i (a;9)n(1 = ag®") (b, f, 9, hy a/X; @)n .
(4 9)n(1 —a)(ag/b,aq/f,aq/g, aq/h,A\g; @)n

n=0
x Wy (A eh/a,dN/a,eN/a,aq™, ¢ ";q,q) . (2.12.8)

Summing the last g¢7 series by (2.6.2) we find that the sum over n in (2.12.8)
equals 10Wy (a;b,¢,d, e, f, g, h;q,q) which is, of course, balanced by virtue of
(2.12.4). Equating the expression in (2.12.2) with the sum of those in (2.12.5)
and (2.12.8), and simplifying the coefficients, we finally obtain Bailey’s [1947b)]
four-term transformation formula

¢ avqaéa_qaéabvcadveafvg,h
7 Laz, —a%,aq/b,aq/c,aq/d, aq/e, aq/ f,aq/g, aq/h
n (ag,b/a,c,d,e, f,g,h,bg/c,bq/d; q)o

(b*q/a,a/b,aq/c,aq/d,aq/e, aq/f,aq/g,aq/h,bc/a,bd/a; )

(bg/e,bq/f,ba/g,bq/h; )

(be/a,bf/a,bg/a,bh/a;q)
-bz/a7qba_%,—qba_%,b, be/a,bd/a,be/a,bf /a,bg/a,bh/a ]

SQaQ]

X 1 1 ;
1095 ba—%, —ba=% bq/a,bq/c,bq/d,bq/e,bq/ f,bq /g, bg/h
q q q q q q/ 9,99

(ag,b/a, Mg/ f, 7a/g, \q/h,bf /X, bg/ X, bh/X; q)
(Aq,b/X,aq/f,aq/g,aq/h,bf/a,bg/a,bh/a;q)s
[ X\gAE,—q)AP b Ac/a,Nd/a, Nefa, g, h
| A2, =A%, A\q/b,aq/c,aq/d, ag/e, A/ f. \a/ 9. Aq/h’q’q]
(ag,b/a, f,g,h,bq/f,bq/g,bq/h, \c/a, \d/a; q)
(b2q/ X\, \/byaq/c,aq/d,aq/e,aq/ f,aq/g,aq/h,bc/a,bd/a;q) s
(Ne/a, abg/Ac, abq/Md, abq/Ae; q) oo
(be/a,bf/a,bg/a,bh/a;q)c
bQ/A,qb)F%,—qb)\*%,b,bc/a,bd/a,be/a,bf/)\,bg//\,bh/)\ .
X100 [b)\%,b)\%,bq/A,abq/cA,abq/dA,abq/e)\,bq/f, ba/g,bg/h’ ’ql '
(2.12.9)
In terms of the g-integrals this can be written in a more compact form:
/b (gt/aqt/b,ta”2, —ta”% qt/c,qt/d,qt/e,qt/f at/g.at/ i @)so ,
o (t,bt)a,qta™ 2, —qta= 2, ct/a,dt/a,et/a, ft/a, gt/a, ht])a;q)oo ¢
a (b/a,aq/b, Xe/a, Ad/a, Nefa,bf /X, bg/A, bh/X; @)oo
) b/, Ag/b,c,d, e, bf Ja, bg/a, bh/a; q)m

X 10¢9

+
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y /b (gt/X, qt/b,tA" 7, —tA"%, aqt/c), agt/d), aqt/e), qt/ f, qt]/g, at /h; @)oo
A
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1 1 d t,
(L, bt/ N, qtA~2, —qt\~ % ct/a,dt/a, et/a, ft/N, gt/ N ht/N; @)oo 1

(2.12.10)

where \ = ga?/cde and a®q? = bedef gh.

2.1

2.2

2.3

24

2.5

2.6

2.7

Exercises
Show that
1 1 2
an an 2 (atq ;q)oo
;q,t] = (1 —aqt?) ——==. |t 1.
3¢2 |: a% a% 34, :| ( aq ) (t,q)OO ) | | <
Show that, for max(|t], |ag|) < 1,

1
2, — 2 b a ,bt; 0o —
s {a,lqa qa } — (((17‘1)2@ (b=",; bat; g, aq) .

a%,—a?, aq/b’ ’ t,aq/b; q)oo
(See Gasper and Rahman [1983a].
Give an alternate proof of the ¢¢5 summation formula (2.4.2) by first using
(2.2.4) to derive a terminating form of the ¢-Dixon formula (2.7.2) and
then using it along with the ¢-Saalschiitz formula (1.7.2).
Prove Sears’ identity (2.10.4) by using (1.4.3) and the coefficients in the
power series expansion of the product

2¢1 (aa bv ¢ q, Z) 2¢1<d, €; abde/c; q, abz/c).

Prove that
2": (a:0)i(1 = ag®)(b,c.afbes @ _ (ag,b4,c9,a9/b¢; )
“ (¢;9)x(1 — a)(aq/b,aq/c,beg; @)k (¢, aq/b,aq/c,beq; q)n
forn=0,1,....
Show that
,bye,—qt~ ”/bc
4¢3 |:q1 n/b ql n/c 7Q7q
0, n=2m+1,
=\ @b, m (b Dom
, n=2m,
(bv & Q)Qm (b2 27 q )
where n,m =0,1,2,... . (Bailey [1941], Carlitz [1969a])
Derive Jackson’s terminating g-analogue of Dixon’s sum:
¢ q—2n, b7 c .q q2_n _ (ba C; q)n(q7 bC; q)2n
. q' /b, gt et be (4,b¢;@)n (b, €;q)2n

where n = 0,1,2,.... (See Jackson [1921, 1941], Bailey [1941], and Carlitz
[1969a))
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2.8 Show that

where n,m =0,1,....
(Andrews [1976a])

2.9 Prove that
a,b,—b,aq/c?
e [aq/aaq/c,bwq’q}
(¢/0% a,b, —b,aq/c*, ag® /b*c, —ag® [b*c; q)
(0*/q,q/b,—q/b,aq/b? aq/c, —aq/c, aq® /b*c*; q) oo
a/b,—q/b, aq/b*, aq® /b*c?
X af3 [ aq?®/b?c, —aq? /V?c, ¢* | b? ;q,q]
_ (@Y —4:9)0(a’¢?, ag® /0%, ag® /2, ¢ /0P ¢P) oo
(ag/b?, —aq; @) (q* /b2, a%q? /%, ag?, aq? /b2 c?; ¢%) oo
2.10 The g-Racah polynomials, which were introduced by Askey and Wilson
[1979], are defined by

—n’ abqn—l—l7 q—x’ qu—N

. Co) — q .
Wn (m,a,b,c,N,q) - 4¢3 |: aq,bcq,qiN 7q7q:| y

where n =0,1,2,..., N. Show that

bq; q)n
Wy (z;a,b,¢,N;q) = wc” Wo(N —x;b,a,¢7 ', N; q).
(ag, beg; q)n

2.11 The Askey- Wilson polynomials are defined in Askey and Wilson [1985] by

pn(z30a,b,c,d | q)
10

" abedg" !, ae®, ae~ )
7q7 q )

= a_”(ab, ac, Cld, q)n 4¢3 1 ab. ac. ad

where 2 = cosf. Show that
(1) pu(xsa,b,c,d | q) = pn(z;ba,c,d | q),
(11) pn(_‘ra a, b7 c, d | Q) = (_1)npn(‘ra —a, _bv —C, _d | q)

2.12 Show that
10W9(a; b% ) *b% ’ (bq) % ’ 7(bq)% ) a/ba a2qn+1/b7 q—n; q, q)
_ (aq,a®q/b?; q)n

= =0,1,2.... .
(ag/b,a®qfbig)s " b
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2.13 If A = ga?/bed and |g\/al < 1, prove that

Q) 16 [ a,b,c,d . q_>\2 _ (Mg/a, X%q/a;9)
195 | ag/b,aqfe,aq/d’ T a2 | T (Mg, A2q/a?; q)oe

wWWo (Niat, —a?, (aq)?, ~(ag) ¥, Ab/a. Ae/a, Ad/ai ¢, qMa) |
a,b,c,d —AQ}

X

(i) 493 L aq/b,aq/c,aq/d’ "4

_ (ag,—g,Mga™>, —Xga”?;q)o
(Ag, —Aq/a,qa?, —qa?;q)oo
x gWr (/\;a%, —a%,/\b/a,/\c/a7 Ad/a;q, —q) )

2.14 (i) Show that

a,qa?,b,q”" (ab=2,b=1, —gb~'aZ;q),
ad3 | 1 2 1n 4| = T 1 ;
a2,aq/b,b q (b 7CLQ/b7 _b a2;Q)n

which is a g-analogue of Bailey [1935, 4.5(1.3)].

(ii) Using (i) in the formula (2.8.2) prove the following g-analogue of
Bailey [1935, 4.5(4)]:

a,qa%,b,c, d,q~"

a5 [a%,aq/b, aq/c,aq/d,a?q ="/ \? 4
(Ma, A2/, —Aga" %3 q)n
(Ag. X?/a2, =Aa~3:q)n
)\,q)\%,—q)\%,)\b/a, Aefa, Ad/a,

A2, —A2,aq/b,aq/c,aq/d,

qa*,a%, (aq)?, —(aq), Nq" /a,q " ,
Xa~2,—Aga"2,\(q/a)z, —\(q/a)?,aq " /X, Ag" T )

X 12011 l

where \ = ga?/bcd.
This formula is equivalent to Jain’s [1982, (4.6)] transformation formula.

2.15 By taking suitable g-integrals of the function

f(t) o (qt/b, qt/c, aqt/bc, tq2/de€f§ Q)oo
~ (at,qt/bed, gt [bee, qtbef;q)oe




2.16

217

Exercises 61

prove Bailey’s [1936, (4.6)] identity
_1(aq/d,aq/e,aq/f,q/ad, q/ae,q/af;q) s
a
(ga?,ab,ac,b/a,c/a; q) oo
x §Wr (a% ab, ac,ad, ae, af;q, ¢* Jabedef)

1(bg/d,bg/e,bq/ f,q/bd,q/be,q/bf; @)oo
(qb?,ba, be,a/b,c/b; q)oo

x sWr (b ba, be, bd, be, bf; q,q* Jabede f)
_1(cq/d,cq/e cq/f q/cd,q/ce,q/cf;q)
(g2, ca,cb,a/c,b/c; q) oo
x sWr (cz;ca,cb, cd, ce,cf;q,q2/abcdef)
= 07
provided |¢?/abedef| < 1.
(i) Let S(A, psv,p) = (A q/A pq/1,v,4/v,p,q/p; @)oo Using Ex. 2.15,

prove that
Sz, x/ A pv, p/v) — S(zv,x /v, A, 1/ N)
= 0S(apma/p v, M),

+b”

+c

where x, A\, u, v are non-zero complex numbers. (Sears [1951c,d], Bailey
[1936])

(i) Deduce that
(4%,4%:0)oc ST, N7, —pqT, —pg?)
= (qE M1, % A qF N 4% 1/ @) s
— T+ AT = = T (g @/ M g 1, i/ N q) oo
(Ismail and Rahman [2002b])

Show that
. Aaq)‘%7_q)‘%va7bv c, —¢C, /\q/CQ )\q
(1> S(b? 1 1 2 4, — 7
Az, —AZ N\g/a,\q/b, A\q/c,—Aq/c,c

_ (Mq,?/N @) (ag, by, q/a, ®q/b; ¢%) o
(Ag/a, Aq/b; @)oo (q, abg, cq, c2q/ab; ¢%) oo’

where A = —¢(ab/q)? and |Ag/ab| < 1, and

—C, q(—C)% 5 —q(—C)%, a, Q/a, c, _da _q/d g

(_C)% 3 _(_C)%v _CQ/Q7 —ac, —¢q, Cq/d, cd o

_ <_Ca —Cdq; q)oo(aCd) QCQ/d7 qu/a7 Cq2/ad; qz)oo

a (cd, cq/d, —ac, —cq/a; @)oo

Verify that (i) is a g-analogue of Watson’s summation formula (Bailey
[1935, 3.3(1)]) while (ii) is a g-analogue of Whipple’s formula (Bailey [1935,
3.4(1)]). (See Jain and Verma [1985] and Gasper and Rahman [1986]).

(i)  s¢r [

. el < 1.
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2.18 In the g¢5 summation formula (2.7.1) let b,¢,d — oo. Then set a = 1 to
prove Euler’s [1748] identity

L 3o (1) {2 g gremin/zh — (g ).
n=1

2.19 Show that
10Wo (a;b,¢,d,e, f,9,47 "4, q)
_ (aq,aq/ce,aq/de,aq/ef,aq/eg,b; q)n o
(aq/c,aq/d,aq/e,aq/ f, aq/g,b/e;q)n
x 10Wy (eq™" /bs e, aq/bc,aq/bd, aq/bf, aq/bg,eq " /a,qa™"; ¢, q) ,
where a3¢" 2 = bedefg and n = 0,1,2, ... .

2.20 Prove that
10Wo (a;b,¢.d,e, f, 9,47 "5 q,a°q" [bede fg)

_ (ag.aq/fg:0)n N~ (a7", f,9,a9/de;q);¢’
(¢,aq/d,aq/e, f9q~"/a; q);

(aq/f,aq/g;q)n

§=0
q7,d, e ,aq/bc
X 403 [ /_4
aq/b,aq/c,deq /a

forn=0,1,2,....

;an:|7

2.21 Show that
10W9 <a7 b7 ¢, d7 ¢, fa 9, h7 q, a3q3/de€fgh)
G X Qn (L = A?")(Ab/a, Ae/a, Md/a, e, f, g, h; Q)n(aq; q)on
= (@ 9)n(1 = N)(aq/b,aq/c,aq/d,aq/e, aq/ f,aq/g, aq/h; @)n(AG; @)2n

a2 2\ "
X (ef;]h> 8W7 (ann; Q/A,eqn7fqn7gqn7hqn;q? (I3q3/bcdefgh) 7

where A = ga?/bed and |a®q? /bedefgh| < 1.

2.22 Prove that
i (a; ))n(1 — ag*") (b, ¢, d, €;.q)n (_ a2q2>n g(2)
= (¢:)n(1 = a)(aq/b,aq/c,aq/d,aq/e;q)n \  bede
_ (aq,aq/de; q)oo o ag/bc,d, e aq
(aq/d, aq/e; q)e ** | ag/b,ag/c’ T de
Deduce that
i (a;@)n(1 — ag®")(d, €; @) (22" 4(3)
o (¢ (1 —a)(ag/d,aq/e;q)n \ de
_ (ag,aq/de; q)o
(ag/d,aq/e; q)oo

} , lag/de| < 1.
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2.23 Prove that
i (ab, ac,ad; q),; ;
Z ( q

abed, aqz,aq/z;q);

§=0
= (1(Ij/bz))((11_—ii(32) sWr (abez; ab, ac, be, qz/d, q; q, dz)
(ab,ac,ad;q)ny1 (1 —aq™ t/2)(1 — abezq™™?)
(abed, aqz,aq/z; Q) nt1 (1—a/z)(1 — abcz)
x gWr (abczq"H; abg™t, acg™ 1, be, qz/d, q; q, dz) .

2.24 Show that
504 {

a,bc,de ] (Aq/a,Mq/e,qN*[a,q/ [ @)oo
aq/b,aq/c.aq/d, {7 "(\g aq/f, ea/ f,aq/ N f; @)oo
% 12 (Asab, —ab, (ag)?, —(ag) . Ab/a, Ae/a. Ad/a.e,aq/ f: ,4)
(a,e,a/X,q/ [, A\¢®/ [; @)oo
(f/a,Aq,aq/ f,aq/\f,eq/f; @)oo
= = ()\;q)j(l—)\qu)()\b/a,)\c/a,)\d/a;q)j
g E 20, (L Mg/, aq]e, aafd: ),
. U/eaa/f30); (aq*!/f,aq" 7 /A ] eq/ f3q)x o
A2/ f,Mfla;@); (a, 277/ f, A £ ) ’

where A = ga?/bed and f = ea®/A\?. Note that this reduces to (2.8.3)
whene=q¢ ", n=0,1,2,....

2.25 By interchanging the order of summation in the double sum in Ex. 2.24
and using Bailey’s summation formula (2.11.7), prove Jain and Verma’s
[1982, (7.1)] transformation formula

a,b,c d, e )
"4 | aq/b, ag/c,aq/d, {91
N (a,b,c,d,e,q/f,aq®/bf,aq®/cf,aq® /df; q) s
(aq/b,aq/c,aq/d, f/q,aq/f,bq/f,cq/f,dq/f,eq/ f;q) oo
X b [eq/f,aQ/f,bq/f,CQ/f,dQ/f.q q}
PP @?/f.ad? /bf aq? cf aq? [df T
_ (Mq/a,Aq/e.qN?/a,q/f1q)o0
(Ag,aq/f.eq/f,aq/\f; @)
% 12Wir (Xiat, —a?, (a)}, ~(aq)?, \b/a, Ae/a, Ad/a, e,aq/ f1q.q)
(a,e,Ab/a, Xe/a,Nd/a,q/ f,a®¢* /NS, a®q® | Xcf, a*q® IAdf, aq® | %5 q)sc

(aq/b,aq/c,aq/d,aq/ f,bq/f,cq/ f,dq/ f,eq/ f, \f/aq,a?q® /X f%; @)oo
x 15W11 (a2 /A f2; qa® /A f, —qa? JAf, (qa)® /A f, —(qa)® /7S,
Aq/a,aq/f,bq/ f.cq/ f, da/ f;q,q),
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where the parameters are related in the same way as in Ex. 2.24. Note
that this is a nonterminating extension of (2.8.3) and that the first 5¢4
series on the left is a nearly-poised series of the second kind while the
second 5¢4 series is a nearly-poised series of the first kind.

226 Ifa=q¢ ", n=0,1,2,..., prove that
a,b,c agx a; Qoo
* Lag/b,ag/c’ (3 0)o0
a%—a%(GQ)%a—(GQ)%,GQ/bC.
aq/b,aq/c, ax,q/x o
(Sears [1951a, (4.1)], Carlitz [1969a, (2.4)])
2.27 Show that

X 5¢4[

¢ q7n7c’ ab/c7 ai,...,0Qp 2 = (Cv ab/c; Q>n
et a7b7 bl)' . 7b7' T N ((I,b; q)n
k—n

q ",c/a,c/b;q 1C A1y,
X E /a,c/bi ) @" ri2dri [q Koot b Tﬂ],z} .
T

(q,c,ca=tb=Lgl=m: q)p cq®, by, ...

2.28 Show that
rrsbrrs |: a,bi,....b.cq ;qqu] _ (aq/cz,qi*”/c;q)n
aq/by,...,aq/b;,aq/c,aq" (ag/c,q' =" /cz;q)n
(3 e g g g (L= ) (aq"H)’“

P (g,aq/cz,q/cz,q* " [c;q)r (1 — q™/c2) c

—n

a7b17"'7b7“7czq_k7qk_n :|

X N .
T+3¢T+2 [aQ/b17 ctc aq/brﬂ a’qurl/CZ? aqn+17k: ,q7 q

2.29 Show that
q_nvcdqn+laa1a"',ar :|
54,

T+2¢T+1 |: cq, bla EERR b?“

z”: )Eq* D2 (ag, g™t g7 @)
B (q,cq, abg"*1; q)

—k k1
g " abg* 1, ay,... a,

. cq. 2
2k+2 34, Q:| 7‘+2¢r+1 |: aq, bl, o br 34,

k—n qun+k+1 aqk:+1

X 32 [ "1, abg

2.30 Iterate (2.12.9) to prove Bailey’s [1947b, (8.1)] transformation formula:
10W9<a; bv ¢, d> €, fv 9 ha q, q)

n (ag,c,d,e, f,g,h,b/a,bg/c,bq/d, bq/e; q)so
q a/7 C CL? a? e a? a/7 g a7 a/7a 7aq c? aq 7aq e;q o0
b2/a,bc/a,bd/a,be/a,bf/a,bg/a, bh b d

. (ba/,b4/9:ba/h; @)
(aq/f,aq/g,a9/h;q) oo

Wy (b*/a;b, be/a,bd/a,be/a,bf /a,bg/a,bh/a;q,q)
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_ (ag,b/a,g,bq/g,aq/ch,aq/dh,aq/eh,aq/ fh,bch/a,bdh/a; q)o

2.31

2.32

2.33

(bhq/ga bh/a’7 g/h7 G‘Q/ha Clq/C, GQ/dv G’Q/e7 aq/f? bc/a, bd/aa q)OO
(beh/a,bfh/a;q) o
(be/a,bf/a;q)o
(aq,b/a,h,bq/h,aq/cg,aq/dg,aq/eg,aq/fg,bcg/a,bdg/a;q)eo
(bgq/h,bg/a,h/g,aq/g,aq/c,aq/d,aq/e,aq/ f,bc/a,bd/a; q) o
(beg/a,bfg/a;q)s
(be/a,bf/a:q) o

where a3q? = bedefgh.
By using the ¢-Dixon formula (2.7.2) prove that the constant term in the
Laurent expansion of

IOWQ(bh/97 ba CLQ/Cg, G'Q/dga aq/eg, aq/fgv bh/av ha q, q)

10W9(bg/h7 b7 GQ/Ch, G“Q/dh'a G“Q/ehv aq/fh” bg/aa 9.9, Q>a

(I1/x2,$1/x3;f1)a1 (332/333711562/131;9)@ (QI3/131,Q$3/$2;Q)a3
1s
(6 Darvastas/ (G Dar (G Daz (€5 Q) as

where a1, a2 and az are nonnegative integers.
(Andrews [1975a])

Use (2.10.18), the g¢-binomial theorem, and the generating function in
Ex. 1.29 to derive the formula

2isinf (3, B, Be*, fe™*"; q) oo
1—g¢q (q7 627 621'9, 6—21‘9; q)oo
L (B0 o (gte””, qte™"; q)oo
(@D Jeo  (Bte’?, Bte";q)o
(Rahman and Verma [1986a])
(i) Prove that

6+2Wsyan(asb,a/b,d eq,. .. ex,ag™ T er,. .. ag™ T Jensq, ¢ /d)

Cn(cost; Blq) =

t"dgt, 0<0<m.

_ (g,aq,aq/bd,bq/d; q) H (ag/bej,bq/ej; q)n,

L k=1,2,...,
- (bg,aq/b,aq/d, q/d; q)e - (aq/ej,q/€;;q)n,
where ny, ..., n, are nonnegative integers, N = nj+- - -+ny, and |¢' =V /d| <
1 when the series does not terminate. (Gasper [1997])
(ii) Deduce that
(be™, be™"; p)os
(age®®, age™"; q)oo
k+1 , ,
_ Z 1— a2 () (~1)"q02 ) (e, ae”"%; q)y (abg", bg~*/asp)oc
(¢; Q) (¢,90%; @)oo (age®, age="; q)x

when 0 < p < ¢, or p=q and |b| < |al.
(Ismail and Stanton [2003a]).
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2.34 Derive the formulas
(i)

201(0%,¢% 475 q,2) =

Ly(y) /1 ao1 (tq, 2P q) oo
Loy —=A) Jo (t = t2:¢) 0
x 201 ("% " Pt g, t2) 392 (q* TP AT 0N q/tes g, q)dgt,

(ii)
Ty(v) / Yot (t4.t2¢%59) o0
a B. 7. _ q A—1 ) s
201(q%, ¢% ¢ q,2) = = e | AT T X
( Ul WOV Wemy (tqw i)
x 201(0% 7, 4% 0" 4. t2q7) 302(q”, "t 7 g/t q, q)dyt,

(iii)

201(¢%, 4% ¢ q,2) =

Ty (7)Cq (1) / o (60w
LT y(y + = A=) Jo (LAY ) oo

X 301(q7 " T AT g, tg ) 3b2(0™, 47, 4 0, 475 g, t2)d L,

where Re v > Re A > 0 in (i) and (ii), and Re (A, v,y 4+ p—A—v) > 0in
(iii). These formulas are g-integral analogues of Erdélyi’s [1939, equations
(17), (11), and (20), respectively] fractional integral representations for
oFy series. (Gasper [2000])

2.35 Derive the following discrete extensions of the formulas in Ex. 2.34:
(i)
- 0] Au8/aB: a1/ X Dk 0 (@B
¢ a7/87q n; 76;q7q = |:n:| )\n N
39l 180 =2 || T G i
X 3da (/o /B, a5 N, 0/ q,q) sda(B/p, /A "/ A 645 4, ),

(i)
. - (A 0/03 k(YN Dn—te o (T\F
3¢2(a; B, q ;%5;61761)=k2[ ] q),;&q)kq A (X)

X 3¢2(a/o, B,q "0, 0/059,9) 3¢2(0 /3//\ " v/\ 0d; 4, q),

(iii)
—n.. 5. =[] 0)n N (/A Dk ek
3¢2(a’/3aq 17767Qaq)_z |: :|q ("}/,‘U,,q)n A

k=0
X 302 (/7,7 v @ " v A, @ v g, 0 R N ads(an By s g N v, 854, q).
(Gasper [2000])

2.36 Extend the formulas in Ex. 2.35 to:

(i)
403(a, B,vq", ¢~ "7, 0, p54,q)
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_ /A Vq/v;q)n)\n
(v, Avq/v; @On
" zn: (Av/v, A, 6p/aB, pp/aB,vq", 7" Q)r(Ava/v; @) 2k (5_o)k
= (q,vq/7, 0,0, A" /7, g™ /v (A /v )2 \
x a3 (p/a, w/ B, vg" [v,a F X, 6/ aB, pp/eBs; q,q)
x a¢3(aB/p, /A vt " v N, 645, pd s q, q),
(i)
403(a, B,vq" a7 "7, 0,05, 9)
_ /A va/7i @) yn
(% AVG /Y5 Q)n
Z (Av/v, A\ plo, 8 /o, vq", ™™ @)k (\va/v: @)2e (@)k
= (q,vq/7, 0, po /o, \g' " [, VA" /v @) (A /v @)an \
X 4¢3(a/0,[3,)\vq /v.a N8/, pq,q)
x a4¢3(0, B/ vg" ™, ¢ " v /X, 6¢F, opd¥ s q,q),

(i)
q_nayaalaa%”war_
42 Psi1 ~, b1, b, ..., by 14, =2

ANV ~= (@ AN Dt i
= q
(7, 5. @) kZO (0" /X Dn—k

w/v, /v, a* pa,. . an
X3¢2 |:,yu//\yq n/yvq ,q /)\:| T’+2¢s+1|: )\,bth, 7bs 54,21,

where afvg = 07yp in (i) and (ii). (Gasper [2000])
Notes

§2.5 Some applications of Watson’s transformation formula (2.5.1) to mock
theta functions are presented in Watson [1936, 1937].

§2.7 For additional proofs of the Rogers—Ramanujan identities, identities
of Rogers—Ramanujan type, applications to combinatorics, Lie algebras, statis-
tical mechanics, etc., see Adiga et al. [1985], Alladi [1997], Alladi, Andrews and
Berkovich [2003], Alladi and Berkovich [2002], Andrews [1970b, 1974b,c, 1976,
1976b, 1979b, 1981a, 1984b,d, 1986, 1987a,b, 1997, 2001], Andrews, Askey,
Berndt et al. [1988], Andrews and Baxter [1986, 1987], Andrews, Baxter, Bres-
soud et al. [1987], Andrews, Baxter, and Forrester [1984], Andrews, Schilling
and Warnaar [1999], Bailey [1947a, 1949, 1951], Baxter [1980-1988], Baxter
and Andrews [1986], Baxter and Pearce [1983, 1984], Berkovich and McCoy
[1998], Berkovich, McCoy and Schilling [1998], Berkovich and Paule [2001a,b],
Berkovich and Warnaar [2003], Berndt [1985-2001], Borwein and Borwein
[1988], Bressoud [1980a, 1981a,b, 1983a], Bressoud, Ismail and Stanton [2000],
Burge [1993], Dobbie [1962], Dyson [1988], Fine [1988], Foda and Quano [1995],
Garrett, Ismail and Stanton [1999], Garsia and Milne [1981], Garvan [198§],
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Lepowsky [1982], Lepowsky and Wilson [1982], McCoy [1999], Misra [1988],
Paule [1985a], Ramanujan [1919], Rogers and Ramanujan [1919], Schilling
and Warnaar [2000], Schur [1917], Sills [2003a,b,c], Slater [1952a], Stanton
[2001a,b], Warnaar [1999-2002a, 2003a—2003e], and Watson [1931].

§2.9 Agarwal [1953e] showed that Bailey’s transformation (2.9.1) gives a
transformation formula for truncated g¢7 series, where the sum of the first NV
terms of an infinite series is called a truncated series.

§2.10 Many additional transformation formulas for hypergeometric series
are derived in Whipple [1926a,b].

§2.11 Additional transformation formulas for g¢7 series are derived in
Agarwal [1953¢].

Ex.2.6 Also see the summation formulas for very-well-poised series in
Joshi and Verma [1979].

Ex.2.31 This exercise is the n = 3 case of the Zeilberger and Bres-
soud [1985] theorem that if x1,...,z,,q are commuting indeterminates and
ai,.-..,ay are nonnegative integers, then the constant term in the Laurent
expansion of

I @i/zisq)a, (g /25 q)a,

1<i<j<n
is equal to the g-multinomial coefficient

(¢ Dayt-ta,
(€ @Day (6 D,
This was called the Andrews’ ¢-Dyson conjecture because Andrews [1975a]

had conjectured it as a g-analogue of a previously proved conjecture of Dyson
[1962] that the constant term in the Laurent expansion of

D2y

1<i#j<n

is equal to the multinomial coefficient

(a1 + -+ ap)!
al---ay!

The n = 4 case of the Andrews’ ¢-Dyson conjecture was proved indepen-
dently by Kadell [1985b]. Additional constant term results are derived in
Baker and Forrester [1998, 1999], Bressoud [1989], Bressoud and Goulden
[1985], Cherednik [1995], Cooper [1997a,b], Evans, Ismail and Stanton [1982],
Forrester [1990], Kadell [1994, 1997, 2000], Kaneko [1996-2001], Macdonald
[1972-1998b], Morris [1982], Opdam [1989], Stanton [1986b, 1989], Stembridge
[1988], and Zeilberger [1987-1994].



3

ADDITIONAL SUMMATION, TRANSFORMATION,
AND EXPANSION FORMULAS

3.1 Introduction

In this chapter we shall use the summation and transformation formulas of
Chapters 1 and 2 to deduce additional transformation formulas for basic hy-
pergeometric series which are useful in many applications. In §3.2 and §3.3
we shall obtain g-analogues of some of Thomae’s [1879] 3F5 transformation
formulas, typical among which are

3 {_2:371);1] = (d(d)i)n 3l [C’ 1_1’5:5’_[)”;1} , (3.1.1)
n=0,1,2,...,
o2 | 1) = mren g o] e12)
s=d+e—a—b—c, and
T {a,b,c. 1] _ T -aT(dr(e)l(c—0)
dye’ T(d—b)(e—b)I(1+b—a)l(c)

X 3Fy [b’ler bdj_C,lejL bej—al ; 1} + idem (b;¢),(3.1.3)
where the symbol “idem (b;c)” after an expression means that the preceding
expression is repeated with b and ¢ interchanged.

The main topic of this chapter, however, will be the g-analogues of a large
class of transformations known as quadratic transformations. Two functions
f(2) and g(w) are said to satisfy a quadratic transformation if z and w iden-
tically satisfy a quadratic equation and f(z) = g(w). Among the important

examples of quadratic transformation formulas are

o ) ) _ a a+1 ) 4z
(1+Z) 2F1(a7b71+a_b7 Z)_ 2F1(27 2 bv]-""a b7 (]_—l—Z)Q)’
(3.1.4)
a a a+1 1 22
(1—2) 2F1(a,b,2b,22)— 2F1(§7T,b+ 5, m), (315)
(1—2)"2Fi1(2a,a+ b;2a + 2b; 2) = F(a b'a—l-b—i-l' i) (3.1.6)
241 ) ) ) — 241 » Uy 27 4(2_1) ) oL

69
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1 1
oF1(2a,2b;a + b+ o z) = oFi(a,b;a+ b+ 5;42(1 —2)), (3.1.7)

o a a,b,c .
(1=2)"sF [1+a—b,1+a—c’2}

la,Y(a+1),1+a—-b-c 4z
= F 272 ’ YT o5 | 3.1.8
32{ l+a—b1+a—c (1—2)2} ( )

(1 — z)att { a,1+ 2a,b,c ]
- ;2
s sa,1+a—bl+a—c

_3F2[%(a+1),1—|—%a,1+a—b—c; 4z ] (3.1.9)
l+a—bl+a—c (1—2)2
The above definition of a quadratic transformation cannot be directly applied
to basic hypergeometric series. For example, the a = ¢~ case of the identity
in Ex. 2.26 is a g-analogue of the a = —n case of (3.1.8), but it does not fit
into the above definition of a quadratic transformation. So we shall just say
that a transformation between basic hypergeometric series is “quadratic” if it
is a g-analogue of a quadratic transformation for hypergeometric series.
It will be seen that one important feature of the quadratic transformations
derived for basic hypergeometric series in the following sections is that the

series obtained from an ,¢s(ay,...,a,; b1,...,bs;q,2) series by a quadratic
transformation will have squares or square roots of at least one of ay,...,a,,
b1,...,bs,q,z and possibly a square or square root of ¢ as its base.

3.2 Two-term transformation formulas for 3¢, series

In general, a convergent 3¢2(a,b, c;d, e;q,z) series cannot be expressed as a
multiple of another 3¢5 or of any other ¢, series. It is natural to expect that
for such a transformation to exist there has to be some relationship among
the parameters and the argument z. Sears [1951a,c] found that in the cases
z = q and z = de/abc there is a whole family of transformation formulas
for 3¢9 series, analogous to Thomae’s [1879] transformation formulas for 3F5
series. For the sake of convenience we will say that a basic hypergeometric
series ,@s(ay,...,ar;b1,...,bs5q,2) is of type 1 if z = ¢, and of type 1T if z
is the product of the denominator parameters divided by the product of the
numerator parameters. Note that a series is of both types if it is balanced.

In this section we shall consider transformations between two 3¢9 series.
Such formulas may be obtained in a very straightforward manner as special
and limiting cases of Sears’ identity (2.10.4) which, for our present purposes,
is rewritten in the form

p g " abec,
are d,e,abcql’”/de’q’q

(e/a,de/bc; q)p, { q ", a,d/b,d/c,
= 403 ;

- ‘a0.q!, 3.2.1
(erdefabe @) *% | d, de/be,agh—nfe* T (3:21)
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withn=0,1,2,... .

Keeping n fixed and choosing special or limiting values of one of the other
parameters leads to transformation formulas for terminating 3¢, series. Let us
consider this class of formulas first.

Case (i) Letting ¢ — 0 in (3.2.1) we get
q ", a,b e/a; N ¢ ",a,d/b b
3¢2{ iq, ]=7( /. Dn,, U
dae (67Q)n d, aq /6 e

Note that the series on the left is of type I and that on the right is of type II.
Formula (3.2.2) is a g-analogue of (3.1.1).

302 [ (3.2.2)

Case (ii) Letting a — 0 in (3.2.1) gives
q ", bc } (de/be; q)n (bc)n {q”,d/b,d/c
G| =—7——~— | =] 302
d,e (e;9)n d d, de/bc
If we let ¢ — 0 in (3.2.3) we obtain

302 [ ;q,q} . (32.3)

—-n n, —(7 —-n 7n7ba0
201 (¢7", d/b;d; q,bg/e) = (—1)"q (2) (€5 q)ne™ 3600 [q de ;qvq},

which may be written in the form (Ex. 1.15(i))

(abz/c0)e [a,c/b,O. }

(bZ/C, q)oo C, Cq/bz,qu (324)

2¢1(a7b; C;sz) =
where a = ¢, n=0,1,2,....

Case (iii) Let ¢ — oo in (3.2.1). This gives Sears’ [1951c, (4.5)] formula
g " ab deqn:| (e/a§Q)n |:qn’avd/b ]
4, = R 3¥2 1—n, 44

d,e ab (e;@)n d,aq' ™" /e

Note that there is no essential difference between (3.2.2) and (3.2.5) since one
can be obtained from the other by a change of parameters.

302 [ (3.2.5)

Case (iv) Replacing a by aq™ in (3.2.1) and simplifying, we get
q ",aq", b, c
493 [d,e,abcq/de ;q,q]
(ag/e,de/bc;q)n (bc\" q " aq",d/b,d/c
- (e, abcq/de; q)n (E) 493 [ d,de/bc,aq/e ;q,q] '

Set d = Ac and then let ¢ — co. In the resulting formula we replace A, e and
abq/Xe by ¢, d and e, respectively, to get

# q " aq";b de
3¥2 d,e 7 4, ab
agq/d,aq/e;q)n (de\" q ", aq", abg/de
_ (eg/d aq/e;q)n q/ 2 <—) 302 { / g, (3.2.6)
(d,e;q)n aq aq/d,aq/e b
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which is a transformation formula between two terminating 3¢o series of type
1I.

Let us now consider the class of transformation formulas that connect two
nonterminating 3¢, series.

Case (v) In (3.2.1) let us take n — oo. A straightforward term-by-term
limiting process gives the formula
a,b,c de (e/a,de/bc; @)oo a,d/b,d/c e
302 ; = 30 ; .

—| = — 2.
d,e "D be (e,de/abc; q) oo (3:27)

d,defbe " Ta
Apart from the general requirement that no zero shall appear in the denomina-
tors of the two 3¢5 series, the parameters must be restricted by the convergence
conditions: |de/abc| < 1 and |e/a| < 1. This formula is a g-analogue of the
Kummer-Thomae-Whipple formula

a,b,c I'e)'(d+e—a—b—c) {a,d—b,d—c }
B |P0¢ | = 1], (3.2.8
3 2{ d,e ] Tle—a)(d+e—b—c) > *|ddte—b—c (328)
where Re (e —a) >0 and Re (d+e—a—b—¢) > 0.
Case (vi) Iterating (3.2.1) once gives
; [ ¢mabe ]
a8 d,e,abcq“"/de’q’q
; ~".d/b,e/b,de/ab
_ (b.de/ab, de/be; g)n {q yd/b,efb,defa ng)q] (3.2.9)
(d,e,de/abc; q)n de/ab,de/bc, q* ™ /b

Let us assume that max (|b],|de/abe|) < 1. Then, taking the limit n — oo, we
obtain Hall’s [1936] formula

a,b,c  de
302 [ d,e ﬂL%}
(b,de/ab, de/bc; @)oo d/b,e/b,de/abe
" (d, e, de/abc; q) o 302 { de/ab, de/bc ;q,b]
Note that this is a g-analogue of formula (3.1.2).

Before leaving this section it is worth mentioning that by taking the limit
n — oo in Watson’s formula (2.5.1), we get another transformation formula:

¢ |:G’Q/bc7 d7 € . ﬂ] _ (GQ/dv GQ/E; Q)oo
’ (aq,aq/de; q)oo

aq/b aq/c’q’ de
k(1 —ag®) (b, c,d, e;q) " 7a2q2 g
Z 1 fa)(aq/b aq/c,aq/d,aq/e; q) 72 ( bcde) ’

k=
(3.2.11)

(3.2.10)

provided |ag/de| < 1. This is a g-analogue of the formula
7 [ l+a-b—c,de _1] T +al(1+a—-d—e)

l+a—-bl+a—c"| T(l+a—dI(1+a—e)

a,l—l—%a,b,c,d,e

1 ;1], (3.2.12)
5a,1+a—-bl+a—-cl+a—-dl+a—e

X6F5|:
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where Re (1 4+ a —d — e) > 0; see Bailey [1935, 4.4(2)].

3.3 Three-term transformation formulas for 3¢, series

In (2.10.10) let us replace a,b,c,d,e, f by Aq¢™,Bq¢",C,D,E, Fq¢", respec-
tively, and then let N — oo. In the resulting formula replace C, D, E, Aq/B
and Aq/F by a,b,c,d and e, respectively, to obtain

a,b,c de _(e/b,e/c;q)oo [d/a,b,c. ]
3¢2[ d,e At abc} o (e,e/bc; @)oo 302 d’bcq/e’q’q

(d/a,b,c,de/bc; @)oo p e/b,e/c,defabe )
(d,e,bc/e, de/abe; q) oo 372 de /be, eq/be 34,41 3.
where |de/abc| < 1, and be/e is not an integer power of q. This expresses a 3¢

series of type II in terms of a 3¢- series of type I. As a special case of (3.3.1),
let a =q™" withn =0,1,2,.... Then

¢ ", b,c. deqn]

302 de 9 e

_ (e/be/cq)so {b,c,dq”_ }
T (eefbeig)e O bcq/e,d’q’q

(b,¢;9)00  (de/bc; q)n, e/b,e/c,deq" [bc
(e;bc/e; @)oo (d;q)n 302 { eq/be, de/bc 44
Setting n = 0 in (3.3.2) gives the summation formula (2.10.13).
We shall now obtain a transformation formula involving three 3¢5 series
of type II. We start by replacing a, b, c,d, e, f in (2.11.1) by A¢™,Bq¢",C, D,
E, Fqg"N, respectively, and then taking the limit N — oo. In the resulting
formula we replace C, D, E, Aq/B, Aq/F by a,b, c,d, e, respectively, and obtain

a,b,c de
302 { i q —]

d,e " abe

(3.3.2)

_ (e/be/e,cq/a,q/d;q)oo [c,d/a,cq/e. b_q}
(e,cq/d,q/a,efbc;q)oe - cq/a,bcq/e’q’ d

7(q/d,eq/d,b,c,d/mde/bcq,bcqz/de;q)oo {aq/d,bq/d,cq/d. E
(d/q,e,bq/d,cq/d,q/a,e/bc,beqe;q)oo 372 q?/d,eq/d & be |
(3.3.3)

provided |bg/d| < 1,|de/abc| < 1 and none of the denominator parameters on
either side produces a zero factor. If |q| < |de/abc| < 1, then

b de
32 {a’ 0 ]

d,e 7Q7%

(e/be/c,a/d,ba/a,cq/a, abeq/de; @)o , [4/a.d/a.e/a_ abeq
(e,e/bc, q/a7bq/da Cq/d7 bCQ/e,q)oo 372 bq/a,cq/a ' de
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_ (b,c,q/d,d/a,eq/d, de/bcq, beg? /de; q)o P
(e, e/be, q/a,bq/d, cq/d, beq/e,d[q; Q)00 *

aq/d,bg/d,cq/d  de
¢/d,eqfd T abe]’
(3.3.4)

by observing that from (3.2.7)
¢,d/a,cqle  bg

2 cq/a,bcq/e;q’g}

_ (abeq/de,bg/a; q)o p {q/a,d/a,e/a.q abeq '
(beg/e,bq/d; @)oo bqla,cqla T de

If we set e = Ac in (3.3.3), let ¢ — 0 and then replace d and A by ¢ and abz/c,
respectively, where |z| < 1, |bg/c| < 1, then we obtain

3¢

(abz/c,q/c;q) s
(az/c,q/a;q)oo
(b,q/c,cla,az/q, 4 /az; q)o 2
- 2¢1(aq/c,bq/c;q"[c;q,2).  (3.3.5)
(c/a.ba/e.a/a.az/c.cafaziq) /

Sears’ [1951¢, p. 173] four-term transformation formulas involving 3¢9 se-
ries of types I and II can also be derived by a combination of the formulas
obtained in this and the previous section. Some of these transformation for-
mulas also arise as special cases of the more general formulas that we shall
obtain in the next chapter by using contour integrals.

201(a,b;c;q,2) = 2¢1(c/a,cq/abz; cq/az; q,bg/c)

3.4 Transformation formulas for well-poised 3¢, and
very-well-poised ;¢4 series with arbitrary arguments

Gasper and Rahman [1986] found the following formula connecting a well-
poised 3¢5 series with two balanced 5¢4 series:

a,b,c agx
3¢2{ g, }

aq/b,aq/c’q’ be
— (aaj;q)oo 4 |:a%7_a%>(aq)%7_(a(J)%aQQ/bc. :|
(T3 9) oo ° aq/b,aq/c,ax,q/x o

(a,aq/bc,aqx /b, aqx/c; q)oo
(aq/b,aq/c,aqx/bc, 2715 q) oo

(3.4.1)

3

, {m%,—m%,xmq)%,—x(aqﬁ,aqx/bc }

X 504 14,
aqz /b, aqx/c, zq, ax?

Convergence of the 3¢ series on the left requires that |agz/bc| < 1. It is also

essential to assume that z does not equal ¢*7,j = 0,1,2,..., because of the

factors (3 ¢)so and (271; q)s appearing in the denominators on the right side

of (3.4.1). Note that if either a or ag/bc is 1 or a negative integer power of g,
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then the coefficient of the second 5¢4 series on the right vanishes, so that (3.4.1)
reduces to the Sears-Carlitz formula (Ex. 2.26). An important application of
(3.4.1) is given in §8.8.

To prove (3.4.1) we replace d by dg™ in (2.8.3) and then let n — oo. This
gives

3¢[ mbhe d}:((de/M

ag/baqfc’ " a] T (bed/qa;q)
x lim 12W71y (aqu_”/bcd; a% a? (aq) (aq)% q' " /be,
ag' " /bd, ag'~"/ed, a*¢®" VP Pd?, ¢ "5 q,q) - (3.4.2)

To take the limit on the right side of (3.4.2) it suffices to proceed as in (2.10.9)
to obtain

nlijr;ouWn( )
vy [a%,—a% ,(aq)?, —(aq)?, aq/be
° aq/b,aq/c,bed/aq, a®q? /bed "

_bed (bed/a?,bd/a,cd/a,aq/be, a; q) oo
qa® (d/a, aq/b,aq/c, bed/a, a®q* [bed; q)o

d/a, bcal/qa%7 —bcd/qa% , bcd/q%a%7 —bcd/q%a%

“q.q| . (3.4.3
bd/a,cd/a,bed/a?, b*c*d?/qa® ) )

X 504 [
Using this in (3.4.2) and replacing d by gza?/bc, we get (3.4.1).
If we now replace d by dg™ in (2.8.5) and then let n — oo, we obtain the
transformation formula

a,qa?,—qaz,b,c x(aq)%
sa| 1 4 g
az,—a?,aq/b,aq/c bc
(1—w2)(wQ(aq) Do
(z(aq)~

(
(aq)%,—(aq)?, qa?, fqa%,aq/bc
1 34,9
aq/b,aq/c, vq(aq)? q(aq)? /z
(ag, ag/be, x(ag)* /b (ag)® /0; D)oo
(aq/b,ag/c, x(aq)? /be, (aq)? /25 ¢)oc
z,—x,3q%, —xq?, 2(aq)? /be
X 504 10| - (3.4.4)
z(aq)* /b, x(aq)? /e, x(q/a)?, qz
In terms of g-integrals formulas (3.4.1) and (3.4.4) are equivalent to

(15{ a,b,c . aqx}
52 aq/b,aq/c’q’ be
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_ (a,aq/bc; q)oo
5(1 - q)(qv GQ/b, GQ/C, q/xa T3 Q)oo
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" / ’ (qu/xs, qu/s, aqu/bs, aqu/cs, axu/s; q)so J
u7
sz (uaz /s, —uaz /s, u(aq)? /s, —u(aq)? /s, aqu/bcs; q) so !
(3.4.5)
and
avqa’%a _qa%7bac I(G’Q)%
5G4 | 1 1 14,
az,—az,aq/b,aq/c

be
_ (1 — 22)(aq, aq/bc; q) oo
s(1 - q)(g, aq/b, ag/c, x(aq)~%,q(aq)? /75 q)s

" / (ug(aq)? /s, qu/s, aqu/bs, aqu/cs, uzq(aq)? /s; q)oo

2(ag) 2 (U(CLQ)%/& *U(GQ)%/& Uqa%/sv —uqa% /8, aqu/bsc; q)oo

qU

respectively, where s # 0 is an arbitrary parameter.
then we get

(3.4.6)
If we now set ¢ = (aq)? in (3.4.5), replace by 2/b(aq) 2, and use (2.10.19),
¢ (a b aq/b q QI/b2) _ (IQ/ba aqu/bQ; Q)oo
B (ag/b, 422 /1% oo
aac/b, Q(ax/b)%7 _Q(a‘r/b)% y Ly @

X g7

57 _a%, (a’q)
(ax/b)%, —(ax/b)%,aq/b, acqa%/b7 —xqa%/b, x(aq)

1 1
’ _(G’Q) 2

qx
34y 75
/b, —x(ag)? /b b
provided |gz/b?| < 1 when the two series do not terminate.

[T

(3.4.7)
Similarly, setting ¢ = (aq)? and replacing = by x/bq in (3.4.6) we obtain
p a,qa%,—qa®, b x ]  (az®/b®,x/qbiq)x
e az,—a?,aq/b ) (agw/b,2%/qb%; q) o

p [ az/b, q(ax/b)%, —q(aa:/b)%7 (aq)%, —(aq)%,qa%, —qa%,x
X 8P7

(az/b)%, —(az/b)?,x(aq)? /b, —x(aq)? /b,xaZ /b, —za? /b, aq/b

x
34, qﬁ )
provided |z/qb?| < 1 when the series do not terminate.

(3.4.8)
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3.5 Transformations of series with
base ¢? to series with base ¢

If in Sears’ summation formula (2.10.12) we set b = —¢, e = —q, replace a by
aq”,r =0,1,2,..., multiply both sides by
@ 9% 0%y
(=43 0)r (2%y?0%; ¢°)r
and then sum over r from 0 to co, we get

(—17_Q7aba —Gb, anQ)OO a2 CL' ,y b2
(aabv —a, _b, b,—b; q)oo 3 2b2 2b27q s q

(¢, ab*; @)oo ab —b;q), Y2 .
- a b, —b; q _q’ab2’q) q 3¢2 [x2y2b2,q22j/b2 3q 54
(¢, —ab* q)os —b,b;q); q—za 22,y
* ( b b q _q7_ab27q) q 3¢2 2b2 2— 2]/b2 7q q
(3.5.1)

assuming that |¢b?| < 1 when the series on the left is nonterminating.

Since the two 3¢5 series on the right side can be summed by the
g-Saalschiitz formula (1.7.2) with the base ¢ replaced by ¢?, it follows from
(3.5.1) that

a2b2;q2 o a?, x2,
W 302 { 2b2 yzbgaq 7qb2}
) o0
~ (—a,ab? @) p a,bx, —bx, by, —by
B (_1ab27q)oo v —q7ab2,bxy, _b:ry7Q7q
(a, —ab®; q)oo —bx, bz, by,by
(—1,b%9) 0 594 ab2 , —bzxy, bmy (3.5.2)
Note that one of the terms on the right side of (3.5.2) drops out when a =
+¢ ", n=0,1,2,.... Setting y = ab and using (2.10.10) gives
b2 a2b2x2'q2) (ab2 b2x2'q)
2b4 b2 _ ( ’ ) o] ) y 4 )oo
201(a%, 2% a’’bY 4%, gb°) = (0202, 0222; @) oo (D2, ab22%; ) oo
x gWr(ab*z?/q; a, x, —x, bx, —bx; q, ab®), (3.5.3)

where |gb?| < 1 and |ab?| < 1 when the series do not terminate. By apply-
ing Heine’s transformation formula (1.4.1) twice to the 2¢; series above and
replacing b by qé/b we find that

21 (a%, 0% a%¢? /6% 2, 22 [b*)

_ (qa?2?/%, ¢*a®2? /b ¢°) o (aq/b?, 2° /0% @) o
(qz?/b%, ¢?22 [b%; ¢2) oo (qa? /1%, aqx? /6% q)
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1 1
2 2\ 2 2\ 2 1q? —xq?
abLQaq <a}bi2) y =4 (%) , @, T, =T, % ) bq aq

2\ % o\ 2 2 1 R
ax [ ax qxr° aqr —aqr axrq? —axq?
b2 ’ b2 ’ b2 ) b2 ) b2 ) b b

X g7

)

(3.5.4)

provided |ag/b?| < 1 and |zq/b?| < 1 when the series do not terminate. This
formula was derived by Gasper and Rahman [1986], and a terminating version
of it was given earlier by Verma [1980]. Application of the transformation

formula (2.10.1) to the g¢7 series on the right of (3.5.4) yields an equivalent
formula

201(a®,b%;aq? /0% ¢, %% /b*)

(gax2 /b2, g% 022 /b%; ) oo (—2q3 /b, —azq? /1% @)oo
(qz2 /b, %22 /bY; ¢?) o (—awq? /b, —a22q? [b%; q)os

¢ _xa2q%/b37 q(_q“GQq%/b?’)%v —q(—xagq%/bg’)%, a,

X 1 - 1 1 1 3 <

o (—wa?q3 0)},  —(—wa’qEBP)}, —axg? /b,
agz /b, —aq? /b, —aq/b?, —J:q%/b. zq?

5 q, — 9 355
—aqz/b?, aqu/b®, axq?/b, qa?/b? b ( )
where |zq/b%| < 1 and |zq2 /b| < 1 when the series do not terminate. It is clear
that formula (3.5.5) is a g-analogue of the quadratic transformation formula

1 —4x
. 2\ —2a . S ——
2Fi(a byl +a—bz%) = (1 -2)™™ 2Fi(a,a + 5 — by2a+1 - 2b; (17$)2)'

(3.5.6)

We shall now prove the following transformation formula due to Jain and
Verma [1982]:

1 1
1o a,q’a?, —q*a?,b,c,cq,d,dg, e eq . a*q®
az,—a?,aq?/b,aq?/c,aq/c,aq?/d, aq/d, aq*/e,aq/e " " bc2d?e
1 1
_ (ag,aq/cd,aq/ce,aq/de; q) (aq/b), ~(ag/b)2, ¢, d, e

504 ) . 4,9
(aq)2,—(aq)2,aq/b,cde/a
(ag?,a®¢* |Pd*e?; %) (¢, d, e, a°qP [bede; q) oo
(ag®/b,a’q® [bcd?e?; ¢*) o (aq/c, ag/d, aq/e, cde/aq; q) o
(aB3q®/bc2d2e?) 2, —(a3q3 /bc2d%e)? , aq/cd, aq/ce, aq/de
X 504 . . 10,49
(a3q®/c*d%e?)2, —(aq® /2d?e?) 2, a%q? /bede, aq? / cde

~ (aq/c,aq/d,aq/e,aq/cde; q) o

)

(3.5.7)
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with the usual understanding that if the 19¢9 series on the left does not ter-
minate then the convergence condition |a3¢®/bc?d%e?| < 1 must be assumed to
hold.

First we rewrite (2.10.12) in the form

4n+1

(aq ,aq/cd, aq/ce,aq/de; @)oo Z ", dg*™ eq*™; q)r
(cq®m, dg?™, eq®", aq! =27 /cde; q) oo (q, aq4”+1 cdeq®™ /a; q), 4

( 2n+2/cde @)oo Z (aq/cd,aq/ce,aq/de; q), .
(cdeq®1/a;q)0c “= . (g, a2¢?>"t2 [cde, aq?—2" [ cde; q)

_ (aq/c,aq/d,aq/e; q) oo (c,d,e;q)an (3.5.8)

(c,d, € q)s0 (aq/c,aq/d,aq/e;q)2n’

where 7 is a nonnegative integer. Using (1.2.39) and (1.2.40), multiplying both
sides of (3.5.8) by

(a,b;¢*)n(1 — ag™) 3¢ \"
(q27 aq2/b; q2)n(1 - a) bc2d?e? ’
and summing over n from 0 to oo, we get
10Wol(a;b,c,cq,d, dg, e, eq; ¢°, a3q3/b02d2 2)

_ (aq,aq/cd,aq/ce,aq/de; q) oo Z (a,b; %), (1 — ag*™)
(ag/c,aq/d,aq/e, aq/cde; ) “— (42, aq2/b ¢*)n(1—a)

o (edieq)on Y ag®\" 5 cq®", dg®", eq" 0
(cde/a; q)an(ag; q) b 22 Lagtn Y edeg? Ja’

(c,d,e,a’q®[cde; q)oo i (a,b:¢*)n(1 — ag™™)
(ag/c,aq/d,aq/e, cde/ag; q)oc 2= (4%, aq?/b;4%)n(1 — a)

(cde/aq; q)an adg® \" aq/cd,aq/ce,aq/de
5 302 14,9 -

(a2¢?/cde; q),,, \b2d2e? 2q2"+2/cde, an*Q”/cde

(3.5.9)
The first double series on the right side of (3.5.9) easily transforms to

oo

(c,d,e;q) -

5 e, ),
0 ) b b

which, by (2.4.2), equals

c.d,e, (aq/b)?, —(ag/b)?
aq/b, cde/a, (ag)%, —(aq)*
Similarly we can express the second double series on the right side of (3.5.9)
as a single balanced 5¢4 series. Combining the two we get (3.5.7).

The special case of (3.5.7) that results from setting e = (aq)? is particu-
larly interesting because both 5¢4 series on the right side become balanced 4¢3

5P4

7 )
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series which, via (2.10.10), combine into a single g¢; series with base ¢. Thus
we have the formula

87 [

1 1
a7q2a27 _q2a27b7 c, cqua dq 2 CL2q2

a%,—a?,aq?/b,aq®/c, aq/c, aq?/d, aq/d’q " be2d?

_ (aq,aq/bc,aq/cd, —aq/cd, aq/db? , —aq/db? ; q)
(CLQ/ba GQ/C, GJQ/da _G/Q/da GQ/Cdb%7 _aQ/Cdb% ) Q)oo
« ¢ _a/dyq(_a/d>%>_q(_a/d)%7cab%a_béa(aq)%/dv_(aq)%/d iq ﬂ
T (—a/d)}, —(~a/d)}, —ag/cd, —aq/db}, aq/db}, —(ag)}, (aq)} " be
(3.5.10)

b

where |a%¢?/bc*d?| < 1 and |aq/bc| < 1 when the series do not terminate.

3.6 Bibasic summation formulas

Our main objective in this section is to derive summation formulas containing
two independent bases. Let us start by observing that when d = a/bc Jackson’s
s¢7 summation formula (2.6.2) reduces to the following sum of a truncated
series

i 1—ag®  (a,b,c,a/bc;q)x = (ag, bg, cq, aq/be; g)n (36.1)
i~ l—a (gaq/baq/c,beg;q)k (¢, aq/b, aq/c,beq; q)n’
where n = 0,1,... . Notice that this series telescopes, for if we set 0_1 = 0
and

or — (ag, bg, cq, aq/bc; @) (3.6.2)

(q,aq/b,aq/c,beq; q)r

for k = 0,1,..., and apply the difference operator A defined by Aug = u —
ug—1 to og, then we get

1— 2k .
AUk: < aq )((l,b,C,a/bC,q)k qk’ (363)

(1 - a) (q7 a’q/ba aq/c, bcqa q)k

which gives (3.6.1), since
Z Aup = Uy — u_q (3.6.4)
k=0

for any sequence {uy}.

These observations and the bibasic extension
(ap, bp; p)r(cq, aq/bc; q)y,
(¢,aq/b; @)x(ap/c, bep; p)i

of o), were used in Gasper [1989a] to show that

_ - ap"q")(1 - bpkqik) (a,b;p)k(c,a/be; @)k A
ATy, = (1—a)(1—0b) (@, aq/b: @) (ap/e,beps phn L (3.6.6)

Th= (3.6.5)
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which, by (3.6.4), gave the indefinite bibasic summation formula

z”: (1—ap*e" )1 —tp*q*)  (a,bsp)r(c,a/beqe 4
= (1-a)1-0) (¢ aq/b; a)w(ap/c, bep; p)i

_ (ap,bp;p)n(cq, aq/be; q)n

(¢, aq/b; q)n(ap/c, bep; p)n

for n = 0,1,... . Notice that the part of the series on the left side of (3.6.7)

containing the g-shifted factorials is split-poised in the sense that ag = b(agq/b)

and c(ap/c) = (a/bec)(bep) = ap, while the expression on the right side is
balanced and well-poised since

(ap)(bp)(cq)(aq/be) = q(aq/b)(ap/c)(bep)

(3.6.7)

and

(ap)q = (bp)(aq/b) = (cq)(ap/c) = (aq/bc)(bep).
The b — 0 case of (3.6.7)

~1-ap*d® (@p(c e _ (app)alcaidn
kZ:O 1—a (sarap/cn) (@ @)nlap/cip)n (365

is due to Gosper.
To derive a useful extension of (3.6.7), Gasper and Rahman [1990] set

(ap, bp; p)k(cq, ad®q/be; @)

% = (dg, ada/b; q)i(adp/e, bep/d; ) (3.6.9)
for k =0,4+1,£2,..., and observed that
Asp = 8 — Sp—1
 (ap, bp; p)r—1(cq, ad?q/bc; q)—1
~ (dg, adq/b; q)x(adp/c, bep/d; p)i
< { (1= ap®)(1 = bp") (1 — cg*)(1 — ad®¢"* /bc)
—(1—dg")(1 — adg® /b)(1 — adp” /c)(1 — bep* /d) }
d(1 — ¢/d)(1 — ad/bc)(1 — adp”q™) (1 — bp" /dg*)
(I1—a)(1=0)(1—c)(1—ad?/bc)
« (@ bip)i(e, ad?/bc; rd" . (3.6.10)
(dg, adq/b; q)x(adp/c, bep/d; p)i,
Since (3.6.4) extends to
> Aup =ty — U, (3.6.11)

k=—m
where we employed the standard convention of defining
am + Q1 + -+ ap, m < n,
n

Zak: 0, m=n-+1,

k=m
_(anJrl +an+2+"'+am71)7 m2n+27
(3.6.12)
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for n,m = 0,£1,42,..., it follows from (3.6.10) that (3.6.7) extends to the
indefinite bibasic summation formula
z": (1 —adp*q*)(1 — bp*/dg*)  (a,bsp)i(c, ad®/be; q)i K
(1 —ad)(1—b/d)  (dg,adq/b;q)r(adp/c,bep/d;p)k

(1 —a)(1—0b)(1—c)(1—ad?/be)
d(1 —ad)(1 —b/d)(1 —¢/d)(1 — ad/bc)

{ (ap, bp; p)n(cq, ad®q/bc; @) (c/ad, d/bc;p)mi1(1/d,b/ad; q)m 1 }

(
)

k=—m

dq, adq/b; q)n(adp/c,bep/d;p)n  (1/¢,bc/ad?; @)mi1(1/a,1/b; p)my1
(3.6.13
forn,m = 0,+1,+2, ..., by applying the identity (1.2.28). Observe that (3.6.7)
is the case d = 1 of (3.6.13) and that the right side of (3.6.9) is balanced and
well-poised since
(ap) (bp)(cq)(ad®q/be) = (dg)(adq/b)(adp/c)(bep/d)
and
(ap)(dq) = (bp)(adq/b) = (cq)(adp/c) = (ad*q/bc)(bep/d).
It is these observations and the factorization that occurred in (3.6.10) which
motivated the choice of si in (3.6.9).
If |p| < 1 and |g| < 1, then by letting n or m tend to infinity in (3.6.13)

we find that (3.6.13) also holds with n or m replaced by co. In particular, this
yields the following evaluation of a bilateral bibasic series

i (1 — adp®q®)(1 — bp* /dq") (a,b; p)k(c,ad?/be; q) i, &
(1 —ad)(1-1b/d) (dq, adq/b; q)i(adp/c, bep/d; p)k
_ (1-a)(1-0b)(1—c)(1—ad?/be)
d(1 —ad)(1-0b/d)(1 —¢/d)(1 — ad/bc)
{ (ap, bp; p) oo (g, ad?q/b¢; q) o (¢/ad,d/be; p)oc(1/d, b/ad; q) oo }
( )

k=—o00

dq, adq/b; q)oc(adp/c,bep/d;p)os (1], be/ad?; q)oo(1/a, 1/b5p)oo
(3.6.14)

where |p| < 1 and |¢] < 1.
In §3.8 we shall use the m = 0 case of (3.6.13) in the form

zn: (1 — adp®q*)(1 — bp* /dq") (a,b;p)k(c,ad?/be; q) i, &
(1—ad)(1=0b/d)  (dq,adq/b;q)r(adp/c,bep/d;p)i
(1 —a)(1—=b)(1—c)(1— ad?/bc)
~d(1 —ad)(1 —b/d)(1 —c/d)(1 — ad/bc)
(ap, bp; p)n(cq, ad®q/bc; q)n
(dg; adq/b; q)n(adp/c, bep/d; p)n
~ (1=d)(A —ad/b)(1 —ad/c)(1 — be/d) (3.6.15)

d(1 —ad)(1 —b/d)(1 —c/d)(1 — ad/bc)" o
There is no loss in generality since, by setting k = j — m in (3.6.13), it is
seen that (3.6.13) is equivalent to (3.6.15) with n,a,b,c,d replaced by n +

k=0
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—m —m

m,ap” ", bp~" cq”™, dg”™, respectively. We shall also use the special case
c¢=¢q " of (3.6.15) in the form

z": —adp®q")(1 = bp*/dg*)  (a,b;p)r(q™ ", ad®q"/b; )k
—~  (1—ad)1—-b/d)  (dg,adq/b;q)r(adpq™, bp/dq"; p)x
_ (1=d)( —ad/b)(1 — adg™)(1 — dg" /b)

= 3.6.16
(1~ ad)(1 — d/b)(1 — dg")(1L — adg"/b) (3:6:46)
where n =0,1,... . The d — 1 limit case of (3.6.16)
"o(1— 1 — bpF —k b —-n n/p-
3 (1 —ap*e") (1 —bp*q™*)  (a,b;p)rlg"", aq"/ _,q)k b o, (3.6.17)
= (1-a)(1-0) (¢, aq/b; @)k (apg™, bpa="; p)
where 6, ,, is the Kronecker delta function and n = 0,1, ..., was derived inde-

pendently by Bressoud [1988], Gasper [1989a], and Krattenthaler [1996].
If we replace n,a,b and k in (3.6.17) by n—m, ap™q¢™, bp™q~ ™ and j —m,
respectively, we obtain the orthogonality relation

Z anjbjm = 5n,m (3618)
with
o = VA —aplg?)(1 —bplq7)(apg”, bpq*”;p) -
" (¢;q)n—j(apg™, bpg="; p); (bg" =" /a; ) — ’

(3.6.19)

(@™ g™ bp"™ g™ D) jmm (G eI oI5
b — <f—q + m) 202", (3.6.20
! (g, aq*T2m /b q) j—m b ( )

This shows that the triangular matrix A = (a,;) is inverse to the triangular
matrix B = (bjm,). Since inverse matrices commute, by computing the G
term of BA, we obtain the orthogonality relation

j—k — n —k—n.
Jz: (1 —ap®q®) (1 — bp"q™ ") (ap" g 7 bp* g R ) _ky
(@ D (@ 9) j—k—n(ag®* 7 /b;q)j_ -1

n=0

) j—k—n
« (1 _ %q2k+2n) (_1)nqn(]—k—l)+(J 5 ) — I (3.6.21)

k—lq—k7 bp—k—l k

which, by replacing j,n,a,b by n + k, k,ap™ q", respectively,

yields the bibasic summation formula

(1 _ E) (1 _ 9) zn: (ag*,bg ™5 Pl (1 —ag™ /) e (b 5o

p p) = (6 Dr(@ On—k(ag"/b; @)nia

(3.6.22)
forn = 0,1,... . The b — 0 limit case of (3.6.22) was derived in Al-Salam
and Verma [1984] by using the fact that the n'" g-difference of a polynomial
in ¢ of degree less than n is equal to zero. For applications to g-analogues of
Lagrange inversion, see Gessel and Stanton [1983, 1986] and Gasper [1989a].
Formulas (3.6.17) and (3.6.22) will be used in §3.7 to derive some useful general
expansion formulas.
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3.7 Bibasic expansion formulas

One of the most important general expansion formulas for hypergeometric
series is the Fields and Wimp [1961] expansion

Z n ’y + n) n!

n—i—oz,n—l—ﬁ,n—&—aR.x
1+2n+v,n+bg ’

r+th+u |:b ,dT xw:|

X rp2Fst1 {

X t+2Fu+2 |: nO’:Lﬁ—z_d’}; CT N w] s (371)
where we employed the contracted notation of representing ai, ..., a, by ap,
(@1)n -+ (ar)n by (ap)n, and n + ay,...,n + a, by n+ ar. In (3.7.1), as
elsewhere, either the parameters and variables are assumed to be such that
the (multiple) series converge absolutely or the series are considered to be
formal power series in the variables « and w. Special cases of (3.7.1) were
employed, e.g., in Gasper [1975a] to prove the nonnegativity of certain sums
(kernels) of Jacobi polynomials and to give additional proofs of the Askey and
Gasper [1976] inequalities that de Branges [1985] used at the last step in his
proof of the Bieberbach conjecture.
Verma [1972] showed that (3.7.1) is a special case of the expansion

- (‘Tw)n . 33 n+k n—l—k k
n;o nl nzzo ) kw+2n+1) Tk
n
y Uj%(—nﬂ% A (37.2)
2N ();(B);
and derived the ¢g-analogue
0 n
IR
— (4 0)n
S . (@, B Q)ntk k
B irx
z:: (4:74": @)n ,;0 (@76 i) "
" 4" q); :
z B, LA (wg). (3.7.3)
0 7 7 )

To derive a bibasic extension of (3.7.3) we first observe that, by (3.6.17),

f: (1 —~p"tg+3) (1 — ap™ig==9) (vp"q", op"q " p);

= (1—=~p"q")(1 —op"q™") (g,70- 1> +1;q);
(™0 g M) (3.7.4)
(,Ypr+1 r+m’apr+1q r— myp)jq — Um,0 .
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for m =0,1,... . Hence, if C, ,, are complex numbers such that C,y =1 for

r=0,1,..., then
1=y ¢ (vo 1 ¢*"; @) (v0q", PG ™" D)r

o0
B,x" =
" Z L—vo71¢?" (¢ @)m(ypg™t™, opg=""™;p),

m=0

X q—mr Br+m C(7’,mxr-"_m(sm,o

_ Z Z (1- vp q ) —op"g~")(1 — yo~ g )
¢ Q)n (Y, opgT R )y,

k=0n=r

x (yo " ) s k1 (VPG 0PG

) -1 @)

n+kqn(1+r—n—k)+(g) (375)

X (71)an+kCr,n+k—rx
Then by multiplying both sides

by setting j =n—rand m =n+k—r
of (3.7.5) by A,w"/(¢;q), and summing from r = 0 to co we obtain Gasper’s
[1989a] bibasic expansion formula

& n & 1— ngm) (] — n,—n n
ZA"B“ (zw) _ Z( ") (1 = ap”q )(_x)nqm(?)
o GO (¢ 9)n
1— —1_2n+2k
o lq Byopt

X

M- 11

(: )k (ypg™t*, opg==F*; p)y,

Q) (FYO. 1qn+j+1 Q)n-‘rk —j—1

(™
(4:9);

<.
I
o

< (vp@,0Pq 7 P)n1A;Cjmpnjwi g"TR) (3.7.6)

where Cj0 =1, for j =0,1,....
Note that if p = ¢ and C,,,, = 1, then (3.7.6) reduces to an expansion

which is equivalent to

- (zw) > o’yq”“‘l/cr a,B;q)n z\n
nZ:oA e " (¢ 0)n Z (4,74 @)n <o)

q" \/W/m—q”“\/v/a,1/0,aq”,ﬁq";q)k3 2
n—+

(@, 9"/ v/o, —a" /Yo, v¢*" T @)k

0 2n
- (vq°" /o,

k=0

S (a7, 74" q); ;
x A (wq). 3.7.7
Z (@70 o, ¢ "o, o, B14); j(wq) ( )

7=0
Verma’s expansion (3.7.3) is the 0 — oo limit case of (3.7.7). For basic hyper-

geometric series, (3.7.7) gives the following g-extension of (3.7.1)

aR,cr
r+t¢s+u |:b 7d 34, xw:|
S, WU



86 Additional summation, transformation, and expansion formulas

— (cr,ex,07¢ ™ /o3q); (N o

-y (2 (-1 g@prem-i-k

=0 Q7dU7fM77q]7Q)J o

,quj/O-’ qj+1 V ’Y/Ua _qj+1 V ’Y/Ua 0_17
&\ o, =i N o g dy g

e F(utm—t—k)
PR
M

Xtk dPutm+3 [

A ags
X r+m+2¢s+k+2 |:,ng+1/o_ ql J/O', bS’ 4, wq |, (378)

where we used a contracted notation analogous to that used in (3.7.1).

Note that by letting ¢ — oo in (3.7.8) and setting m = 2, f1 = fo = 0 we
get the expansion

r+t¢s+u |:b d 34, .’IJU):|

o0

P v vy 6 Dy gy Gurs-ick

= (4, dy, 7 Q)

74 aeKq j(ut+2—t—k)
X k . T
t+ ¢’U4+1 |:’_}/quJ’,17 dU 7Q7 q

I ap

X ry2@stk { .

,q7wq} (3.7.9)
s €K
which is equivalent to Verma’s [1966] g-extension of the Fields and Wimp
expansion (3.7.1). Other types of expansions are given in Fields and Ismail
[1975].

Al-Salam and Verma [1984] used the b — 0 limit case of the summation
formula (3.6.22) to show that Euler’s transformation formula

o0 o0 k
" x
> anbpa” = Z(—l)kgf(k)(w)Akao, (3.7.10)
n=0 k=0
where
f(x) = by + byx + box® + - -
and

Mgy =3 (1) (-

7=0
has the bibasic extension

ZAB xw)" iapq D) k— 11;}“2 (1—ap"q")uw" A,
k=0

= (¢ 9)k-n(apg®;p)n
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xz p ¢ ’pﬂBﬁk(fx)Jq(z). (3.7.11)
7=0

The p = ¢ case of (3.7.11) is due to Jackson [1910a].

In order to employ (3.6.22) to extend (3.7.10), replace n in (3.6.22) by j,
multiply both sides by B, ;2" (a/b) ¢’ , sum from j = 0 to oo, change the
order of summation and then replace k by £k —n and j by j + k& — n to obtain

n a b\ o= 1—ag®*~2"/b ,
st = (1) (1) X e
k=n ’ n
XZ aqk n bq" *iD)jk—n—1 (_g)f*’“*”
/b @) jtk—nt1 N b

J+k— 71+1>

« (_x)jBMq(k n)(G+h—n—1)+(3)+( (3.7.12)

Next we replace a by ap™tlq¢™, b by bp"*t1q¢~", multiply both sides by A,w"
and then sum from n = 0 to co to get

> > k bpg—k:
S ABu(aw) =3 (apqg®, bpg ™" p)k—1 1,
n=0

= (ad"/biq)k
k

1 _ 1—bp g~ " k /3.
3 O e
n=0

(45 @) k—n(apg®, bpg="; p)n "

o k it fe—
(ap™q", bp"q " :p); [ a 5,\tkn
8 Jz: )i (ag®*+1/b;q); ( X )

k—n
X By (—a)igh-m =m0+ @)+ (T (5 74

This formula tends directly to (3.7.11) as b — 0. By replacing A,, By, z,w
by suitable multiples, we may change (3.7.13) to an equivalent form which

tends to (3.7.11) as b — oo. In addition, by replacing A,,, By, x, w by Anq2(g>,

Bnq72(2> ,bx/a, aw /b, respectively, we can write (3.7.13) in the simpler looking
equivalent form

oo o k
(apg®, bpg—*:p)i— )
A B x = —x)"q 2
nz::o EZ:O (¢, aq® /b; )i (=)

)
k
1 _ 1 _ —n —k k/p.
" Z ap”™q")( kbp q ")(q ", aq /bvq)nAnwn
= (apg®, bpg="*; p)n

oo k
ap q",bp"q % p);
x Biiwalq 3.7.14
= (3,0 /biq); 7 ( )

As in the derivation of (3.7.6), one may extend (3.7.14) by replacing Bj
by Bj+rCh j+k—n with Cp o =1 for n = 0,1,... . Multivariable expansions,
which are really special cases of (3.7.6) and (3.7.14), may be obtained by
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replacing A,, and B, in (3.7.6) and (3.7.14) by multiple power series, see, e.g.
Gasper [1989a], Ex. 3.22 and, in the hypergeometric limit case, Luke [1969].
For a multivariable special case of the Al-Salam and Verma expansion (3.7.11),
see Srivastava [1984].

3.8 Quadratic, cubic, and quartic summation
and transformation formulas

By setting p = ¢/ or ¢ = p’,j = 2,3,..., in the bibasic summation formulas of
§3.7 and using summation and transformation formulas for basic hypergeomet-
ric series, one can derive families of quadratic, cubic, etc. summation, transfor-
mation and expansion formulas. To illustrate this we shall derive a quadratic
transformation formula containing five arbitrary parameters by starting with
the ¢ = p? case of (3.6.16)

Zn: (1 — adp®)(1 — b/dp") (a,b;p)e(p~2", ad?p®" /b; p*), ok
=  (I—ad)(1-b/d) (dp* adp?/b;p?)i(adp***, b2 d; p)i
~ (1=d)(1 = ad/b)(1 — adp**)(1 — dp** /D)
(1 —ad)(1—d/b)(1 —dp*")(1 — adp®"/b)’

where n =10,1,....
Change p to ¢ and d to ¢ in (3.8.1), multiply both sides by

(ac? /b ¢*)n(c/b; @)2n
(q2; q2)n(aCQ§ q)2n

(3.8.1)

and sum over n to get
i (ac?/b; ¢*)n(cq/b; @)an(1l — ¢)(1 — ac/b) o
= (a%¢*)n(ac; q)an(1 — cg®*)(1 — acg® /b) "

- (L acg®) (1 —b/eqb)
Z (1 —ac)(1=b/c)

(a,b, q)r(ac?/b; ¢*)y, k(C/b Q)2n—k AN
3 () ot
a*) 2k
2

(cq?, acq?/b ®)k(4%; ¢*)n—k(acq; @) 2n+k

= (1 — acg®®) (1 —b/cg®) (a,b;q)r(ac?/b;
Z (1 —ac)(1—>b/c) (cq?,acq?/b;q

(ac(;,/ b) o ( 3 )k o2

(ac®q** /b; ¢*)m (cq” /b5 q)2m
(425 ¢*)m(acg®*1; q)om

X

Cotm. (3.8.2)
m=0

Setting
(1 —ac?q*/b)(d, e, f;¢*)n(a®q®/def)™
(1 — ac?/b)(ac?q?/bd, ac?q? /be, ac?q? [bf; ¢?)n’

it follows from (3.8.2) that
10W9(GC2/b; ac/b, ¢, Cq/bv qu/b, d, €, f7 q a c qg/def)

Cn=
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i (1 —acg®)(1 = b/cq®) (a,b,c/b; q)r(ac’q® /b; ¢*)ax
(1—ac)(L—=0b/c)  (cq?, acq?/b;q?)i(acq; q)sk

(d.e. f10*)k(a’cPq" fbdef)" (k)
(ac??/bd, ac®q? Jbe, a® @ b5 ¢%) 5, "

k=0

x sWr(ac®q** /b;cq® /b, cg* Tt /b, dg?, e®, fa**; ¢, a*c*q? /def). (3.8.3)

If we now assume that
a’c*q = def, (3.8.4)

then we can apply (2.11.7) to get
sWr(ac®q*™ [b;eq" /b, cgd" /b, dg*  eq®, f¢**; 4%, %)

_ (ac?q™*2/b,bf Jac’q®*, abg®™*!, acq*? /d; ¢*) o
(@cq® 2, acg® L, ac2q2 2 [bd, ac2q2* 2 Jbe; ¢2) oo

(acq®? /e, acq"1 /d, acq" ! e, ac?q? /bde; ¢%) o
(bef/ac?,bdf Jac?, facq®, f/acg*~1; ¢?) o
bfq~**(ac’q***2/b, cq" /b, cg"™*' /b, dg**, eq®*; ¢ ) o

ac(ac2q®+2 /bf, acg®+2, acg®* 1, ac¢?* 2 /bd; ¢?) o

y (fa?/e, fa*/d,bfq> 2 Jac® bf¢" 1 [e,bfd* 2/ c; ¢?) oo
(ac?q® 42 [be, bef [ac?, bdf [ac?,bf2q? [ac?, f [acq®, f/acg*1;q?) oo

x sWr(bf? /ac?; fq*F bef ac® bdf Jac, f Jac, f [acg* " ;¢ ¢"), (3.8.5)
which, combined with (3.8.3), gives

1Wao(ac®/b;c,d, e, f,ac/b,cq/b,cq®/b; 4%, %)

_ _(ac®q® /b, ac?q? /bde, abq,bf /ac®; ¢*) o (acq/d, acq/e; q)
(ac?q?/bd, ac?q?/be, bdf [ac?, bef [ac?; ¢?) o (acq, f/ac; @)oo

v i (1 _acq?’k)(l _b/ch><avbv C/b§ Q)k(dve,quz)k 2k
(1 —ac)(1 —b/c)(cq?, acq®/b, abg; ¢*)r(acq/d, acq/e, acq/ f; @)k
bf(ac*q®/b,d,e, f4°/d, f¢* /e, bfq?/ac?; ¢*) o
+ ac®(ac?q?/bf, ac?q?/be, ac?q? /bd, bdf [ac?, bef [ac?, bf?q? [ac?; %) oo
o (bfa/e,c/biq)o
(acg, f/ac;q)

— (1 —acg®™)(1 = b/egh) (a,b; Q) (ac®/bf, ;¢ 2
= (1—ac)I-b/c) (cq® acq®/b;¢*)k(bfq/c, acq/ f; q)k

x sWr(bf?/ac®; f¢**, bdf [ac® bef [ac®, f Jacq”, f[acd" ™ ¢, ¢*).  (3.8.6)

k=0

X
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The last sum over k in (3.8.6) is
i (bf*/ac®, f,bdf Jac? bef [ac®, f[ac, fq/ac;¢*);(1 = bf?qY [ac®) ,;
= (@ bfd*/ac?, f¢*/d, f¢*[e,bfq? [e,bfa/c; ¢%);(1 = bf? [ac?)
(1 — acg®)(1 —b/cg”) (a.b:q)i(ac®/bfq™ , f4°73 6° )i 2k
) Z (1—ac) 1 —b/e)  (cq® acd/b; @) (bf g% e acq 2] frq)r. !

o« (be/ac ,f,bdf Jac? bef Jac?, f/ac, fqlac; ¢);(1 = bf?q¥ Jac?) ,;
B (g%, bfq%/ac?, fq%/d, fq?/e,bfq?/c,bfq/c;q?);(1 — bf?/ac?)

(=01 —ac/b)(1 —ac/fg*)(1 = bfq* Je)
c(1—ac)(1=b/c)(1 = fg% /c)(1 — ac/bfq*)

X{ (a,0;9) 0 (fa*, ac®/bf 4% ¢%) oo _1}
(c,ac/b; q?)oo(ac/ fq*,bfq% /c; q) o

_ (A=) —ac/b)(1 - f/ac)(1 - bf/c)
(1 —¢/b)(1 —ac)(1 = f/e)(1—bf/ac)
x 10Wo(bf?/ac?; f,bdf Jac? bef Jac?,bf Jac, f/c, fq/ac, f¢? Jac; ¢*, ¢°)
/
t i — a1 = /(1 = f/o) (1 =bf jac)
y (a,b;9) oo (f; ac®/bf; 4%) oo
(Cq acq?/b; q%)oo(acq/ f,bfq/c; @)oo |
bfz/ac bdf Jac?,bef Jac?, f/c,bf Jac; q?); (1 — bf2q* [ac?) <_f_q2>quz

) JZ% (¢ fq?/d, fa?/e,bfq?/ac, f4*/c;q?); (1 —Dbf?/ac?) ab
(3.8.7)

by the n = oo case of (3.6.15). Thus,
bf(1—c)(1 —ac/b)
2 /7. 2/, 2 2\

(ac’q*/b.de, f*/d, f¢?/e.bf " /ac?; ¢*) s
(bf2 2/ac?, ac?q? [be, ac?q?/bd, bdf /ac?, bef |ac?, a02 @?/bf;4%) 0

 Offeca/biq)os o (DF L bdf bef fof fa I 5 5
ac ac: Voo 0\ ac®’ ! ac?’ ac?’ ¢ ac’ ac Y2104
(ac, fq/ac; q)

 (acq/d, acq/e; @)oo (ac*q? /b, abq, bf Jac?, ac*q* /bde; ¢*)

 (acq, f/ac; q)oc(ac?q?/bd, ac?q? [be, bdf [ac?, be f [ac?; ¢%)

(a7ba CQ/b7 Q)k(d7€7 faq2)k qk

1-— acq
X
Z 1—ac (cq* acq®/b,abq; q)x(acq/d, acq/e, acq/ f; @)k

bf2(a,b,cq/b;q)oo
T @A = /o) (1 = bf jac)(ac, f/ac, acq] ;)
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(f.ac?/bf,ac’*q*/b,d, e, f¢*/d, fa*/e,bfq*/ac?; ¢*)

* (e, ac?[b, a2 [bf, ¢ [be, ac 2 [bd, bdf [ac?, be f [ac? bf2q2 [ac?; ) o

" i (bf?/ac?,bdf Jac? bef Jac?, f/c,bf [ac; %),
= (@ fa*/d, fa*/e,bf¢?[ac, [¢?c;q?);

_ 7245 2 2\ J -
(=bffabjac) (a7 (3.8.8)
(1-0f%/ac?) ab
when (3.8.4) holds.
Now observe that since
i (@,9va, —q/a,c,d, e, f;q); ( a2q2>3 @)
= (0, Va, —Va,aq/c,aq/d, ag/e,aq/ f;9); \  cdef
_ (ag,aq/ef;q) aq/cd,e, f
= {aa/er00/ f @)oo **? L ag/c.aq/a’ ’ef (389)
by the n — oo limit case of (2.5.1), the sum over j in (3.8.8) equals
(%,bf%¢/ac?;¢?) 0o {f/c bf/ac,ac’q? /bde 2}
’ ’ 1 q°, . 3.8.10
bf i ac, e ) *%? fa*/d, fq*/e K (38.10)

Hence, by setting e = a?c?q/df in (3.8.8) we obtain the Gasper and Rahman
[1990] quadratic transformation formula

10Wo(ac®/b; f,ac/b, c, cq/b,cq® /b, d, a*c*q/df; ¢*, ¢°)

(ac?q?/b,bf Jac?, ac/b, c,cq/b, cq® /b, bfq* [ac; ¢*) o
(bf%q?/ac?,ac?/bf,ac?q?/bd, df q/ab,bdf /ac?, abq/d, cq?; ¢*) oo

L [ /ebf[e,bfafe, 14°/d, df?q/a?¢?, d, a*c?q/df; 4o
(acq®/b, f/c,bf Jac, ac, acq, fq/ac, fq%/ac; ¢?) o

x 10Wo(bf?/ac®; f,bdf Jac®,abq/d, f/c,bf ac, fq/ac, fq*[ac; ¢, ¢*)

+

(a,b,¢q/b;q) oo
(ac,ac/f, fq/ac; q)s

(f,d,a*Pq/df,bf Jac?,ac®® /b, f¢*/d, df*q/a P, ¢*; ¢°) o
(bf Jac, f/c,cq?,acq? /b, ac?q?/bd, df q/ab, bdf /ac?, abq/d; ¢%) oo
c,bf/ac, fq/ab
X 3692 [f/z 1/ ) ! é Y aNe
fq*/d,df*q/a*c

_ (acq/d,df /ac; q)oo(ac®q® /b, abq, bf /ac?, fq/ab; ¢*)oo
 (acq, f/ac; q)so(ac?q? /bd, df q/ab, bdf /ac?, abq/d; ¢%)

y Z 1 — acg®” (a,b,cq/b;q)i(d, f,a*c?q/df; ¢*)wq"

. (3.8.11
1 —ac (cq? acq?/b,abq; ¢*)r(acq/d, acq/ f,df Jac; q)r ( )
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Note that the first two terms on the left side of (3.8.11) containing the
10Wy series can be transformed to another pair of 1oy series by applying the
four-term transformation formula (2.12.9). Since the 3¢9 series in (3.8.11) is
balanced it can be summed by (1.7.2) whenever it terminates. When ¢ = 1
formula (3.8.11) reduces to the quadratic summation formula

i 1 —ag® (a,b,q/b;9)k(d, f,a%q/df; ¢*) y
1—a (q% aq?/b,abq;q*)r(aq/d, aq/f,df /a;q)k

(aq, f/a,b,q/b; Q)0 (d, a?q/df, f¢?/d, df*q/a%; ¢*)
(a/f, fa/a,aq/d, df /a;q)(ag® /b, abg, fq/ab,bf [a; %)

X 302 {]{ésfé,ac’lfé%//ig;q%f

_ (g, f/a:q)oc(ag® /bd, abg/d, bdf /a, df g/ ab; ¢°) o (3.8.12)
(aq/d, df /a; q)oc(ag® /b, abq, bf /a, fq/ab; ¢*)ec -
By multiplying both sides of (3.8.11) by (f/ac; ¢) and then setting f = ac
we obtain Rahman’s [1993] quadratic transformation formula

k=0

i (a;¢*)k(1 — ag®*)(d, aq/d; ¢*)1 (b, c, ag/be; q)y, y
— (¢ @)r(1 — a)(aq/d, d; q)r(aq® /b, ag? /¢, beg; 4% )k
(aq2a b(L cq, aqz/bc; q2)OO ba c, GQ/bC 2 2
= N . .].
(q,aq?/b,aq?/c,beq; 42) oo 392 dg,aq®/d’ 1T | (3.8.13)

provided d or aq/d is not of the form ¢=2", n a nonnegative integer. Also, the
case d = ¢~ 2" of (3.8.11) gives

n

3 1—acg®™  (a,b,cq/biq)u(f,a’®" ™/ f,q7"; %) K
24 T—ac (cq? acq?/b, abg; ®)x(acq/ [, f /acq®™, acg® T )1
_ (acg; @)2n(acq®/bf, aba/ f1¢*)n
(acq/ f;q)2n(abg, ac’q? /b; ¢%)n
x 10Wy(ac?/b; f,ac/b,c.ca/b,cq® /b, a*¢" T f,47*" 4%, ¢%) (3.8.14)
2n+1

and the case b = c¢q gives
2 —
z”: 1— acg® (d, f,a*Pq/df; ¢*)rla, e a7 ) "
= 1—ac (acq/d,acq/f,df /ac;Q)k(cq®, aq' =", acg® 2 ¢?)y,

(acq?,dq/ac, fq/ac,acq® /df; ¢*)n
(q/ac,acq?/d,acq?/ f,df q/ac; ¢*)n
x 10Wolacq > Yse,d, f,a*Pq/df ,aq™ > " " a7 4% ¢P)

(3.8.15)
forn=0,1,... .
Similarly, the special case
i (1 = acg**)(1 = b/eg®) (a,b;9)k (g%, ac?q®" /b; ¢*)s, sk

= (I—ac)(I=b/c) (cg® acq®/b;q*)k(acg®,b/cq® " ; q)x
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(1= ¢)(1—ac/b)(1 — acg®™)(1 — cq>™ /b) .
a (1 —ac)(1—c/b)(1 —cg®)(1 — acg®™/b)’ =0,12,..., (3.8.16)

of (3.6.16) is used in Gasper and Rahman [1990] to show that Gosper’s sum
(see Gessel and Stanton [1982])

Fy a,a+1/2,b,1—b,¢,(2a+1)/3 —c,a/2+1
1/2,(2a —b+3)/3,(2a +b+2)/3,3c,2a + 1 — 3c, a/2

) F(C+ 1)F(C+ Q)F(2a73b+3)1-\(2a+3b+2)

\/_ r (2a+2) T (2a+3) T (36+3b+1) T (364’32717)

r (2+2a—3c) T (3+2a—3c) gin ® (b + )
T (32+2a;rb—3c) 1?: (B2a—b=ie) (3.8.17)

has a g-analogue of the form
i 1 —acg™* (a,q/a; Q)x(ac; @)ar(d; acq/d; ¢*)i v
= 1—ac (cg®,a’cq? q*)i(q;: q)2r(acq/d, d; q)x

_ (acq®,acq®,d/ac, dq/ac, adq, aq, ¢*/a, dg* /a; ¢*) =
(¢,6%,dq, dq?, a*cq?, cq3,dq/a’c,d/c; ¢3) o

d(a,q/a,acq; q)s0(¢®, d, acq/d, d*¢* /ac; ¢*) oo
ac(q, d, acq/d; q) o (cq®, a?cq?, d/c,dq/a’c; ¢3) oo

d/c,dq/a’c
X 261 /d2q2q/ac iq°.q° (3.8.18)

and to derive the extension

10Wg((lc2/b; da & GQbC/da ac/b, Cq/ba qu/b, Cqs/b; q37 q3)

(1 —c)(1 —ac/b) (cq/b,bd/c;q)o(ac?q®/b,a?be/d, d?q?/a?be, bd/ac?; ¢%) oo
(1—d/e)(1 —bd/ac) (ac,dq/ac;q)eo(ac?/bd, cdg3/ab?, ab?/c, bd?q3 /ac?; ¢3) o

x 10Wo(bd? Jac?; d, bd/ac, ab®/c,d/c,dq/ac,dq? |ac, dg® Jac; ¢*, ¢°)

_(a,b,cq/b;q)o (g%, d; ac®q® /b, a*be/d, d*qP [a*be, bd/ac®; ¢°) oo

(ac,dg/ac,ac/d; q)(cq?, acq®/b,d/c,bd/ac, cdq? [ab?, ab? [ c; ¢%) s
d/c,bd/ac

X 201 [dé 3/aébc ’

_ (ab,dg/ab; q)so(bd/ac?, ac?q® /b; ¢°) oo
B (acq,d/a@ 7)o (abQ/c, cdg?/ab?; ¢?)

1 — acg™* (a,b;q)k(cq/b; )2k (d, a®be/d; ¢3)k k
8.1
. Z T—ac (cq®, acg®[b; ¢®)i(ab; q)ar(acq/d, dg/ab; q) (3.8.19)

and some other cubic transformation formulas.



94 Additional summation, transformation, and expansion formulas
The special case
z": (1 — acg®)(1 - b/cg®) (a,b; Q) (g™*", ac’q* /b; ¢* )i e
pors (I—ac)(1—=b/c) (cq*, acq*/b; q*)k(acq* T, b/cg*™1;q)x

_ (1=0)(1 —ac/b)(1 — acg™)(1 — cq™" /b)
(1 —ac)(1 —¢/b)(1 —cq*)(1 — acq"/b)’

=0,1,2,..., (3.8.20)

of (3.6.16) was used in Gasper and Rahman [1990] to derive the quartic trans-
formation formula

10Wo(ac?/b;a*b? /¢?, ac/b, ¢, cq/b, cq® /b, cq® /b, cq* /by ¢*, ¢*)

(1 —¢)(1 = ac/b)(a®V? /cq?, cq/b; q) oo (ac?q* /b, ab® /4% ¢*) s

+
(1 —a2b?/cq?)(1 — ab3®/cq?)(ab? /cq, ac; q) oo (a3b® /2, 2q? Jab?; ¢*)
a’b® a?b® a?b® ab® ab?® ab® ab’q ab’q?
X 10Wo 02—47(1—2 W7$’E’77T, v q s

ab®(a, b, cq/b; q) s (ac?q* /b, ab?/c2q?, a®b? /¢*; ¢*)
cg*(1 — a?b?/cq?)(ac, ab?[cq?, cq® [ab?; q) oo (ab? [ cq?, cq*, acq* /b; ¢*) o
262/cq 4 ab3 2
X 101 { 2b2q2/c’q B
~ (ab; @)oo (ab/q; ¢%) o (ac®q* /b, ab® | ¢%; ¢*)
a (acq ab?/cq%; q) oo
y Z 1—acg®™ (a,b;q)r(cq/b, cq® /b, cq® /b; ¢*)i(a®V? /¢ ¢k 4,
1—ac (cq* acqg*/b; q*)k(abg, ab,adb/q; q2)k(cq3/ab2;q)kq
(3.8.21)

When b = ¢%/a the sum of the two 19Wy series in (3.8.21) reduces to a sum
of two gWr series, which can be summed by (2.11.7) to obtain the quartic
summation formula
i 1—acq®™ (a,¢?/a;q)i(ac/q, ac,acq; ¢*)k(a* ")k
= 1—ac (cq*,a’cq? q*)i(q® ¢% ¢; ¢*)(ac/q; )k
7*(a,¢*/a,acq; ) oo (675 4" ) o
ac(l — g%/c)(q?, ac; )00 (¢; ¢%) oo (cq*, acq?, q*/a?c; q* ) oo

X 1¢1 |:q6§27q ’a26:|

(acq?, ¢*/ac,aq,¢*/a; ¢*)
(4,6% ¢%) oo (cq*, ¢? [, a%cq?, ¢* [ a2c; ¢*) oo

(3.8.22)

Additional quadratic, cubic and quartic summations and transformation for-
mulas are given in the exercises.
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3.9 Multibasic hypergeometric series

In view of the observation in §1.2 that a series ZZOZO v, is a basic hypergeo-
metric series in base ¢ if vg = 1 and v,41 /vy, is a rational function of ¢", a
series >~ v, will be called a bibasic hypergeometric series in bases p and ¢ if
Un+1/Vy 18 a rational function of p™ and ¢™, and p and ¢ are independent. More
generally, we shall call a series >~ v, a multibasic (or m-basic) hypergeo-
metric series in bases q1, . .., ¢m if vp41/vy is a rational function of ¢7, ..., ¢,
and qi,...,qn are independent. Similarly a bilateral series ZZO:_OO v, will
be called a bilateral multibasic (or m-basic) hypergeometric series in bases
Q1y---sqm if Upt1/v, is a rational function of ¢7,...,¢", and q1,...,qm are
independent. Multibasic series are sometimes called polybasic series.

Since a multibasic series in bases ¢, ..., ¢, may contain products and
quotients of g-shifted factorials (a;q), with ¢ replaced by qfl - gFm where
ki,...,kn, are arbitrary integers, the form of such a series could be quite
complicated. Therefore, in working with multibasic series either the series
are displayed explicitly or notations are employed which apply only to the
series under consideration. For example, to shorten the displays of many of
the formulas derived in §3.8 we employ the notation

Alyeeeyp 2C11yee-3Clpy P e iCmlyeesCmr
P R ’ o ' Mg Q1 qms 2| (3.9.1)
b17~~~;bs:d1,1;~~,d1,51 :'~~:dm,1,~~>dm,sm

to represent the (m + 1)-basic hypergeometric series

nf: ((al, . ,ar;q);n n {(1)%(3)} e

—0 qabla"'abs;q

T (Gt Gy i) m]
" | . —1)"¢;? : 3.9.2
H (dj71""7d]"5j;qj>n ( ) j ( )

The notation in (3.9.1) may be abbreviated by using the vector notations:
a — (al, ‘e ,(1,7.), b = (bl, N ,bs), C; = (Cj,17 “as ,Cj,rj>, dj = (dj,h SN ,dj’sj)
and letting

A:ICyi...ICyy .
(I)|:b:d1:.”:dquvql)"'vqm;'z:| (393)

denote the series in (3.9.2).
If in (2.2.2) we set

then we obtain the expansion

a,b,cicin, o Clp o Gy Cony
ag/byaq/c:dia,....dis it dma, . dms,,

o0

Z (ag/be: ) (@ 0)2n (_Iw_z)”q—@)

— (¢,aq/baq/c;q)n \ aq
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m m ]V
le,...,Cj7rj;qj)n n (2)
X —1)%;
]Hl . (=1)"q;

. dj,Sj;Qj)n
n . .
« & cquf,...,chlql
- d n d n . .
1,191y -+ 01,5:41 * - - -t
n
Cm 19y - Cmrmq bez —n—1
d an d nG s gmi 4 P
m,1q9m s+ -+ m, s, Qm

(3.9.5)

where
m

H nls5 =) (3.9.6)

provided at least one c; ., is a negative integer power of ¢; so that the series
terminate. Note that this formula is valid even if a = ¢~%, k = 0,1,..., in
which case the upper limit of the sum on the right side can be replaced by
[k/2], where [k/2] denotes the greatest integer less than or equal to k/2.
Similarly, use of the expansion formula (2.8.2) leads to the formula

> a,be,dicig, .o Ci e o ety Conryy @ I 2
. . . ) b sy UMy
ag/b,aq/c,aq/d:dia, ... dis t ot dmay e dms,,

(1= Ag®) (N Ab/a, Aefa, M/ a; q)n (a;q)an (%)“
(1= M)(g,aq/b,aq/c,aq/d;q)n  (AG;@)2n \ A

n S;—Tj
C] 1y Chrys Qj)n [(1)nq§2)]

j=1 jl?"'?dj,Sj;q)7l

n=

’:13°

aq ’X cC1191,---5C1r Q1 - CCm 1y, - - - Cr Ay

oan+1 . . )
AP idiagl, o d s, Y Al s, O

x P ;q7q13"'7qm;zpn )

(3.9.7)

where A\ = ga?/bed. In (3.9.7) the series on both sides need not terminate as
long as they converge absolutely. Formulas (3.9.5) and (3.9.7) are multibasic
extensions of formulas 4.3(1) and 4.3(6), respectively, in Bailey [1935].

3.10 Transformations of series with
base ¢ to series with base ¢?

Following Nassrallah and Rahman [1981], we shall derive some quadratic trans-
formation formulas for basic hypergeometric series by using the following spe-
cial cases of (3.9.5) and (3.9.7):

2 2 12 2.
av_G'Qabac $a1,...5,0r,4

—a,a?q?/b?,a%¢%/c? 1 by, ... bry by

—n

P42
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zn: 29[V, —aq% ¢%);(0% 42 (0, - 0r 4775 4)5 (] (_bQCZ«Z)j

= _a7a’2 2/b23a2 2/02;q2)j(b17"'abrabT+1;q)j a2q2
a*qV, —ag? T rar? . angd ¢ B2
x ® _ _ _ ' 10 a2q2it?
—ag® :big?, .. 0rq? b ¢!
(3.10.1)
and
|: CLQ,—aqz,bQ,CQ,dQ :alv”'varvq_n 'qg 4z
—a,a?q?/v%,a%¢? /2, a2 /d® by, .. by by
_ zn: L= AgY (AP /a? A% a? Ad? [a?, —aq®; ¢°) (%5 ¢°)2;
o 1A (a2 /6%a%q? /e, a?q? a2, —a; ¢2) j(Ag%; )
% ((Il, N 7ar)q_n;q)j <ﬁ>ﬂ
(blv"'7b7"7br+1;q)j A
aq¥, —ag®*2 a2 /N card?, ... anqd PP
x 100, q 2|, (3.10.2)

—ag¥ Mg bigl, b b

respectively, where A\ = (qa2 / bcd)Z.

Let us first consider the » = 1 case of (3.10.1). If we set a; = —ag/w,
by = w,by = —aq" ", 2 = awq"?/b*c? and apply (1.2.40), the series on the
right side of (3.10.1) reduces to a VWP-balanced ¢¢5 series in base ¢, and
hence can be summed by (2.4.2). This gives the transformation formula

2,—aq2,b2 2. _aq/w q—n L, aqu+2
—a, a0, a%q% ) - n+1’q T2 2
_ (w/a,~aq;q)n é a,aq,a2q2/w2,a2q2/b262,q_2" 2 q2:|
=-————"" 504 _ _ ;
(W, =4 q)n °¢* 0%, a*¢? [, aq' " Jw, ag? T fw

(3.10.3)

Note that the above 5¢4 series is balanced and that the ® series on the
left side of (3.10.3) can be written as
IOWQ(_G’; a, b7 _ba Cc, —C, _GQ/w’ qina q, aqu+2/b262)'

Formula (3.10.3) is a g-analogue of Bailey [1935, 4.5(1)]. By reversing the series
on both sides of (3.10.3) and relabelling the parameters, this formula can be
written, as in Jain and Verma [1980], in the form

1 1 o
10¢)9 a,qa2,—qa2,b,x, —-T,Y,~Y,—q n’q " iq a3q2n+3:|
a%,—a%,aq/b,aq/r, —aq/z,aq/y, —aq/y, —ag"*t',ag" " bay?
N (a2q2, a2q2/:c2y2; q2)n ¢ q72n7 127 927 *Cl(]/b, *(lq2/b . q2 q2:|
= 504 _ .
(a®q? /22, a2 /Y% ¢*)n a?y?q " [a?, a’q? /0%, —aq, —ag® "’

(3.10.4)
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For a nonterminating extension of (3.10.4) see Jain and Verma [1982].

Since the 5¢4 series on the right side of (3.10.3) is balanced, it can be
summed by (1.7.2) whenever it reduces to a 3¢o series. Thus, we obtain the
summation formulas:

¢[a27aq2,—aq2:—aq/w,q‘", ) 'wq"_l}

yd 545
a,—a:w,—aq" !

(—aq, aq®/w,w/aq; q)n

_ 3.10.5
(=q,aq/w,w;q)n ' ( )
) [ a?,—ag®,b? : —aq™ /b, g ¢ q-qz}
—a,a’q? /0% : b ", —ag T T
"B —aq: q)n b2, aq? /b2 ¢%),
_ ("/b*, —ag; q)n(agq/b, ag® /0; ¢°) (3.10.6)

(ag™ /0%, —q; q)n(q/b%, aq? /0% %),
By a'27 aq2a 7aq25 b2 : 7aqn/b27 qin . q2 4 q

a, —a, a2q2/b2 . b2q1—n, _aqn—l—l ) » 4y
(—aq,a/b?;q)n(1/6%¢%)n

and
o [0 0 —ad? b* : —aq" Tt /02 7" N
a,—a,a@ /b : B2g®", —agrtt TP

_ (—aq,a/qb*; q)n(ag/b? 1/0°¢%¢%)n

 (—a. 10 )u (/e ¢ W )
These are g-analogues of formulas 4.5(1.1) - 4.5(1.4) in Bailey [1935]. Since
the series on the left sides of (3.10.5) and (3.10.6) can also be written as VWP-
balanced g¢7 series in base ¢, which are transformable to balanced 4¢3 series
by Watson’s formula (2.5.1), formulas (3.10.5) and (3.10.6) are equivalent to
the summation formulas

(3.10.8)

1—n

[a,qa%,—w/qa%,q_”. ]
4¢3 s @

1 1
az,w,—azq

1
(w/aqv —az, aq2/w; q)n

_ : (3.10.9)
(w,—a"2,aq/w;q)n
and
a,b,=bg' =", q7"
193 {aq/b» B2qin, —bg " e q}
_ (L+1/b)(1 + a2q"/b)(a/b? qa? /b, 1/b; Dn. (3.10.10)

(1+¢"/b)(1+ a /b)(aq/b, a [b,1/b% q),
respectively, which are closer to what one would expect g-analogues of formulas
4.5(1.1) and 4.5(1.2) in Bailey [1935] to look like.
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It is also of interest to note that if we set ¢* = ag in (3.10.3), rewrite the ®
series on the left side as an g¢7 series in base ¢ and transform it to a balanced
4¢3 series, we obtain

a,b,—w/b,q~"
493 Lq/bv_bq_n,w;q,q}
(w/a,—aq/b;q)n a,a’q®/w?, aq/b?, g~ "
- (w, —q/b;q)n ¢ [aQqZ/bz7 aq' =" /w,aq®> " Jw
which is a g-analogue of the ¢ = (1 + a)/2 case of Bailey [1935, 4.5(1)]. Using
(2.10.4), the left side of (3.10.11) can be transformed to give
q ", a,aq/b? —aq/w
aq/b,—aq/b,aq " fw’ q}
¢ ", a,aq/b% a*¢* fw?
a’q? /v, aq " Jw,aq®> " Jw
This formula was first proved by Singh [1959] and more recently by Askey and
Wilson [1985]. The latter authors also wrote it in the form

a’,b? c,d ) ]
abq%, —abq%, —cd’ ©4

a?,b?,c?, d?
= 4¢3 [anbz, —cd, —qcd
provided that both series terminate.

Now that we have the summation formulas (3.10.5)—(3.10.8), we can use
them to piroduce additional transformatilon formulas. Set r = 3 and a1 =
—az = qa?,a3 = —aq/w,b; = —by = a2, by = —ag"*! in (3.10.1). The ®
series on the right side can now be summed by (3.10.5) and this leads to the
following g-analogue of Bailey [1935, 4.5(2)]

CL2, aq27 _aq27 b27 CQ : _aq/U}, q_” 2 aqu+1
o w179 e

;qQ,qQ] , (3.10.11)

43 [

= 4¢3 [ ;q2,q2] : (3.10.12)

4¢3 {

;qQ,qz} , (3.10.13)

a,—a,a?q? /b2, a%q?/c? 1 w, —aq

_ (-agq,a¢®/w,w/ag; q)n
(_Q7 aq/wa ws q)'n,

aq, aq2’ a2q2/b202, a2q2/w2’ q—2n

a*? /0, a’q* /c?, aq® " fw, ag> " fw
Let us now turn to applications of (3.10.2). If we set r = 1, a1 =
—A¢" "/ a, by = a?q7" /N, by = —aq™ !, 2 = qin (3.10.2), where A\ = (qa?/bed)?,
then the ® series on the right side reduces to a balanced very-well-poised g7
series in base ¢ which can be summed by Jackson’s formula (2.6.2). Thus, we
obtain the transformation formula
(12, 70’q27 b27 627 d2 : 7)\qn+1/a7 q—n
® 14°, a5 q
—a,a’q*/b*,a*¢* /¢, a’q* [d? : a®q ™" /X, —aq"H!

X 504 [ ;q2,q2] . (3.10.14)
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_ (—aq, Aq/a; 9)n(A?/a®; )
(=4, 2q/a%; @)n(AN?; ¢%)n

)\bQ )\02 )\_d2 )\2q2n+2 Com

)‘7 2)\%7_ 2/\%3 ) sy T2y T 2 ) )
X 1009 ! ! n a*’ @’ a @ ! 'q2 @
_ 9 )
A3, )3 A2 Ag d¢® dPq® aPq® aPq?" Ag2n+2 A
9 7a7a7b2702ad27)\7
(3.10.15)

This is a g-analogue of Bailey [1935, 4.5(3)].

Similarly, setting » = 3 and choosing the parameters so that the ® series
on the right side of (3.10.2) can be summed by (3.10.7), we get the following
g-analogue of Bailey [1935, 4.5(4)]

a2a aq27 —G/QQ, b27 027 d2 : _/\qn/a7 qin
a, —a, a2q2/b27 a2q2/027 a2q2/d2 : a2q1_n//\a —aq

_ WVa,—ag;@)n(Ma® P,
(A a?, =4;4)n (A% ¢*)n

o IRRY Y’

2 2 2 \2,.2n
>\7q2)\%7_q2>\%7GQaa’q27%aA%a%v)\q2 ,q72n 2 qa2
X 1009 20 o G, % 5 4 4 |
1 1 A \ a a a a A
>\2’_>\2’7an7 qu’ Cg’ dgv q/\ ,)\q2n+2
(3.10.16)

where A = (qa?/bed)?.

Exercises

3.1 Deduce from (3.10.13) that

a?,b?, z a?,b?, 22 5 o
3¢2 abq%,fabq% 4,4 = 3¢2 a2b2q,0 Y )

provided that both series terminate. Show that this formula is a
g-analogue of Gauss’ quadratic transformation formula (3.1.7) when the
series terminate.

3.2 Using the sum

o1 %) (1)

201 (¢, ¢ T ab ¢P, qP) = 0 g2,
( ) (b%q)n

prove that

a,aq; gb%; ¢*, 2* z| < 1.
.0 201 (a,aq; 0% ¢%,2%) , |2|
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3.4

Exercises 101

Use this formula to prove that

2
.. a®, ab, —ab
(i) 302 a2b?. —za2' Z]

(a222; ¢?) a2, b2
= ﬁ 202 a2bq a222§q27@222q |zl < 1.
Show that
(iii) 261 (b, —b; b3 q, 2)

= (=21@)o0 201(0,0; ¢b%; ¢*, 2°)
1
— . b2, 2 b2 2 )
(Z,q)oo 0¢)1( yqo3q,4q Z)
Formulas (i) and (ii), due to Jain [1981], are g-analogues of (3.1.5) and
(3.1.6), respectively. T. Koornwinder in a letter (1990) suggested part

(ii).

Show that
a,q/a,z
302 { ;q,q}
¢, —q
_ (—1,—(]2'/0,(])00 K¢2 C/a,ac/q,zQ.qQ q2
(—a/c,~20) o0 0 ]

when the series terminate. This is a g-analogue of
2Fi (a1 —a;c2) = (1= 2)7" aFy (e —a)/2, (e +a = 1)/242(1 - 2)),
when the series terminate.

Show that
Z " Z sk an—(’;)
= (q,0%q)k

vanishes if n is an odd integer. Evaluate the sum when n is even. Hence,
or otherwise, show that

(a,6 Dmin(0*;4%)m _ymn
Z Z n(dv q)m-‘rn(bQ;q)m( )

mOnO

= 4¢3[

a? G‘Q7 C7 Cq
, 052, |2l < L
d,dq, qb

Deduce that

—-n ,l-n
¢ " g aaq
4¢3|: qbQ,d,dq aq,q:|
,a,b,—b q]

_(d)a;q)n
T dig)n m[bQ =g Py

(Jain [1981])
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3.5 By using Sears’ summation formula (2.10.12) show that

o0

Z <a7 GQ/e; Q)'r' Ar

= (q,abq/e, acq/e; q),

_ (ag/e,bq/e, cq/e, abeg/€; q)oo
(q/e,abg/e,acq/e,beq/e; q) oo

o

(a,b, 6 rd" < (ag"; q)r
X E g A,
= ( @)k = (q,abeg /e q),

0 q,¢, G/bCQ/ev q)k

(a,b,c,abcg® /e q)o
(e/q,abq/e,acq/e,beq/e; q)oo

" i (ag/e,bq/e, cq/e;q) k kz (ag"*1/e;q), A
« (4% /e, abeg? /e q (g, abeg"+2 /e q), ~ "
where a, b, ¢, e are arbitrary parameters such that e # ¢, and {A,} is an

arbitrary sequence such that the infinite series on both sides converge
absolutely.

3.6 Prove that
a, b, c e,a,b,c,dg/e; q)so
302 [ ;q,q} + (a/ a/e:q)
d, (e/q,aq/e,bg/e,cq/e,d; @)oo
aq/e, bgle, cqle
X3¢2|: / 2/ / yq 7Q:|
q*/e, dqje
_(q/e,abq/e,acq/e,d/a; q)oo p {a,aq/e,abcq/de. d
~ (d,aq/e,bq/e,cq/e;q)oo abq/e,acq/e by
where e # ¢ and |d/a| < 1.
3.7 Prove that

2o {a,aq/e,e/bc. bc_q]

abq/e,acq/e’q’_ e

__ (ag,aq/e,bg/e cqfe, —q; @)oo
(Q/E, abq/e, acq/ea bcq/ev —bCQ/@, q)oo

y i (a,,cq)i (ab*PQ 2/ )
= (600, 9ka0"? ¢
provided |bcg/e| < 1.
3.8 Assuming that |z| <1 and a/b# ¢7, j = 0,£1,42,..., prove that
2¢1(a,b; ¢, )
~ (b,c/a,am;q) s , [a,c/b,O ;q,q}

B (b/a’cvm;q)oo aq/b,aa:
(a,c/b,bx;q) oo b,c/a,0
(a/bacax;Q)oo ’ bq/a,bx’q’q
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Show that this is a g-analogue of the formula

2F1(a,b;c;x)

_I(r®—a) ., | | B

=TT —a ) "efilee—ba—brLi(l—2)7)
+%%%%:%%lxrbﬂamcmba+lﬂl@_W

3.9 Show that

p [ a,Aq;b AQ]
392 A7qu/bvqa ab2

_ T—XA+N/b(1—=XNa) (A2/6%,qg\?/ab; q)wo

A2 /ab?| < 1.
A0 00) @b a1 <
3.10 Show that
W7 (=XiaAE, —gA%,a,b, —big A ab?)
A, Ad. —Aq. AJb2. Ag/ab. —Aq/ab: q)as
_ ( /CL, q, q, / ) Q/aa Q/a aq) , |)\/(J,b2|<1.

(A, Ag/a, —Aq/a, Aq/b, —Aq/b, A/ ab?; q) o
Show that this is a g-analogue of the formula
a, 14+ A/2, b
Vi) ;
A2, 1+A-0
L TO/2T (14254 T(1+ XA — )X — a — 2b)
DL+ A/2)0 (254 T(L+ X —a— b)T(A — 2b)

, Re(A—a—2b) > 0.

3.11 Derive Jackson’s [1941] product formula
201(a%, 0% qa®0%; %, 2) 21 (a?, 0% qa®%; 6%, g2)
s a?,b?, ab, —ab A <1, Jgl <1
= ; 7Z ) z ) )
e a2b2,abq%, —abq% 1 1
and show that it has Clausen’s [1828] formula
[F‘( bat b L >]2 P‘[ 2a,2b,a+b ] o<1
a,b;a -2 = 2l IR )
2 2 220+ 2a+b+ 1
as a limit case. Additional g-analogues of Clausen’s formula are given in
£8.8.
3.12 Prove that
o |: q—Qn’_qQ—n,bZ,CZ . d, _ql—n/w
_qfn7 quQn/bQ7 q272n/02 . _qlfn/d7 w
_ CLw/dig)n
¢ |: d2, 61272n/b2627 q272n/,w2’ qfn, qlfn
X
574 =262, 22 /2, dg' " fw, dg? " Jw

2—n
wq
P ]

b2c2d

;qQ,qQ}-
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3.13 If A = a*q?/b%c?d?, show that
o { a?, —q%a,b?,c2,d* : —\g"/a,q "
a4, 2@ /b2, a%q% )2, a2q?d? : a%q' " I\, —aq
_ (—ag, Ma;@)n(Na®, Ag? /a3 ¢*)n
 (maMa%9)n(Mg? N a4,
x 10Wo(N;a, aq, \b? /a?, \c? Ja®, Md? [a®, N2 q*™ Ja?, 72" %, a®q® /)

- ;q27q;q2}

and
P |: a2,q2a, _q2aa b2a 023 d2 : _)\qn—l/a7 q—n . q2 ¢ q2:|
a, —a, a2 /6%, a2q? )2, a%q® 4% : a®q®> " /X, —agrtt D
_ (—ag, M ag;0)u(Ma*¢5 ¢)n(1 = Ag*" " /a)
(=4, 7 q0?;¢)n(Ag%; ¢?)n(1 — Ag71 /a)
X IOWQ()\; aq, an, )‘bZ/G‘Qv )‘62/0427 /\d2/a27 )\2q2n—2/a2’ q—Zn; q27 a2q3/)‘)'
(Nassrallah and Rahman [1981])

3.14 Using (3.4.7) show that the ¢-Bessel function defined in Ex. 1.24 can be
expressed as

(¢"q), (m)”

TP (w3q) = =
(:4) (q, —22q" 1 /4;q)

2

— (—2%¢"/4;.q)n (1 + 22T /) (=22 /4 On (—22¢*\" 502
> (@ (14 22¢" /9)(¢" 5 0)n ( 4 ) “

n=0

3.15 Prove that

7 —q v+1 . v
J£2)(x§q> _ ( ’LLU/Q, 1rq /2aq)oo ( z )
Ly(v+1) 2(1-q)
vH1/2 _ v+1/2 _ v+l
q » —q » —4q .
X 3¢2 |: (]21/-"-17 fixq”+1/2 74, lw/2:|
(ix/2;¢"?) o0 x v gEte, —gita 12 1@
= ( ) 201 vl .
Fq(ll—l-].) 2(1—(]) q'T2 2
for |x| < 2.

(Rahman [1987])

3.16 Show that
a, —qa%,b,c axq
493 {a%,aq/b7 aq/c;q7 W}
_ (1 —wa)(arg9)ee _, [a?,—qa?,(aq)?, —(aq)?, aq/bc.
- (3 0) oo 0 { ag/b,aq/c,q/z,axqg 7 ]
(1— a?)(aq, aq/bc, axq/b, axq/c; q)s
(ag/b,aq/c, axq/be,1/x;q)oo
ra?,—zqa?, x(aq)% , —x(aq)% ,axq/bc

)

axq/b, axq/c, gz, agx®
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(cz/ab; ) oo
(2:6%) 0
show that

3.17 If 201 (a,b; c; q,cz/abq) = Zanz”,

201(c/a,c/b;cq; 4%, z) 261 (a, b; cq; ¢°, cz/abq)

—Z (&4 o

(cq;q?)
(Singh [1959], Nassrallah [1982])

(cgz/ab; ¢*)oo
(2:4?) 0
201(cq/a, cq/b;cq®; ¢, 2) 2¢1(a,b; c; ¢°, cz/ab)

—Z (4:¢*)n \ n.

(cq*;¢°)

3.18 If 21 (a, b; ¢; q, cz/ab) = Zanz”, show that

(Singh [1959], Nassrallah [1982])

(cqz/ab; ¢*)

3.19 If
(2:¢%) o

201(a/q, b c/q; 4, cz/ab) = ) anz", show that
2¢1(cq/a ¢/ba; i ¢%, 2) 201 (a, b ¢; 4%, cz/ab)
_ Z C/q q a2

n=0

(Singh [1959], Nassrallah [1982])
3.20 Prove that

i L—ap’q" (a;p)e(b™" 9k .
= 1-a (69)x(abp;p)

when max(|p|, |q|, |b]) < 1, and extend this to the bibasic transformation
formulas

i 1—ap®a® (a;p)e(e/bi @)k

= 1-a (G9)k(abp;p)y

_ 1o (appi(e/bia)
1—b & (g;q)r(abp;p)k

_l-c i (ap; p)k(ca/b D)k
1 —abp & (¢; q)x(abp®; p)k

(bg)*

o0

(1 —c)(ap; p)os bp )i(cap™ oo, 1
= a
~ (1 —1b)(abp; p) Z 1 (bap*; ¢) oo (ap)

:0
when max(|p|, |ql, |ap|, |b]) < 1.
(Gasper [1989a])
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3.21 Derive the quadbasic transformation formula

(1-a)1-0) (¢, aq/b; q)x(ap/c, bep; p)k
, (CP7"/A, P7M/BC P (Q7", BR™" /A Q)k
(Q~/C,BCQ™"/A;Q)(P~" /A, P~/ B; P)i
_ (ap, bp; p)n(cq, aq/be; @)n (Q, AQ/B; Q)n(AP/C, BCP; P)y,
(¢, aq/b; q)n(ap/c, bep; p)n (AP, BP; P),(CQ, AQ/BC; Q)
y Z (1—AP*QM(1 - BPFQ™*) (A, B; P)i(C, A/BC;Q)y
= (1-4)(1-B) (Q, AQ/B; Q)x(AP/C, BCP; P)y

(ep™"/a,p~" /be;p)r(q™ ", bg™" [a; )k
(g™/c,beq="[a; @)k (p~™/a,p~" /b; p)

forn =0,1,... . Use it to derive the mixed bibasic and hypergeometric
transformation formula

z": L—ap®q") (1 —bp*q™%)  (a,b;p)i(c,a/be;q)i
=0

Zn: (1 —aphg®)(1 —bp*q™*)  (a,bsp)i(c, a/be;q)
= (1-a)1-0) (¢, aq/b; @) (ap/c, bep; p)
(C—A—n)p(=B—C—n)p(uB — pA—n)p(—n)k &
(=pC = n)(uB + pC — pA — n)i(—A —n)k(—B — n)k
_ (ap,bp;p)n(cq, aq/bc; @)n nM(pA +1 = pB)n(A+1 - C)n
(¢,aq/b;q)n(ap/c,bep;p)n (A +1)n(B + 1), (0C + 1),

(B+C+1),
(WA +1—uB — puC),

y 2”: (A+k+k/p)(B+Fk—ky) (A)r(B)r(pC)k(nA — uB — pC)y,

= AB ENpuA+1—puB)y(A+1-C)(B+C+ 1)

(c/ap™, 1/bep™; p)k(q™",b/aq"; @)k
(1/cqm, be/ag™; q)w(1/ap™, 1/bp™;p)i’

and the following transformation formula for a “split-poised” 19¢g series
a,q\/a,—qv/a,b,c,a/bc, C/Aq",1/BCq", B/Aq",q"" }
Va, —\/a,aq/b, ag/c,beq, 1/Cq", BC/Aq",1/Bg",1/Ag"’ "
_ (ag,bq, cq, aq/be, Aq/B, Aq/C, BCq; q)n
(Ag, Bq,Cq, Aq/BC, aq/b,aq/c,beg; q)n
A7 Q\/Z, —Q\/Z, B7 C? A/BC, C/a’qn> 1/bcqn7 b/aqna q—n . :|
VA, —VA, Aq/B, Aq/C, BCq,1/cq" be/ag™, 1 /bg", 1 fag™ 7]

10¢9 |:

X 1099 [

(Gasper [1989a])
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3.22 Using the observation that, for arbitrary (fixed) positive integers my, ..., m,,
Z Ay, ... k)2 gk
E1,e k=0

- i > A(ky, ... k)R 2k,

M=0 kymq+-+kpmp=M
ki,....,k»>0

show that (3.7.14) implies the multivariable bibasic expansion formula

Z Ak, k) Qi ool m, (2™ 0™ 2 )P (2™ ™ 2, R
k1, kr=0

_i apq" b0 D) k(5)

— (¢, aq"/b;q)n

o0
(ap™q™,bp"q"";p); i
x Z (¢, ag?"+1 /b q) Qjyna’q

7=0
x > (1—ap™q™)(1 = bp™gM)(¢™", ag" /b @)
kimi+-+krmr.=M<n (a’pq ,bpq 7P)M
k1,enke>0
< Aty T ) (W™ 20)F1 e (™ 2 )

which is equivalent to (3.7.14) and extends Srivastava [1984, (10)].
(Gasper [1989a])

3.23 Prove the following g-Lagrange inversion theorem:

If .
x) = Z bjnz?,
j=n

where bj,, is as defined in (3.6.20), and if

o0

ZJ%IJ:Z enGin(2),

n=0

then ‘
J
f] = E bjncn
n=0
and, vice versa,

n
Cp = E anjfj,
Jj=0

where ay; is as defined in (3.6.19).
(Gasper [1989a])

3.24 Derive (3.8.19)~(3.8.22).
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3.25 Prove Gosper’s formula
i (a®b?c?q7 % ¢%) (1 — a?b* 31 (abed, abed =15 ¢2) (a2, b2, ¢%;5 q)n
= (@ @n(1—a?b?c?q )(abcd ', abed; q)n (b2c?q, c2a?q, a*0%q; ¢*)n
_ (a*b?cPq,a?q,b%q, c*q, dgq/abe, bedq/a, cdaq /b, dabq/c; ¢%) oo
(g,b3%c?q, c2a?q, a?b%q, abedq, adq/be, bdq /ac, edq/ab; ¢?) o
B (a®,0%, % q)oc (a®b*c*q; %)
(q‘ Q) oo (b2¢2q, ?a?q, a®b%q, abedq, abed=1q; ¢%) o

% Z d2 4n+2 (bedg/a, cdaq /b, dabg/c; qz)n _i nq(n+1)2
(adq/bc, dbq/ac, cdq/ab; ¢%)nt1 abe '

n

(Rahman [1993])
3.26 Show that

i (abeg; Q)i (1 — abeg® 1) (d, q/d; q)r(abq, beg, caq; °)r

— (¢% ¢*)k(1 — abeq)(abeg® /d, abedq?; q*)k(cq, aq, bg; q)k
abeq, ¢*\/abeq, —q*/abeg, d, q/d, abg, beg, caq 5

-8 {\/%7—\/%7abcq3/d,abcdq27cq2,aq27bq2;q 4
(abeq?, abq, beq, caq, d, q/d; ¢*) o q

(4%, aq?,bq?, cq?, abeq? /d, abedg?; g% ) oo (1 — aq)(1 — bg)(1 — cq)
2 2 2
[P ]

3.27 Prove

> (bedq=%;¢%)n (1 — bedg®™=2) (b, ¢, d; @) 2
nz:% (¢: ) (1 — bedg~2)(cdq, bdq, beq: %),
q—n7 ql—n, q2—'n7 bcdq?m
X a0 [ bg?, cq?, dg?
~ (bedg, by, cq, dq; ¢°)
(g, cdq, bdg, beg; ¢3) oo
(Rahman [1993])

3.28 Show that

(g, q‘*}

o —-1.,3 _ 4n—1 . 5
Z (deq 7 q )n(l - deq2 )Q(bv c, ;la q;n qn +n
(45 @)n(1 — bedq=1)(cdg?, bdg?, beg?; ¢3)n
—n—1 —n 1—-n 3n
q g~ q ", bedg
X 4¢3 { iq°,q°
bq, cq, dq
_ (bedg?, bg?, g, dg?; ¢°)
(¢?, cdq?,bdq?, beg?; ¢3)
(Rahman [1993])
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3.29 Derive the summation formulas:

(i)
oo k
> (1 — ag®)(a, b ¢*)r(ab? /% 4*)i (4% /b3 @)1 (aq® /s ¢°)i (_f) D
= (1—a)(¢® aq®/b;¢*)k(q® /0% ¢*)k(ab, abg?; q*)k b
(aq?, qa® /b; ¢*) oo (ab?, ¢° /6% ¢°) oo
(ab, ¢° /6?5 ¢?) o0 (63, aq5 /b5 ¢5) oo
(ii)
i (1 — acg™)(a, ¢*/a; ¢*)i(q° Jac; ¢*)r(ac/ g% @)k
Pt (1 —ac)(cq3,a?c/q; ¢ (a®c? /435 4%
k
« (a®c*/q; 4°) <_%> q(’“;l)
(g%, q% q*) ¢

_ (acg? ac/q;q%) o (¢°, a°c?/q°, ac®q, a®c?/q, aq* qS/a °)s

(g%, a2c2/q%; 4?00 (cq3, cqC, a%cq?, ac/q, acq, acq*; ¢5) o
(iii)
Z (1 —acg™)(a,q*/a; ¢*)k(q/ac; ¢*)r(ac; @)k (a® P q; ¢°)x
pors 1 ——ac)(cq3 QQCq.qS) (QQCQQ'qQ) (q2 q4.q4)k
_ (acq®, acq; 4*)oo(¢°, a’c*q®, ac?q®, a®c*q, aq?, 41 /a5 %) o

(q2,a%c2q; ¢?) o (cq?, cq®, a?cq, a2cq, acq?, acq®; ¢°) o

(Rahman [1989b])

(Afac)kq(kgl)

3.30 Derive the quartic summation formula

i 1—ag® (a,b;9)k(q/b, /b, ¢%/b; ¢*)r(a®? /¢%; ¢*)k
= 1—a (¢" aq"/b;q")r(abg, ab,ab/q; ¢*)k(q®/ab?; q)x
ab® (ag, bq, 1/b;q) s (a®V? 4% ¢*) oo
2 (ab, ¢®/ab?; q) o (ab/q; 4*) o (¢*, a3/ q2, aq* /b5 ¢*) o
2b2/q 3 o

X 101 I ;q*, abq
_ (aq, ab?/q%; @)oo

(ab; @)oo (ab/q; 4?) o (agq* /b, ab®/q%; q*)

(Gasper [1989a])

3.31 Derive the cubic transformation formulas

(i)
2": L—acg™  (a,b)e(ca/b q)an(a®beq™ ¢ )
= 1—ac (cg® acq®/b;q)k(ab; q)2k(q' 3" /ab, acg® ;g

_ (1 —acg®)(1 —ab/q*)(1 — abg®™)(1 — acg®™)
(1= acg3t2)(1 — abg3"—2)(1 — ab)(1 — ac)
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y Z 1 —acg®*2  (aq?,bg?, cq? /b, cq® /b, a®beq® 2" %) 7
1 —acq® (cq®,acqg3/b,abg?, abg?, ¢>=3" /ab, acg® +5;¢3), "’

(ii)
"~ (1 —ag**)(1 —bg=2¢)  (a,1/ab;q)k(abg; q)ax(c,a/be; )y, 2
= (1=a)1-0) (% a?bq® ¢*)k(a/b;q)2k(agq/c,beg; q)r
_ (aq,bq:9)n(cq®, aq® /be; ¢°)n
(aq/c,beq; @)n(q®, aq3/b; ¢3)n
x 10Wo(a/b;q/ab® c,a/be,aq" ™, ag" ", ag" ", ¢ ¢, ¢°),

where n =0,1,... .
(Gasper and Rahman [1990])

3.32 Derive the cubic summation formula
i 1—a’q*  (b,¢*/b;9)k(0®/q;Q)on (0P /P67 4
— 1-a® (a®¢3/b,a’bq; ®)r(a?; Q)2 (a®q/c?, B/ q; )
_ (bg®,q*/b,bc%/q,Pq /b, Ja?, g [a?, a2q, a*%; ) oo
(4%, 4", cq,bc®/a?, a*¢? /b, a*bq, 3¢? [a®b; ¢*) oo
~ (b,bg,bg*, 4% /b, 4% /b, ¢* /b, a* /g, a*q, a*¢P, ¢ [a®; ¢ ) o
(4%, q* c3/q,c3q,a%/c3,a2q/c?, 3¢ [a, 3¢ [a®b, a’q? [b; g3 )
6,/.2. 3 be3 /a2, 302 /a2b
RN R
(a2bg, bc? /a?; %) fq/a?
and show that it has the ¢ — 17 limit case
a—1/2,a,b,2—b,c,(2a+2—3¢)/3,a/2 +1 q
3/2,(2a —b+3)/3,(2a+b+1)/3,3¢c—1,2a+ 1 — 3¢,a/2’

DT ()T (e DT (s 3T (2pd)

= T (BT ()T () T (e T ()
T (2a+3b+1) T (2a7§>c+3) T (2a7§c+1)

X T (2a;3) T (2a73§7b+3) T (2a73§+b+1) .

(Gasper and Rahman [1990])

7Fg

3.33 Derive the quartic transformation formula

i 1—a?v*¢®*2 (a,b;q)k(ab/q, ab,abg; ¢*)(a®b*/q?; q*)y,
1—a202/q® (ab?q?, a®bq%; q*)(abq, ab, ab/q; )k (¢ @)k

k=0

_ (ag, b; @)oo (4*b%4%; ¢") o 5 a b
(4 @)oo (@bg; 4)oc (b, ab?¢%, 02002 ) o ' [ ag®’
(Gasper and Rahman [1990])

3.34 Show that

q_2n3623a7qa .2 2:| _ (_Q7qa/c; q)n
no , 4 Y N

¢*a?,cq™", cq'~ (—aq,q/c;q)n’

4
b3 o
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3.35 For k=1,2,..., show that

i ((a§qk)n(b§Q)kn o (0 q at q oo Z C/b q ¢")n

— (0" ")l D (ag at *)n
(Andrews [1966¢])
3.36 For the g-exponential function defined in (1.3.33) prove Suslov’s addition

formula
Eq(@,y;0) = Eg(a;0)E(y; ),
where
aq [ee] —i¢p i0+1 ip—1i
Eq(x,y;0) = qa2 Z ) ( g T etie T o;q)n

with x = cosf, y =cosp, 0 <O <mand 0 < ¢ <.
(Suslov [1997, 2003])

3.37 Derive the quadratic transformation formula

(_a;q1/2)oo q1/4ei97q1/4e—i9. e,
—(qa2;q2)oo 291 1/2 g .

E(x; ) =
(@) -
(Ismail and Stanton [2002])

Notes

§3.4 Bressoud [1987] contains some transformation formulas for terminating
rr10r(a1,a2,. .. ary1;b1,. .., br; q; 2) series that are almost poised in the sense
that byapy, = a1¢®* with 6, = 0,1 or 2 for 1 < k < r. Transformations for
level basic series, that is ,41¢, series in which a1by, = gagy1 for 1 <k < r, are
considered in Gasper [1985].

§3.5 For a comprehensive list of g-analogues of the quadratic transfor-
mation formulas in §2.11 of Erdélyi [1953], see Rahman and Verma [1993].

§3.6 Agarwal and Verma [1967a,b] derived transformation formulas for
certain sums of bibasic series by applying the theorem of residues to contour
integrals of the form (4.9.2) considered in Chapter 4. Inversion formulas are
also considered in Carlitz [1973] and W. Chu [1994b, 1995] and, in connection
with the Bailey lattice, in A.K. Agarwal, Andrews and Bressoud [1987].

§3.7 Jackson [1928] applied his g-analogue of the Euler’s transformation
formula (the p = ¢ case of (3.7.11)) to the derivation of transformation for-
mulas and theta function series. Jackson [1942; 1944] and Jain [1980a] also
derived g-analogues of some of the double hypergeometric function expansions
in Burchnall and Chaundy [1940, 1941].

§3.8 Gosper [1988a] stated a strange g-series transformation formula con-
taining bases ¢, ¢, and ¢%. Krattenthaler [1989b] independently derived the
terminating case of (3.8.18) and terminating special cases of some of the other
summation formulas in this section. For further results on cubic and quintic
summation and transformation formulas, see Rahman [1989d, 1992b, 1997].
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§3.9 For multibasic series containing bibasic shifted factorials of the form
(@;p,q)rs = H;;é *~4(1—ap’¢¥) and connections with Schur functions and
permutation statistics, see Désarménien and Foata [1985-1988].

§3.10 Jain and Verma [1986] contains nonterminating versions of some
of Nassrallah and Rahman’s [1981] transformation formulas.

Ex.3.11 g¢-Differential equations for certain products of basic hypergeo-
metric series are considered in Jackson [1911].

Exercises 3.17-3.19 These exercises are g-analogues of the Cayley [1858]
and Orr [1899] theorems (also see Bailey [1935, Chapter X], Burchnall and
Chaundy [1949], Edwards [1923], Watson [1924], and Whipple [1927, 1929]).
Other g-analogues are given in N. Agarwal [1959], and Jain and Verma [1987].

Ex.3.20 The formula obtained by writing the last series as a multiple of
the series with argument bp is equivalent to the bibasic identity (21.9) in Fine
[1988], and it is a special case of the Fundamental Lemma in Andrews [1966a,
p. 65]. Applications of the Fundamental Lemma to mock theta functions and
partitions are contained in Andrews [1966a,b]. Agarwal [1969a] extended An-
drews’ Fundamental Lemma and pointed out some expansion formulas that
follow from his extension.

Ex.3.23 For additional material on Lagrange inversion, see Andrews
[1975b, 1979a], Bressoud [1983b], Cigler [1980], Fiirlinger and Hofbauer [1985],
Garsia [1981], Garsia and Remmel [1986], Gessel [1980], Gessel and Stanton
[1983, 1986], Hofbauer [1982, 1984], Krattenthaler [1984, 1988, 1989a], Paule
[1985b], and Stanton [1988].
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BASIC CONTOUR INTEGRALS

4.1 Introduction
Our first objective in this chapter is to give g-analogues of Barnes’ [1908]
contour integral representation for the hypergeometric function

L) 1 /ioo T(a+ s)I'(b+ s)I'(—s)
T(a)T'(b) 27 J_;00 T(c+s)

oFi(a,b;¢2) = (—2)° ds, (4.1.1)

where |arg(—z)| < m, Barnes’ [1908] first lemma

1 100

5 | T(a+ s)I'(b+ s)I'(c — s)I'(d — s) ds
_TI(a+c)T(a+d)I'(b+c)I'(b+d)
N I'la+b+c+d) ’ (4.12)
and Barnes’ [1910] second lemma
1 /ioo Pla+ s)I'(b+ s)I'(c+s)I'(1 —d — s)I'(—s) d
210 oo T'(e+s) s
_ T(a) BTl —d+a)l(1-=d+bT'(1—-d+c) (4.13)

I'(e —a)l'(e — b)'(e — ¢)
wheree=a+b+c—d+ 1.

In (4.1.1) the contour of integration is the imaginary axis directed upward
with indentations, if necessary, to ensure that the poles of T'(—s), i.e. s =
0,1,2,..., lie to the right of the contour and the poles of I'(a + $)I'(b + s),
ie. s=—a—mn,—b—n,withn=0,1,2,..., lie to the left of the contour (as
shown in Fig. 4.1 at the end of this section). The assumption that there exists
such a contour excludes the possibility that a or b is zero or a negative integer.
Similarly, in (4.1.2), (4.1.3) and the other contour integrals in this book it is
assumed that the parameters are such that the contour of integration can be
drawn separating the increasing and decreasing sequences of poles.

Barnes’ first and second lemmas are integral analogues of Gauss’ o F} sum-
mation formula (1.2.11) and Saalschiitz’s formula (1.7.1), respectively. In
Askey and Roy [1986] it was pointed out that Barnes’ first lemma is an exten-
sion of the beta integral (1.11.8). To see this, replace b by b — iw, d by d + iw
and then set s = wx in (4.1.2). Then let w — oo and use Stirling’s formula to
obtain the beta integral in the form

/ 241 — 2)5 e = Bla + ¢,b+ d), (4.1.4)

— 00
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where Re(a + ¢) > 0, Re(b+d) > 0 and

xz ifxz>0,
T {o if 2 < 0. (4.1.5)
It is for this reason that Askey and Roy call (4.1.2) Barnes’ beta integral.
Following Watson [1910], we shall give a g-analogue of (4.1.1) in §4.2, that is,
a Barnes-type integral representation for o¢1(a,b;c;q,z). It will be used in
§4.3 to derive an analytic continuation formula for the 2¢; series. We shall
give g-analogues of (4.1.2) and (4.1.3) in §4.4. The rest of the chapter will
be devoted to generalizations of these integral representations, other types
of basic contour integrals, and to the use of these integrals to derive general
transformation formulas for basic hypergeometric series.

—a
Ve . . .
No 1 2 3

Fig. 4.1
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4.2 Watson’s contour integral representation
for 2¢1(a,b;c;q, z) series

For the sake of simplicity we shall assume in this and the following five sections
that 0 < ¢ < 1 and write

g=e", w>0. (4.2.1)

This is not a severe restriction for most applications because the results derived
for 0 < g < 1 can usually be extended to complex ¢ in the unit disc by
using analytic continuation. The restriction 0 < ¢ < 1 has the advantage of
simplifying the proofs by enabling one to use contours parallel to the imaginary
axis. Extensions to complex ¢ in the unit disc will be considered in §4.8.

For 0 < ¢ < 1 Watson [1910] showed that Barnes’ contour integral in
(4.1.1) has a g-analogue of the form

201(a,b; 50, 2)
_ (a,59) (—1> /ioo (¢'*°,ca’5q) , m(—2)° ds, (4.2.2)

(¢,¢:0)00 \2mi ) J_ino (ag®.bg%;q),, sinTs

where |z| < 1,|arg(—z)| < m. The contour of integration (denote it by C)
runs from —ioco to ioco (in Watson’s paper the contour is taken in the opposite
direction) so that the poles of (qHS; q)Oo /sinms lie to the right of the con-
tour and the poles of 1/(ag®,bq%; q)oo, i-6. 8 =w lloga —n + 2mimw=t, s =
wtogb —n + 2mimw ™! with n =0,1,2,..., and m = 0,+1,+2, ..., when a
and b are not zero, lie to the left of the contour and are at least some ¢ > 0
distance away from the contour.

To prove (4.2.2) first observe that by the triangle inequality,

|1 _ |CL‘€7W Rc(s)| < ‘1 _aqs| < 1+ |a|67w Re(s)

and so
(aq®,bq%;q) o
° (1 4 e~ (nt+1+ Re(s))w) (1 —(n+ Re(s))w
- H( +e ) (14 [cle ) o)
(1 — |a|e=(+ Re(sDw) (1 — [p|e—(n+ Re(s)w)
n=0
which is bounded on C. Hence the integral in (4.2.2) converges if

Re[slog(—z) — log(sinms)] < 0 on C for large |s|, i.e. if |arg(—2)| < .

Now consider the integral in (4.2.2) with C replaced by a contour Cgr
consisting of a large clockwise-oriented semicircle of radius R with center at
the origin that lies to the right of C, is terminated by C and is bounded away
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from the poles (as shown in Fig. 4.2).

y
C
X
3
Fig. 4.2
Setting s = Re®, we have for |z| < 1 that
Re [log ﬂ}
sin s
= R[cosf log|z| —sinf arg(—z) — «|sinb|] + O(1)
< —RIsinf arg(—z) + 7|sin@|] + O(1).
Hence, when |z| < 1 and |arg(—z)| <7 — 4, 0 < § < 7, we have
2" 0 fexp(—6R| sinf])] (4.2.4)

sin s
on Cr as R — oo, and it follows that the integral in (4.2.2) with C replaced
by Cgr tends to zero as R — oo, under the above restrictions. Therefore,
by applying Cauchy’s theorem to the closed contour consisting of Cr and
that part of C' terminated above and below by Cr and letting R — oo, we

obtain that fﬁ fijooo ...ds equals the sum of the residues of the integrand at
n=0,1,2,.... Since
1+s c s; _\s 14+n c n;
lim(s—n)(q '3 ) g 7(—2) :(q o q)"oz”

s=n (ag°,06%q) o sinms — (ag",bq", q)
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this completes the proof of Watson’s formula (4.2.2).

It should be noted that the contour of integration in (4.2.2) can be replaced
by other suitably indented contours parallel to the imaginary axis. To see that
(4.2.2) is a g-analogue of (4.1.1) it suffices to use (1.10.1) and the reflection

formula
T

I(2)(1—2)= — (4.2.5)
to rewrite (4.2.2) in the form
201 (¢*, 4% 4% ¢, 2)
_ Tyle) 1 [ Ty(a+s)Ty(b+ s)I'(—s)T(1 + s) .
a m% /_ioo ; Fq(z—i— S)Fq(l + s) (_Z) ds.
(4.2.6)

4.3 Analytic continuation of 2¢1(a,b;c; ¢, 2)

Since the integral in (4.2.2) defines an analytic function of z which is single-
valued when |arg(—z)| < m, the right side of (4.2.2) gives the analytic continu-
ation of the function represented by the series 201 (a, b; ¢; ¢, z) when |z] < 1. As
in the ordinary hypergeometric case, we shall denote this analytic continuation
of 2¢1(a, b; ¢; q, z) to the domain |arg(—z)| < 7 again by 201 (a, b; ¢; g, 2).

Barnes [1908] used (4.1.1) to show that if |arg(—z)| < 7 and a,b,c,a — b
are not integers, then the analytic continuation for |z| > 1 of the series which
defines o F (a, b; ¢; z) for |z| < 1 is given by the equation

T'(c)I'(b—
oF1(a,b;¢;2) = M(z)_“ oFi(a,14+a—c; 14+a—0b;z71)
I'(c)T'(a—b) b ~1
— (- Fi(b,1+b—¢c; 14+b—a;
(4.3.1)
where, as elsewhere in this section, the symbol “=" is used in the sense “is the

analytic continuation of”. To illustrate the extension of Barnes’ method to o¢1
series we shall now give Watson’s [1910] derivation of the following g-analogue
of (4.3.1):

2¢1 (aa ba ¢ dq, Z)
b,c/a;q)(az,q/az;q)co
= <(c {;/a-z;) ((Z q;z,q)> 201(a, aq/c; aq/b; q, cq/abz)
(a,c/b;q) (b2,9/b2; @)
(c,a/b;q)oc (2,0/25@)00
provided that |arg(—z)| < m, c and a/b are not integer powers of ¢, and a,b, z #
0.

261(b,bg/c;bq/a; q, cqfabz), (4.3.2)

First consider the integral

1 [ (g, cq%q)  w(—2)°
I = — N ds
2w (ag®,bq%;q),, sinms

(4.3.3)
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along three line-segments Ay, As, B, whose equations are:
A;: Im(s) =mq, Asz: Im(s)=-ma, B: Re(s)=-M, (4.3.4)

where my, mo, M are large positive constants chosen so that A;, Ay, B are at
least a distance € > 0 away from each pole and zero of

g(s) = (@ %)
(ag*,bq%; q)
and it is assumed that Aq, Ay, B are terminated by each other and by the
contour of the integral in (4.2.2), i.e. Re(s) = 0 with suitable indentations.

From an asymptotic formula for (a;¢)ee with ¢ = e7“,w > 0, due to
Littlewood [1907, §12], it follows that if Re(s) — —oo with |s — 59| > € for
some fixed e > 0 and any zero sg of (¢°;¢)o, then

Rellog(¢%; 0)oo] = %(Re(s))Q + g Re(s) + O(1). (4.3.6)

This implies that
Re(s)
g(s) =0 ) (4.3.7)

when Re(s) — —oo with s bounded away from the zeros and poles of g(s).
By using this asymptotic expansion and the method of §4.2 it can be shown
that if |z| > |cg/ab|, then the value of the integral I in (4.3.3) taken along the
contours Ay, A, B tends to zero as my, mo, M — oo.

Hence, by Cauchy’s theorem, the value of I, taken along the contour C' of
§4.2, equals the sum of the residues of the integrand at its poles to the left of C
when |z| > |cq/abl. Set & = —wtloga, B = —wtloghso that a = ¢*, b = ¢°.

Since the residue of the integrand at —a — n 4 2mimw ™! is

(aflqlfn’ Cailqin, qn+1; q)oo
(¢,¢,ba="q7 ;)
o0
x exp { 2mmiw ™" log(—2)} csc (2mr*iw™" — am),

(4.3.5)

ab
cq

mu—l(_z)—a—nqn(n—i-l)/Z

we have
o0

I = Z csc (2mm*iw™! — ar) exp {2mmiw ™" log(—2) }

m=—0o0

mwHc/a,q/ai @), \—a o
LA () 11 o g, cafab)
+ idem (a; b). (4.3.8)

Thus it remains to evaluate the above sums over m when |arg(—z)| < .
Letting ¢ = b in (4.3.8) and using (4.2.2), we find that the analytic continuation
of 2¢1(a,b; b; ¢, 2) is
oo
Z csc (am — 2mmiw ™) exp { 2mmiw ™" log(—2) }
L @ (0,4/039)
(4, ¢ 0)oc

(—2)"% 201(a,aq/b;aq/b;q,q/az).
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Since, by the ¢-binomial theorem,

(az;9) s
b b: _
2¢1<a’7 ’ aqaz) (Zaq)oo
and the products converge for all values of z, it follows that
Z csc (am — 2mriw ™) exp {2mmiw ™ log(—2)} (—2)~¢
m=—00 (4.3.9)

_ w(g,9,02,9/a%¢)
m(a,q/a,2,q/% Qoo
Using (4.3.9) in (4.3.8) we finally obtain (4.3.2).

4.4 g-analogues of Barnes’ first and second lemmas

Assume, as before, that 0 < ¢ < 1, and consider the integral

p= L [T ), a0 (4.4.1)
2T omi ) (qvte, ot 7). sinm(c—s)sinm(d—s)’ o

where, as usual, the contour of integration runs from —ioco to 700 so that the
increasing sequences of poles of the integrand (i.e. ¢+ n,d +n with n =
0,1,2,...) lie to the right and the decreasing sequences of poles (i.e. the zeros
of (q“+s, gt q)oo) lie to the left of the contour. By using Cauchy’s theorem
as in §4.2 to evaluate this integral as the sum of the residues at the poles
c+n,d+n withn=20,1,2,..., we find that

c l+c—d.
_ ™q (q’q ) )oo a+c  b+c, 14+c—d.
R P P 201 (47, 4" ¢ 7% g, q)
+ idem (¢; d). (4.4.2)
Applying the formula (2.10.13) to (4.4.2), we get
1 100 (ql—c—l—s7 ql—d—l—s; q)oo 7qu ds
210 ) o (q*T%,¢%155q),  sinm(c—s)sinm(d — s)
g (gdt gttt ) (4.43)
Cosinm(c—d)  (gote, gt gtte, ¢btdg) o

which is Watson’s [1910] g-analogue of Barnes’ first lemma (4.1.2), as can be
seen by rewriting it in terms of ¢g-gamma functions.

A g-analogue of Barnes’ second lemma (4.1.3) can be derived by proceeding
as in Agarwal [1953b]. Set c=mn and d = ¢ —a — b in (4.4.3) to obtain

j l-n+s l—ctatbts. ,
1 1oe (q e g S’Q)Oo wq® ds
271 oo (q@ts,¢v+35q) sinwssinm(c—a—b—s)
(¢"retv=c g7 % q5q)

=cscm(c—a—>
( ) (g%, 4% ¢, ¢°b q) oo

% (_1)77, (q(aq’cql;)i)n qn(c—a—b)—(g) (444)



120 Basic contour integrals

for n = 0,1,2,.... Next, replace ¢ by d in (4.4.4), multiply both sides by
n

(—1)”qn(6_c)+(2) (¢%:9),,/ (4,4% q),,, sum over n and change the order of inte-

gration and summation (which is easily justified if [¢°~“T¥| < 1) to obtain

(gtterb=d gi=a=b ¢ q;q)

(¢, 4% ¢4, ¢4 q)
x 302 (¢*, ", 4% q% q% q,q" T4 7070)
B 1 100 (q1+87q1—d+a+b+s;q)oo 7qu
270 J oo (qots,¢"%5q) sinwssinm(d —a —b—s)
X 201 (47%,¢% 4% q,¢° ") ds

(@59 1 /“’0 (gt qots, gt mdrattis )

csc(d—a—0b)

(%@ 2m J oo (q%F%,4°75,q°7F55q) o
mq°® ds
X ; 4.4.5
sinwssinm(d —a—b+ s) ( )

by the ¢-Gauss formula (1.5.1). Now take ¢ = d. Then the series on the left of
(4.4.5) can be summed by the ¢g-Gauss formula to give, after an obvious change
in parameters,

i 100 (q1+s’ qd—&-s’ qe—i-s; q)

27 J_jos (475,47, q%%; ), sinmssinm(d + s)
(9% a4 q" " q* ", ¢° % q)
(g%, q% q¢, gt ta=d, gt to=d glte=d; q)

where d + e = 1+ a + b + ¢, which is Agarwal’s g-analogue of Barnes’ second
lemma. This integral converges if g is so small that

wq® ds

>

= cscmd , (4.4.6)

Re[slogg —log(sinmssinm(d + 5))] <0 (4.4.7)

on the contour for large |s|.

4.5 Analytic continuation of ,,;¢, series

By employing Cauchy’s theorem as in §4.2, we find that if |z| < 1 and
larg(—z)| < 7, then
a1,a2,...,Qr41
_ (a17a27"°aar+1;q)oo
(qablv s abr; q)oo

-1 o (gt b1gt, ... bt —2)8
><< )/ (¢"*,big ¢*;q),, (—=2) ds’ (45.1)

211 ) | i (@165, 0265, ... ar410%;q),, SInTs

where, as before, only the poles of the integrand at 0,1,2,..., lie to the right
of the contour. As in the r = 1 case, the right side of (4.5.1) gives the analytic
continuation of the ,11¢, series on the left side to the domain |arg(—z)| < 7.
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Also, as in §4.3, it can be shown that if |z] > |by---brq/a1 - - - ar41], then
the integral I3 = ﬁ ic;ooo ...ds is equal to the sum of the residues of the
integrand at those poles of the integrand which lie on the left of the contour.
Set a1 = —w~!loga;. Since the residue of the integrand at —ay —n+2mimw ™!

1S
(¢"*t a7 g " brai gL beay g q)

-1 __ -1 __n.
(qaq7a2a1 q na"',ar—&-lal q naq)oo
1

X

ﬂ_wfl(_z)falfnqn(n+1)/2

x csc(2mm?iw™! — agm) exp {2mmiw ™' log(—2) }

by proceeding as in the proof of (4.3.2) and using (4.3.9) and (4.5.1) we obtain
the expansion

A1,02,...,0Qpr41
r+1¢7‘ 34,2
bi,. ... by
~ (ag,...,arq1,b1/a1,...,bp/ar,a12,q/a12;q)

(b17 .. '7br,a2/a17 .. 'aar+1/alaz7Q/z;q>oo

bi---b
a’laa/IQ/bh ;G/IQ/br;q7 q01 r (452)
airq/az,...,a1q/ar11 2471+ Gy

+idem (ay;az,...,ar4+1),

X 7‘+1¢7‘

where the equality holds in the “is the analytic continuation of” sense. The
symbol “idem (aj;as,...,a,41)” after an expression stands for the sum of the
r expressions obtained from the preceding expression by interchanging a; with
each ag, k=2,3,...,r+ 1.

4.6 Contour integrals representing well-poised series

Let us replace a,b,¢,d and e in (4.4.6) by a +n,b+n,c+n,d+n and e + 2n,
respectively, where

e=1l4+a+b+c—d, (4.6.1)
and transform the integration variable s to s — n, where n is a non-negative
integer. Then we get

L /n+ioo (q1+57n’ qd+s’ qe+s+n; q)
2mi J,

sS—n
o mq ds

Cico (q¥F5,qPF5,q°F55q),  sinmssinm(d + s)

(q, qd+n7 q17d7n7 qefaJrn7 qefb+n7 qechrn; q)oo
(qa—&-n’ qb—&-n’ qc—i-n’ qe—a—b7 ge—a—e, qe—b—c; q)oo :

= cscmd (4.6.2)

The limits of integration n 4 ico can be replaced by +ico because we always
indent the contour of integration to separate the increasing and decreasing
sequences of poles. Thus, it follows from (4.6.2) that

ese(md) (¢:q% q" % e, q* b ¢° % q) (¢ ¢" q%q), S0
(q%,¢% g% qc=b=¢, qc=c=2, q*= b q) . (¢°7%, ¢, ¢° % q),
B 1 100 (ql-‘rs’ qd-i-s, qe-‘rs; q)oo ﬂ.q(n—l—l)s(q—s; Q)n ds 7 (4.6.3)

o —io (q¥Fe, gt g5 q)  sinTssinm(d + s) (¢ q)n
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and hence, by termwise integration, we obtain Agarwal’s [1953b] formula

(9% a" % q " a7 ¢ % q)

csc(md)
(g%, ¢ q¢,q°=b=¢,qc72,q¢= 2705 q)
A a b ,c
q9,4°,9,49,01,...,0a —d
X r+4¢7‘+3 |:qea77 qe,7b7 qelc7 I;la . .’. be 54, 2q :|
L (@ e e ) g
C2mi oo (g0, g0 FS, qots;q)  sinmssina(d + s)
A —s
q,a1,...,0r,q —
. T+2¢T+1 |: b17 ey b'r‘; qre-‘rs 4 qu 1:| ds’ (464)

where e = 1 +a+b+c—d,|z| <|q¢?| and it is assumed that (4.4.7) holds.

Therefore, if we can sum the series on the right of (4.6.4), then we can find
a simpler contour integral representing the series on the left. In particular, if
we let

7":4762 1+A7a1 :q1+A/2 = —a2,0a3 :qd,a4:q6,

bl — qA/Z _ —bg,bg _ ql_d+A,b4 _ q1_€+A, 5= qQ—d—e-‘rA’

then we get a VWP-balanced g¢s series which can be summed by (2.7.1). This
yields Agarwal’s [1953b] contour integral representation for a VWP-balanced
g7 series:

1+A4/2 _ 1+A/2
)

b d
4%4°,4% 9% q° 0 d®
1+A-b 1+A— 1+A—d 1+A—e’ 1’
TATE glHATe gt AT gl A

qt.q —q

8P7 { _
G2, —qAl2, gi+A=a g

=sinm(a+b+c— A)

( 1+A 1+A—a—-b 1+A—b—c ,1+A—c—a ,1+A—d—e. )
q b b) b [e’s)

y .q%q°, 4% q q q q iq
(q, qa—&-b—&-c—A’ ql—&-A—a—b—c7 q1+A—a, q1+A—b’ q1+A—c’ q1+A—d, ql—i—A—e; q)

o

] 1 1+A—-d 1+A— b+c—A+s.
1 /100 (q +S,q + +s’q + e+87qa+ +c +s,q)oo

2—7-”' (qcm+s7 qb+s, qc—l—s7 q1+A—d—e+s; q)

N wq° ds
sintssinm(a+b+c—A+s)’

where B=2+2A—a—b—c—d— e, provided Re(B) > 0 and

(4.6.5)

Re[slogg —log(sinmssinm(a+b+c— A+ s5))] <O0.

If we evaluate the integral in (4.6.5) by considering the residues at the
poles of 1/[sinwssinm(a+b+c— A+ s)] lying to the right of the contour, then
we obtain the transformation (2.10.10) of a VWP-balanced g¢7 series in terms
of the sum of two balanced 4¢3 series. In addition, if we replace A, d, e and a by
MA+d—A, A+e— A and A+a— A, respectively, and take A+a+d+e =1+2A
in (4.6.5), then the integral in (4.6.5) remains unchanged. This gives Bailey’s
transformation formula (2.10.1) between two VWP-balanced g¢7 series.
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4.7 A contour integral analogue of
Bailey’s summation formula

By replacing A, a, b, ¢, d, e in (4.6.5) by a,d, e, f, b, ¢, respectively, we obtain the
formula
sWr (¢%:¢" 4% q% % ¢ s 0.9) =sinm(d+ e+ f —a)
(¢"*,q% ¢, qF gt Todme gt tamd=f gitamemtg)
(q, ql—l—a—b’ ql—i—a—c’ ql—Q—a—d7 q1+a—e, ql—l—a—f’ q1+a—d—e—f; Q)

oo
y L /ioo (ql—i-s7 q1+a—b+s’ q1+a—c+s; q)oo 7rqs ds
218 oo (q+s,q°+5, ¢ +5:q) sintssinm(d+e+ f—a+s)’

(4.7.1)
provided the series is VWP-balanced, i.e.,
1+2a=b+c+d+e+ f. (4.7.2)

Since 1+2(2b—a)=b+(b+c—a)+(b+d—a)+ (b+e—a)+ (b+ f—a) by
(4.7.2), it follows that (4.7.2) remains unchanged if we replace a,c,d, e, f by
2b—a,b+c—a,b+d—a,b+e—a,b+ f — a, respectively, and keep b unaltered.
Then (4.7.1) gives

SW- (q2b7a; qb7 quw:fa7 qb+dfa,qb+efa,qb+ffa; q, q) — sinwe

(ql—i-Qb—a’ qb—&-d—a, qb—i-e—a, qb+f—a’ q1+a—d—e’ q1+a—d—f, ql—i—a—e—f; q)oo

X
(q) q1+b7a7 ql+bfc7 q1+b7d7 q1+bfe’ q1+b7f7 qc; q)oo

1 100 (ql+b—a—‘,—s7 1+b—c+87

1 q a'"*%1q) 7q° ds
271 oo (qb+dfa+sv qb+efa+sv qurffaJrs; q)oo Sin s sinw(c — S)

(q1+2b—a’ qb—i—d—a7 qb—i-e—a’ qb—l—f—a; q)
(q, g7, ¢ =< % q)
(qlJrafdfe7 q1+a7d7f7 q1+afeff; q)oo L /zoo (qlJrs; q)oo
(gitb=d, gt tbe gt tv=Tq) o 2mi ) i (@7F%0)
q1+a7b+s; q)oo 7qu ds
(g°+s,qf+55q) sint(a —b+ s)sinw(c+b—a—s)

= sinwc 20

X

(q1+afc+s7
X

(4.7.3)

where the second integral in (4.7.3) follows from the first by a change of the in-
tegration variable s — a—b+s. Combining (4.7.1) and (4.7.3) and simplifying,
we obtain

(q1+a7b’ q1+a7c’ q1+a7d7 q1+afe, q1+a7f; q)

>

(a**2,q%,0% ¢%,97 1) o
x sWr (¢ ¢ ¢%,a% ¢% ¢’ 14, q)
(q1+bfa q1+bfc q1+b7d q1+bfe q1+b7f. )
b b b b b fe'e)

_ b—a

q _ _ _ _ _
(q1+2b a’qb—&-c avqb—&-d a’qb—i-e a,qb—i-f a;q)oo
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x sWr (2% q%, ¢, g P Teme P T  q, q)

(q1+a—d—e7 ql—i-a—e—f7 q1+a—d—f; q)

>

(4:9°,¢" %5 q)
1 100 (qlJrs7 q1+a7b+s’ q1+afc+s; q)oo

2mi

mq®sinm(a —b) ds

—ioo (g2, T, ¢f % q) sinmssinm(a —b+s)’
(4.7.4)

when (4.7.2) holds.

Evaluating the above integral via (4.4.6), we obtain Bailey’s summation
formula (2.11.7).

Agarwal’s [1953b] formula

1 1
1 i (ql—&-s’ qaa—i—s, q§a+s, q1+a—b+s’ q1+a—c+s; q>
0

2w ) _; 1+1a+ts 1+1a+: .
—ico qa—i-s’q +2a+€’_q +2¢1+9,qb+s,qc+s7q

o
(ql—i-a—d—‘,-s7 q1+a—e+s’ ql—i-a—f—&-s; q)oo 7qu ds

(g%, q°F5, ¢/ *5:q) o sinmssinm(a — b+ s)
¢ q gtteetig)
(¢®q%q%, 4,471 q) o
(ql—i—a—d—f’ q1+a—c—d’ q1+a—c—e’ q1+a—c—f; q)oo

X

1+a—b l1+a—d—e
b b

(¢,9

= cscm(a —b)

X (4.7.5)

(qb+cfa’ qb+d7a7 qurefa, qurffa; q) ’

o0

where 1 +2a =b+ c+d+ e+ f, follows directly from (2.11.7) by considering
the residues of the integrand of the above integral at the poles to the right of
the contour, i.e. at s = n,b—a+n with n =0,1,2,... . Thus (4.7.5) gives
an integral analogue of Bailey’s summation formula (2.11.7). The integral in
(4.7.5) converges if ¢ is so small that

Re[slogg — log(sinmssinm(a — b+ s))] <0 (4.7.6)
on the contour for large |s|.
4.8 Extensions to complex ¢ inside the unit disc
The previous basic contour integrals can be extended to complex ¢ inside the
unit disc by using suitable contours. For 0 < |¢| < 1, let
logqg = — (w1 +iw2), (4.8.1)

where wy = —log |¢| > 0 and w, = —Arg gq.
Thus ¢ = e~ (“11%2)  Then a modification of the proof in §4.2 (see Watson
[1910]) shows that if 0 < |¢| < 1 and |z| < 1, then formula (4.2.2) extends to

2¢1 (a’a b7 ¢ q, Z)

_ (@bd)w (—_1> /C (¢ cq%sa) w2 (482)

(4,60)00 \ 27 (ag®,bq®;q),, sinms
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where C is an upward directed contour parallel to the line Re(s(wy +iws)) =0
with indentations, to ensure that the increasing sequence of poles 0,1,2;.. ., of
the integrand lie to the right, and the decreasing sequences of poles lie to the
left of C.
Since the above integral converges if Re[slog(—z) — log(sinms)] < 0 on C
for large |s|, i.e., if
larg(—z) — wowy *log|z|| < T, (4.8.3)

it is required that z satisfies (4.8.3) in order for (4.8.2) to hold. This restriction
means that the z-plane has a cut in the form of the spiral whose equation in
polar coordinates is r = e<1%/«2.

Analogously, when 0 < |g| < 1, the contours in the g-analogues of Barnes’
first and second lemmas given in §4.4 and the contours in the other integrals
in §84.4-4.7 must be replaced by upward directed contours parallel to the
line Re(s(wi + iwz)) = 0 with indentations to separate the increasing and
decreasing sequences of poles.

4.9 Other types of basic contour integrals

Let ¢ = e with w > 0 and suppose that
(a1z,...,a42, bi/z,...,bp/2;q)
(Clza"‘7ccz7 dl/zﬂﬂdD/27Q)oo

has only simple poles. During the 1950’s Slater [1952¢,d, 1955] considered
contour integrals of the form

P(z) = (49.1)

i fw

I =In(A,B;C,D) = - / P(q*)q™ ds (4.9.2)
2mi —im/w

with m = 0 or 1. However, here we shall let m be an arbitrary integer. It

is assumed that none of the poles of P(¢°) lie on the lines Ims = +7/w and

that the contour of integration runs from —im/w to im/w and separates the

increasing sequences of poles in |Im s| < 7/w from those that are decreasing.

By setting i# = —sw the integral I,,, can also be written in the “exponen-
tial” form Lo
_ i0Y im0
In = 5- . P (") e™do (4.9.3)

with suitable indentations, if necessary, in the contour of integration. Similarly,
setting z = ¢® we obtain that

I, = i P(z)z™ dz, (4.9.4)
21 J i

where the contour K is a deformation of the (positively oriented) unit circle
so that the poles of 1/ (¢12,...,ccz;q), lie outside the contour and the origin
and poles of 1/(d1/z,...,dp/z;q) ., lie inside the contour. Special cases of

(4.9.3) and (4.9.4) have been considered by Askey and Roy [1986].
Although each of the above three types of integrals can be used to derive
transformation formulas for basic hypergeometric series, we shall prefer to
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use mainly the contour integrals of the type in (4.9.4) since they are easier
to work with, especially when the assumption in Slater [1952c,d, 1966] that
0 < g < 1 is replaced by only assuming that |g| < 1, which is the case we wish
to consider in the remainder of this chapter.

4.10 General basic contour integral formulas

Our main objective in this section is to see what formulas can be derived by
applying Cauchy’s theorem to the integrals I, in (4.9.4).

Let |¢| < 1 and let § be a positive number such that ¢ # |d;q"| for j =
1,2,..., D, and § # |c;1q_”| for j=1,2,...,C whenn=0,1,2,.... Also let
Cy be the circle |z| = d|q|"V, where N is a positive integer. Then C'y does not
pass through any of the poles of P(z) and we have that

|P (5(]N) (5qN)m—1 ‘ _ (alé, e ,CLAé,bl/(S, .. ,bB/é,q)oo ‘
(015, .. .,CC(S,d1/(57 .. ‘7dD/57q)oo

(clév"'vcc(;»qé/bla"' 7q6/bBaq>N (bl beml)N ’
(al(;:"'aaA(S,q(;/dla"'aqé/dD;q)N dl "dD
D—B)

Vg GED) b-B _ O( bi---bpg
(4.10.1)

dy--dp
Since Cy is of length O(|q|V) it follows from (4.10.1) that if D > Borif D = B
and

m—1|N

o )

bl e bem
- <1 4.10.2
g dy | <b (4.10.2)
then
lim P(2)z™ tdz = 0. (4.10.3)

N—oo CN

Hence, by applying Cauchy’s residue theorem to the region between K and Cy
for sufficiently large N and letting N — oo, we find that if D > Borif D =B
and (4.10.2) holds, then I,,, equals the sum of the residues of P(z)2z™"! at the
poles of 1/ (d1/z,...,dp/z;q).,. Therefore, since

1 _ (—1rdg* () B
Residug <<d/z D ) = Gon@dn T ObLZen (4104

it follows that
(ardi, ... aady,bi/dy,...,bp/di;q) g
(q,cldl,...,ccdl,dg/dl,...,dD/dl;q)oo !
XZ (c1dy,...,cody,qdy /by, ..., qd1/bB;q),
(q,a1dy, ... aady,qdy/da, ..., qdi/dp;q),
X (—d1q<n+1>/z)n<D—B> (btilb?iim>
+idem (dy;ds,...,dp) (4.10.5)

I, =
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if D> B, orif D= B and (4.10.2) holds.
In addition, by considering the residues of P(z)2z™~! outside of K or by
just using the inversion z — z~! and renaming the parameters, we obtain
(bici,...,bpei,ai/cr, ... aa/c15q) o o
(Q7dlcla e 7chla02/Clv cee aCC'/Cl;Q)oo !
% i (dlCl, ey chl7 qcl/alv ey qcl/aA; Q)n
(q7 blclv R bBcla qcl/027 ceey qcl/cC; q)n

I, =

n=0
X <—clq(n+1)/2)”(c_‘4) (al "'aAqm>
cl .. .CC
+idem (e1;¢a,...,¢0) (4.10.6)
if C > A, orif C =A and
e 31 (1107)
Cl e CC

In the special case when C' = A we can use the ,¢, notation to write (4.10.5)
in the form

(aldlv"'vaACh?bl/dl?"'7bB/d1;q)oo dm
(¢,c1dr,...,cadr,do/dy,...,dp/di;q),,

cidi, ... cady,qdi/by,...,qd/bp D-B
Xa+B PA+D-1 Llldl, cosaady,qdy/da, ... qdi/dp’ a:tlach)

+ idem (dl;d27...,dD) (4108)
where t = b1bg -+ -bpq™/dy---dp, if D> B, or if D = B and (4.10.2) holds.
Similarly, from the D = B case of (4.10.6) we have

Im(A7BaA7D) =

b ...,b :
In(A, B;C,B) = (brev, -, bper, arfen, "“‘/Cl’f])w o
(Q7d1017"'7dBcl762/cla"'700/017Q>00
dicy,...,dgci,qei/a, ..., qc1/aa Cc—A
X4+B 9B+C-1 b1c1a--~,bBCth1/C27---,qC1/Cc’q’u(qcl)
+ idem (c3;¢2,...,c0) (4.10.9)

if C > A, orif C=A and (4.10.7) holds, where u =ay---aaq "™ /c1---cc.
Evaluations of I,,, which follow from these formulas will be considered in
§4.11.
From (4.10.8) and (4.10.9) it follows that if C' = A and D = B, then we
have the transformation formula
(a1d1,~--,aAd17b1/d17---,bB/dlﬂl)oodm
(crdy, ... cady,do/dy,. .., dg/di;q),,
< Arp asBo1 01d1,~~-7CAd1,qd1/b17-~~7qd1/bB,q by---bpg™
+ +B- G,ldl,...CLA(,il,qdl/dz,...,qdl/dB7 ’ dl"'dB
+ idem (dl;dg, . 7dB)
_ (b1c17--~,bBC17a1/C17-~~,aA/C1;Q)OoC_m
(dici,...,dger,cafer,. .. cafci;q)y,
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X AsB BALE1 dicy,...,dgcr,qeifar, ... ,qc1faa  ar-c-aaq ™
+ T brer, .. bper,ger /ey o qeifea T e ea
+idem (c¢1;5¢2,...,¢4) (4.10.10)

provided that |by---bpq™| < |d1---dp|,|a1---aaq™ ™| < |e1---cal and m =
0,41,42,. ...

In some applications it is useful to have a variable z in the argument of
the series which is independent of the parameters in the series. This can be
accomplished by replacing A by A+ 1, B by B + 1 and setting bp+; = z and
as+1 = q/z in (4.10.10). More generally, doing this to the m = 0 case of
(4.10.5) and of (4.10.6) gives the rather general transformation formula

(ardy,...,aady,bi/dy,. .. bg/d1,z/dy,qd1/2;q) o
(crdy, ... ccdy,da/dy, ..., dp/di;q)

oo

" Z (crdy,...,ccdi,qdi/bi,. .., qd1/bp;q),
= (¢, ardy, ... andy, qdy/da, .. .,qd1/dp;q),

n(D—B-1) /b ---brz\"
X (—dlq(n+1)/2) <d11 . “jD>

+ idem (dl;dQ, ce ,dD)
(bici,. .. bper,ai/cr, ... aa/c1,c12,q/c125q) o
(dici,...,dper,cafcr, ... co/ci;q) o

(dici,...,dpeci,qei/ay, ... qc1/aa;q),
n—0 (q7b1017 .. ‘7bBclaqcl/C2a .. 'aqcl/cC; q)n

n(C—A-1) /q1---a "
X (—clq(n+1)/2) < 1 AQ)

X

clL---CoZ
+idem (c3;c2,...,c0), (4.10.11)
where, for convergence,
by---b
(i) D>B+1,orD=B+1and AOBEL g
dy--dp
and
(ii) C>A+1,orC=A+1and AT g,
clL--CoZ

This is formula (5.2.20) in Slater [1966]. Observe that by replacing z in
(4.10.11) by z¢™ and using the identity
(qd/zq™, 2q" [d;q), = (—1)m(d/z)mq7(7§) (qd/z, 2d; Q) o (4.10.12)
we obtain from (4.10.11) the formula that would have been derived by using
(4.10.5) and (4.10.6) with m an arbitrary integer.
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4.11 Some additional extensions of the beta integral

Askey and Roy [1986] used Ramanujan’s summation formula (2.10.17) to show
that

1 [T (cei‘g/ﬁ, qe’ Jea, cae™  qBe™ /c; q)

% -7 (a’ewv bewv ae—w, /ae_w; q)oo

_ (aba.coa/e.ca/B.aBfcoiq).. i)
(ac, a3, b, bB, G5 ) o

where max (|g|, |al, |b], ||, ]8]) < 1 and caf # 0; and they extended it to the
contour integral form

1 (cz/B,qz/co,cafz,qB/cz;q),, dz
27 /K (az,bz, 0z, 8/2:q) z

_ (abaB, ¢, q/c,ca/B, qB/cas q) (4.11.2)

(act, af, b, b, 43 q) oo
where ac, af3,ba, b3 # q™,n = 0,1,2,...,caf # 0, and K is a deformation
of the unit circle as described in §4.9. These formulas can also be derived
from the A = B =D = 2,m = 0 case of (4.10.8) by setting a; = ¢/, a2 =
g/ca, by = ca, by = qB/c,c1 = a,co = b,d; = @ and do = 8 and then using the
summation formula (2.10.13) for the sum of the two 2¢; series resulting on the
right side. In Askey and Roy [1986] it is also shown how Barnes’ beta integral
(4.1.2) can be obtained as a limit case of (4.11.1).
Analogously, application of the summation formula (2.10.11) to the A =
3,B=D =2,m =0 case of (4.10.8) gives
L/ (02,92/7v,72/aB,7/2, 90B/721 @) dz
2mi K ((lZ,bZ,CZ,O(/Z,ﬁ/Z;q)OO <
_ (W/asqa/v,7/B,aB/v,0/a;6/b,6/¢: ¢)o (4.11.3)
(acv, aB, ba, b, car, ¢, q; q) o ’ o
where § = abca, abcafy # 0, and
aca, af,ba, bB3, ca, e # q7 ", n=20,1,2,...

Note that (4.11.2) follows from the ¢ — 0 case of (4.11.3).
In addition, application of Bailey’s summation formula (2.11.7) gives the
more general formula

= df

1 (za% ,—za?,qaz/b,qaz/c,qaz/d, qaz/ f; q)
o

(qza%, —qza% ybz,cz,dz, fz; q)
oo

. \az/v,0z/ab v/ 2 q08/77 ¢) dz
(aaz,aBz,a/z,8/2;q) z
(v/a,qae/v,v/B,aB8/7,aq/cd, aq/bd, aq/bc,aq/bf, aq/cf,aq/df ; q) oo
(a3, b, cor, dav, fo, bB, ¢, dB, [B,4;4) oo

(4.11.4)
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where aq = bedf a3, bedf afy # 0,
aaﬁ7ba7ca7da’fa’b57c/87d/87flg#q_n7 n:071727"'7
and K is as described in §4.9; see Gasper [1989c¢].

4.12 Sears’ transformations of well-poised series

Sears [1951d, (7.2)] used series manipulations of well-poised series to derive
the transformation formula

1 1 1 1
(qal/aM+27~~-aqa1/a2M> Q/GM+2,-~~7q/a2M,@f,—afaQ/afa—Q/af;Q)m
(alw~~7GM+1,(12/017~~,aM+1/a1;Q)oo
a1,0A2,...,02M
X _ 1q,—x
201 G20 -1 [qal/ab---aqal/%M’q7 ]
o (qa2/aM+2,~--aqa2/a2M7qa1/a2aM+2,~--,qal/a2a2M§‘J)oo
= a2
(al/aQ,ag,ag/a27...,aM+1/a27a§/a1,a2a3/a1,...,aQaMH/al;q)oo

1 1 1 1
X <(112 /a2, —af [az,qaz/af, —qag/af;q)
o

X ontbari—1 a%/alya27a2a3/a1,---ya2a2M/a1, o
- qaz/ai,qaz/as,...,qaz/asp; T
+ idem (asg;as,...,ar+1), (4.12.1)

where z = (qa1) Jajas---asp. Slater [1952c] observed that this formula
could also be derived from (4.10.10) by taking A = B = M + 1,m = 1,
choosing the parameters such that P(z) in (4.9.1) becomes

1 1
(qalz/aM+z, o, qa1z/asn, qzas , —qzal; q)
(oo

(alza s ,CLMJ,-lZ;q)OO
1 1
(q/zaM+2, .o, q/zaan, 1/ zad, —1/zaf;q>
(1/z,a2/za1,. .. ,an41/201;q) o

and then using the fact that

oo (4.12.2)

(a,—a,q/a,—q/a;q)o — a*(qa, —qa, 1/a, —1/a; q)os
= 2(a, —a,q/a,~q/a; @)oo (4.12.3)

to combine the terms with the same 95702371 series.
Similarly, taking A = B = M 42 and m = 1 in (4.10.10) and choosing the
parameters such that P(z) in (4.9.1) becomes

1 1
(qa1Z/CLM+3, ) qalz/QQMa qzai,—qzaf, Z(qal)%,—z(qal)%,Q)
o0

(alza e ,CLMJ,-QZ;q)OO
1 1 1 1
(q/zaM-‘r?n .. .,Q/ZGQM, 1/Zalz ) _1/Zafaq%/za12 ) _q%/za’qu)
o)

(1/z,a2/za1,...,ant2/2015q) o

X

)

(4.12.4)
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we obtain
(qal/aM-‘rSa“-aqal/a2M7Q/aM+37---aQ/azMaQ/aUq)oo
(ag,...,an+2,02/01, ..., apm42/015Q) o
ai,az,...,aspn
X oM Panm—1 gar /as, . - -,qa1/a2M;q’ ]
((IGQ/(IM+37 ceey qaz/GQM, qa1/02aM+37 ceey qa1/02a2M; Q)oo
(al/a2,a3/a2,--.,GM+2/612,&2613/G1,---,&20M+2/611;Q)oo
(a1/a3,qa3/a1;q)oo a3/ai,az, asaz/ay, . .., axasnr/ay
(a2,a3/a1;q) oo 2M P20 -1 [ qaz/ai,qaz/as,...,qas/asns ,q,:c]
+ idem (ag;as,...,an+2), (4.12.5)

where x = (qa;)™ /a; - - - agps, which is formula (7.3) in Sears [1951d].
Finally, if we take A = B = M + 2 and m = 1 in (4.10.10) and choose the
parameters such that P(z) in (4.9.1) becomes

1 1 1 1
(qalz/aM+3, ...yqai1z/asn g1, q2af , —qzaf , £q2 zaf; q)
(o]

(alza <oy AM4275 Q)oo

1 1 1
(Q/ZGM+37 ooy q/zasary1,1/2a2 ,—1)za2 ,£q% Jza?; q)

00
% (1/z,a2/za1, ..., apmy2/2015q) , (412.6)
we obtain
(qa1/anrys, - qa1/aamy1,q/ans; - - q/a2nm1159) o
(a1,...,ap42,02/01, ..., GM+2/01; Q) 0o

1 1 1 1 1 1
X (al2 ) —CL12 ) Q/a’l2 ) _Q/af 9 i(QIQ)Q ) i(q/al)Q ) q)oo

a1,02,...,02M+1
% .
aM+1P2M {qm/ag, .. qay /@i 7Q7¥y]
. (qa2/aM+3a cee 7qa2/a2M+17qal/a2(1M+3a ce qal/a2a2M+1; Q)oo
= asz
(al/ag,ag/ag,...,aM+2/a2,a2,a§/a1,agag/al,...,agaM+2/a1;q)oo
1 1 1 1 1 1
x (af faz, —a} faz,qaz/af, —qaz/af , +as(a/a1), +(ga1) fasiq)
oo
a%/a1,a27a2a3/a1, e ,a2a2M+1/(11
X op+1P2Mm 34, FY
qaz/ay,qaz/as, ..., qaz/azn 11
+idem (ag;as, ..., an+2), (4.12.7)

where y = (qal)MJr%/al -+ -agpr+1, which are formulas (7.4) and (7.5) in Sears
[1951d].
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Exercises

4.1 Let Re ¢ > 0, Re d > 0, and Re(xz + y) > 1. Show that Cauchy’s [1825]
beta integral

1 ds CT+y-1)A+d/e) Y1 +c/d)"
21 | oo (1 +cs5)2(1 —ds)y (c+d)T(z)T'(y)

has a g-analogue of the form

x (s

1 io0 (—csq”,dsq¥; q)
2—7Ti/ioo (—cs,ds;q) oo
CTyle+y-1) (—cq”/d,—dg"/c;q)

- Dy(@)Ty(y) (c+d)(—cq/d, —dg/c;q)o0’

where 0 < ¢ < 1.
(Wilson [1985])

4.2 Prove that

1 i00 (q1+s’ _anrs’ qa7b+1+s’ _qaberlJrs7

271

ct+d+e—a+ts.
b

q Q).

(qc—i-s7 qd—i-s, qe—l-s7 _qa—‘,-l—‘,-s7 _qa—2b+s; q)oo

—100

mq°® ds

sinwssinm(c+d+e—a+ s)

(q7 qc+d+e—a, ql-l-a—(:—d—e7 q1+a—b; q)
=cscrm(c+d+e—a) =
(gt —q' e, =", ¢% q)
(_ql—&-a—b, _qa’ ql—&-a—c’ q1+a—d7 ql—i—a—e; q)oo

(qd’ qe7 qlJrafcfd7 q1+afcfe’ q1+a7dfe; q)

o0

1+2a72b7c7d76)
)

x10 W (q“; ig" 2, —igt T2 b~ g% % 4% q, —q
where 1 +2a —2b>c+d+e.

4.3 Show that

p { ac, be, ad ) h]
e abcg,acdh’%g

(g, ac,be, ag, by, ch; q) oo
(f,a/f.cf/g,a9/cf.abeg, acdh; q)s
1 (" (fe'/g,qe” [cf,dhe’ qge™ " f,cfe " q)
o . (aei®, bei® hei® ce=9, ge=i0: q)__

= df.
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4.4 Prove that

1 ™ (fe', ke /d, qde_w/k,cke_w,qew/ck,abcdghew/f;q)oo &0
2 . (ae®, be?, ce=9 de=, ge'¥ he';q)_
(k,q/k,ck/d,qd/ck,cf,df, acdg, bedg, cdgh, abedh/ f; q) oo
(g,ac,ad, be,bd, cg,dg, ch, dh, cdf g; q) 0o

X 8W7(Cdfg/q;cgadgaf/av f/baf/haqaadeh/f)

4.5 Prove that

g ", abedg" 1, ae’ ae="
403 4,9

ab, ac, ad
2
(¢;9)oo (ae'®,be™®, ce'?; q)

(q2,q2,ab, ac,bc; q)so (qéeme;q)
oo

1 /7 (q% €09 | qroe™ 0710 gzl g3 /g abee’? o q) N

o | (aei® /o, bei? /o, ce? |o,0ef~it ge=i0-id; q)
(doe™ be; )y (gew)"(w
(abcei¢’/0, ad; q) g
n
and, more generally,

(g,az,a/2,bz,b/z,cz,¢/2;q) 0o

1 (™ (kze'?/o,qoe™ " [kz, koze™'?, qe' [koz, abce' o q)
27 J_ . (aet? /o, bei? [0, cei? [, 026~ ge™ /2; q) 0o

(daeiid’,bc;q)n a ip\"
% (abcei? /o, ad; q), (—e ) dé

g

for n =0,1,2,..., where z = €' and & is an arbitrary parameter.

4.6 Prove that

a-l (aq/e,aq/f,aq/g,aq/h,q/ae,q/af,q/ag,q/ah;q)s
(ga?,ab,ac,ad,b/a,c/a,d/a;q)

X 10Wy (a2; ab,ac,ad, ae,af,ag,ah;q, q3/abcdefgh)
+ idem (a;b,c,d) =0,

where |¢?| < |abede fgh).
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4.7 Prove that

= (a1q/b1,a1q/ba, ... ,a1q/br,q/a1by, ..., q/a1by;q)

1 2 .
(qa17a1a27'"7a1araa2/a17"‘7a"r‘/a17q)oo
2. . r—1
X 2T+2W2T+1 (al,alag, .. .,alar,albl, . ,albr,q,q /a1 . ~-arb1 .. br)
+idem (aj;as,...,a,) =0,
where r =1,2,..., and |¢" 7| < |ay - -~ ayby -+ by|.

4.8 Show that

L (" (—csq"t! bds, as;
< qu 9 S,O[S,q)oo dS

2mi J_soe (—cs,ds,basq" 1 @)oo
_ (=a/e,—bd/eq)o (b,a/d; g)n
(c+d)(—dg/c,—ba/cq; @)oo (4 —cq/d; q)n’

where Re(c,d,ba) > 0 and n = 0,1,... . Show that the ¢g-Cauchy beta
integral in Ex. 4.1 follows from this formula by letting n — oo and then

i

setting b = ¢¥, a = —cq”.

4.9 Extend the integral in Ex. 4.8 to
1 [ (—acs,ac’s/a,ac’s) B, ac?s /vy, ac?s /8, ac?s/X; q)so
270 J oo (—cs,as, 5s,78,08, AS; @)oo

292
x(l—acs>ds
q

(a/q, —ac/a, —ac/B, —ac/y, —ac/d, —ac/A; q) oo
clq, —aje,—B/e,—v/e,=0/c, =N/ @)oo
(¢*/a,ac® [ap, ac® Jay, ac® [ B; q)n
(—cq/a, —cq/B, —cq/y, —a*c3 [aBra;: q)n’

where Re(c,a, 3,7,6,A) > 0, a®c® = —aBydrg?, ac = —\¢"t!, and n =
1,2....

4.10 Show that

1 (q*2/a0y, ¢*z/bav,¢*2/cay, /7 @)oe 1 — 427/
D z
21t S (az,bz,cz,a/2;q) oo z
_ (a7, b7, ¢7,04/% @)

(ac, ba, e, G5 ) oo

)

where ¢? = abcaq?, |y/a| < 1, and the contour K is as defined in §4.9.
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4.11 Show that

1 [ (baz,q2/7,7/% D)
21t Ji (az,bz,0/2; @) 0o

dz
X (q2/74™; @) m (@125 Qmy - (ar25 @), z
(/e aq/v,bq/a; Q)
(acr, g/ac, ba; ) oo
X (Q/lﬂqm, q)7n(a,1/b7 q)m1 . (Clr/b; Q)mr (ba)m+m1+...+mr’

provided |y/a| < 1, where m,my, ..., m, are nonnegative integers, ¢ =
ayg™ ™t tme and K is as defined in §4.9.

4.12 Show that
1 /ioo (—acs, dqs; ) oo

2 e (—CS,dS;q)oo (a‘157Q) 1 (a‘ 8 Q) r @S

—ac daq o)
- (c—i—(d)(—/cq/zi' o @1/ di@pms - (ar 5 @),
provided |6Lq_(m1+"'+m7‘)| <1, Re (¢,d,ay,---,a,) > 0, and myq,...,m,

are nonnegative integers.

4.13 Show that
1 " (—acs,—ac?s/f,ac?s/o, ac?s/B;q) oo
2mi /ioo (—cs,—fs,as8,88q)c
(ac?s/v,ac?s/3;q) oo
QENEHIS
_ (a/q,ac/f, —ac/a, —ac/B, —ac/vy, —ac/d; q) s
g, fle—afe,—Ble, —v/e,=6/¢ @)oo
(¢*/a,ac®/ap, ac® |ary, ac® | By; @)n
(—cq/a, —cq/B, —cq /v, —a?c3 [aByq; q)n
(ac®/f?q,ac/f, —ac®/ fa, —ac®/ fB, —ac® | fv, —ac® | 8; ) oo
fla.e/f,—a/f,=B/f, =/ 1. =0/ [; )
(P ac* ac* o, o oy, ac* By: g}
(—fa/a,—fa/B,—fa/v, —a*c*/ faBya; a)n

provided ac = fq"*t!,a3¢® = fapBviq?, Re (c, f,a,B,7,6) > 0, the inte-
grand has only simple poles, and n =0,1,... .

(1 —ac?®s*/q) ds

_|_

(For the formulas in Exercises 4.8 — 4.13, and related formulas, see Gasper
[1989c].)

Notes

§4.4 Kalnins and Miller [1988, 1989] exploited symmetry (recurrence relation)
techniques similar to those used by Nikiforov and Suslov [1986], Nikiforov,
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Suslov and Uvarov [1991], and Nikiforov and Uvarov [1988] to give another
proof of (4.4.3) and of (4.11.1).

§4.6 Contour integrals of the types considered in this section were used
by Agarwal [1953c] to give simple proofs of the two-term and three-term trans-
formation formulas for g¢7; series.

§4.12 Sears [1951b] also derived the hypergeometric limit cases of the
transformation formulas in this section. Applications of (4.12.1) to some for-
mulas in partition theory are given in M. Jackson [1949].

Exercises 4.1-4.5 For additional g¢-beta integrals, see Askey [1988a,b,
1989¢], Gasper [1989c¢], and Rahman and Suslov [1994a,b, 1996a, 1998).
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BILATERAL BASIC HYPERGEOMETRIC SERIES

5.1 Notations and definitions

The general bilateral basic hypergeometric series in base ¢ with r numerator
and s denominator parameters is defined by

ay, az,

_ ey A
szs(z): T’ws |:b1,b2,...,bs 14, 2
(5.1.1)

= (aly ag, ..., 0ar; Q)n (s—r)n (s—7) (n) n
= -1 2 .
Z (b17b27"'7b3;q)n ( ) 1 ‘

In (5.1.1) it is assumed that ¢, z and the parameters are such that each term
of the series is well-defined (i.e., the denominator factors are never zero, ¢ # 0
if s <r, and z # 0 if negative powers of z occur). Note that a bilateral basic
hypergeometric series is a series ZZOZ_ « Un such that vy = 1 and vy,41/v,, is a
rational function of ¢". By applying (1.2.28) to the terms with negative n, we
obtain that

}OO: (alaaQa"'7a7';q)n (s—r)n (s— )(")
r s — _1 S—r)n S—T 2 n
w (Z) -0 (bl,an"wbs;q)n ( ) ¢ *

" (5.1.2)

(q/b1,q/bay...,q/bs; On by---bs \"
+Z )

q/a1,q/a2, ..,Q/CLT, )n ag - ap

Let R = |by-- b sfar--ap]. If s < r and |g| < 1, then the first series
on the right side of (5.1.2) diverges for z # 0; if s < r and lg| > 1, then the
first series converges for |z| < R and the second series converges for all z # 0.
When r < s and |g| < 1 the first series converges for all z, but the second series
converges only when |z| > R. If » < s and |g| > 1, the second series diverges
for all z # 0. If r = s, which is the most important case, and |¢| < 1, the first
series converges when |z| < 1 and the second when |z| > R; on the other hand,
if |¢| > 1 the second series converges when |z| > 1 and the first when |z| < R.

We shall assume throughout this chapter that |¢| < 1, so that the region
of convergence of the bilateral series

n=—oo

o0

(a17"'aa’r‘;q)n n
P (2) = T
w () n:Z_OO (b17...,br;q)n
:i(alw"va’r;q)nzn
n— 0(b17"'7b7";Q)n

+Z (a/b1, -, a/bri@)n (bl”'b;)n (5.1.3)

(q/ar,...,q/ar;@)n \a1---ar

137
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is the annulus
by---b,

<zl < 1. (5.1.4)
ai - Qp

When b; = ¢ for some j, the second series on the right sides of (5.1.2) and
(5.1.3) vanish and the first series become basic hypergeometric series. If we
replace the index of summation n in (5.1.1) by k + n, where k is an integer,
then it follows that

Alye .oy Qp
14, %
Uy

(@ aig [(_1)%(’;)}34

<b17 cee 7bs;Q)k
k k
aiq”,...,arq k:(sr):|
X s 1 q, 2q . 5.1.5
|:blqk7"'7bsqk ( )

When r and s are small we shall frequently use the single-line notation

Tws(z) = T’lvbs(ala' "7a7’;b17' "abs;qa Z)

An ., series will be called well-poised if a1b1 = asby = - -+ = a,-b,., and very-
well-poised if it is well-poised and a; = —ay = gby = —qby. Corresponding
to the definition of a VWP-balanced ,1¢, series in §2.1, we call a very-well-
poised v, series very-well-poised-balanced (VWP-balanced) if

(asaq---ap)qz = (:talq*%)”f2 (5.1.6)
with either the plus or minus sign. The very-well-poised bilateral basic hyper-
geometric series in (5.3.1), (5.5.2), (5.5.3), and in §5.6 are VWP-balanced. Note

1

that if in (5.1.6) we replace r by 7+1, a; by ga?, and then ag by ay, then (5.1.6)
reduces to the condition (2.1.12) for a ,; W, series to be VWP-balanced. A
well-poised ¢, series will be called well-poised-balanced ( WP-balanced) if

(aras---ay)z = —(£(arhy)?)" (5.1.7)

with either the plus or minus sign. The well-poised bilateral basic hypergeo-
metric series in (5.3.3), (5.3.4), (5.5.1), (5.5.4), and in (5.5.5) are WP-balanced.

5.2 Ramanujan’s sum for 11 (a;b;q, z)

The bilateral summation formula

o _(g,b/a,az,q9/az;q)
11/J1(a7 b7 q, Z) - (b, q/a/7 2, b/az7 q)oo ’
which is an extension of the ¢-binomial formula (1.3.2), was first given by
Ramanujan (see Hardy [1940]). In Chapter 2 we saw that this formula follows
as a special case of Sears’ 3¢ summation formula (2.10.12). Andrews [1969,
1970a], Hahn [1949b], M. Jackson [1950b], Ismail [1977] and Andrews and
Askey [1978] published different proofs of (5.2.1). The proof given here is due
to Andrews and Askey [1978].

b/al < |2| < 1, (5.2.1)
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The first step is to regard 141 (a; b; q, z) as a function of b, say, f(b). Then
f(b) = 191(a;b;4, 2)
: > : 5.2.2

8

so that, by (5.1.4), the two series are convergent when |b/a| < |z| < 1. As a
function of b, f(b) is clearly analytic for || < min(1,|az|) when |z| < 1. Since

11(abiq, z) —a 191(a; b q, q2)

- = (-

n=-—oo

_ Z (a§Q)n+1 P
q

=1t Y G

=211 =b/q) 1¢1(a;b/q; 4, 2),
we get

f(bg) — 271 (1 =) f(b) = a 1¢1(a; bg; 4, q2). (5.2.3)

However,
a1¥1(a;bg; 4, 9z)

a —  (a;9)n A
=e 2 (bq;q)n(Q)

P N M iV

= (bg; @)n :
= —ab~ (1 — b)f(b) + ab~ " f(bq).

n=—oo

(5.2.4)

Combining (5.2.3) and (5.2.4) gives the functional equation
(1—ab™")f(bg) = (1 = b)(2~" —ab~")f(b),
that is,
1-b/a

F0) = =501 g7z S0 (525)

Iterating (5.2.5) n — 1 times we get

10 = G e fioa™) (5.26)

Since f(b) is analytic for |b| < min(1,|az|), by letting n — oo we obtain

10 = = fo) (527
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However, since

= (a3 q)n o (070)
/@ _,; (@0)n~ (50

by (1.3.2), on setting b = ¢ in (5.2.7) we find that

= (g,9/02,9) ~ (g,9/az,a2;9)
T = ade "9 e ngm

Substituting this in (5.2.7) we obtain formula (5.2.1).
Jacobi’s triple-product identity (1.6.1) is a limit case of Ramanujan’s sum.
First replace a and z in (5.2.1) by a~! and az, respectively, to obtain

o0

W—;q)" az)" — (g,ab, 2,4/7;q) o
Z (b;@)n (a2) (b,aq,az,b/2:q)os’ (5.2.8)

n=-—oo

when [b| < |z| < |a™!|. Now set b = 0, replace q by ¢?, z by zq, and then take
a — 0 to get (1.6.1).

5.3 Bailey’s sum of a very-well-poised g5 series

Bailey [1936] proved that

1 1
qa27_qa2abvcad76 . qa2

34,
6w6 a%a 70'% ) (IQ/b, CLQ/C, (J,Q/d, CLQ/G bede

(5.3.1)
_ (aq,aq/bc,aq/bd, aq/be, aq/cd, aq/ce,aq/de,q,q/a; q)oo
(aq/b,aq/c,aq/d,aq/e,q/b,q/c,q/d, q/e, qa*/bede; q) o0’

provided |ga?/bede| < 1. Since this VWP-balanced gt reduces to a VWP-
balanced g¢5 series when one of the parameters b, ¢, d, e equals a, (5.3.1) can
be regarded as an extension of the g¢5 summation formula (2.7.1).

There are several known proofs of (5.3.1). Bailey’s proof depends crucially
on the identity

(ag/d,aq/e,aq/f,q/ad,q/ae,q/af;q)s

a(qa?,ab,ac,b/a,c/a; q)so (5.3.2)
x §Wr(a?; ab, ac,ad, ae, af; q,q* Jabedef) + idem (a;b,c) = 0,

when |¢%/abedef| < 1, which is easily proved by using the g-integral represen-
tation (2.10.19) of an g¢; series (see Exercise 2.15). If we set ¢ = ¢/a, the first
and third series in (5.3.2) combine to give, via (5.1.3),

(aq/d,aq/e,aq/f,q/ad,q/ae,q/af;q)oo
a(qa?,q/a?,q,ab,b/a; q)so
qa, —qa, ab, ad, ae, af q

a,—a,aq/b,aq/d,aq/e,aq/f b bdef |’

X 696
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while, by (2.7.1), the second series reduces to

b2, bg, —bg, bd, be, bf q
—b,bg/d,bg/e,bq)f T bdef

_ (qbQ,q/de,q/df,q/ef;q)oo
(bg/d;bg/e,bq/ f,q/bdef; )0

695

This gives (5.3.1) after we replace a?, ab, ad, ae, af by a, b, c, d, e, respectively,
and use the same square root of a everywhere.

Slater and Lakin [1956] gave a proof of (5.3.1) via a Barnes type integral
and a second proof via a g-difference operator. Andrews [1974a] gave a simpler
proof and Askey [1984c] showed that it can be obtained from a simple difference
equation. The simplest proof was given by Askey and Ismail [1979] who only
used the g¢5 sum (2.7.1) and an argument based on the properties of analytic
functions.

Setting e = a2 in (5.3.1), we obtain

" —qa%, b, ¢, d _ qa%
e —a%, aq/b, aq/ec, aq/d 3 bed

_ (ag, ag/be, aq/bd, ag/cd, ga? /b, qa? fe, qa> /d, q,4/a; 4) oo (5.3.3)

(aq/b,aq/c,aq/d,q/b,q/c,q/d,qa? ,qa~ 7, qa? /bed; @)oo

provided |ga? /bed| < 1. This is an extension of the ¢-Dixon formula (2.7.2).

If we set d = a2, e = —aZ in (5.3.1) and simplify, we get the sum of a
WP-balanced 515 series

21/)2 (b7 ) aq/b7 G'Q/c' q, _aq/bc)
_ (ag/be; @)oo (ag? /b, aq?/c?, ¢%, ag, ¢/ a; %)

(5.3.4)
(aq/b,aq/c,q/b,q/c, —aq/bc; q)oo ‘ be ‘

5.4 A general transformation formula for an ., series

In this section we shall derive a transformation formula for an ., series from
those for ,41¢, series in Chapter 4. First observe that (5.1.3) gives

rqpr(al»a%“-7ar;b1>b2a~--abT;QaZ>
r
q, A1,..., a _ b —q
:r+1¢r|:’ ’ ’ 74;(172:|—i_21||

bl,...,br kzlak_q
q, q2/b1a"'7q2/b’r_ ble:|

(5.4.1)

)

@/ai,...,q*/a, Tay-arz

X r419r [
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In (4.10.11) let us now make the following specialization of the parameters

C=A+1, D=B+1, A=B=r
cidy = cody = -+ = cay1day1 = q,
qdi/b1 = a1,qd1 /by = aa,...,qd1/ba = aa,

)

(5.4.2)
ardy = Br,a2d1 = Ba,...,aad; = fBa,
by---byz .
di - das :

Then, combining the pairs of the resulting , ¢, series in (4.10.11) via (5.4.1),
simplifying the coefficients and relabelling the parameters, we obtain Slater’s
[1952b, (4)] transformation formula

(b17b2a" 'abTaq/a17Q/a2a" 'aQ/arvdZaq/dZ;q)OO
(01,62,... ,CT,Q/Cl,Q/CQ,..~ 7q/CT;Q)oo

A1, A2, ..., 0y
b17 b27"‘7b’r‘

34, %

T"l/)”’ |:

g (a/ar,e1/as,. .. c1/ar,gbi/c1,qba/cr,. .., qby/c1,deriz/q,q* /deiz; @)oo

N C1 (01,(1/01,01/02,~~-7C1/Cr7qC2/C17-~~7qu/01QQ)oo

qal/ch qa/Q/cla reey qar/cl
X iy 34, 2

qbl/cla qb?/cla B qbr/cl
+ idem (cy;ca,...,¢p), (5.4.3)

by b,

(a

where d = ajas---a,/cica - ¢y,

< |z| < 1.

Note that the ¢’s are absent in the 1, series on the left side of (5.4.3).
This gives us the freedom to choose the ¢’s in any convenient way. For example,
if we set ¢; = ga;, where j is an integer between 1 and r, then the j*® series
on the right becomes an ,¢,_; series. So if we set ¢; =qa;, j =1,2,...,r, in

(5.4.3), then we get an expansion of an ., series in terms of r .¢,_1 series:
(bi,ba, ... bryq/ar,q/as, ..., q/ar, 2,9/2;q) 00 " [al,ag,...,aT .
(qa1,qas, ... ,qa,,1/a1,1/as,...;1/ar;q)00 ' | br,ba,. .., by b
_ai" g, qa1/as, ..., qa1/a;, b /a1, ba/ar, ... befar, a1z, q/a12; Q)

B (ga1,1/a1,a1/as,...,a1/ar, qaz/as,...,qa,/01;9) 0

X rbr1 |:qa1/b17qal/b27--~7qa1/br - bi---b, ]
qai/as, . ..,qa1/a, a Q2
+ idem (aq;as,...,a.),
(5.4.4)
provided ‘u <|z| < 1.
ai---a,

On the other hand, if we set ¢; = bj, j = 1,2,...,7 in (5.4.3), then we
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obtain the expansion formula

(Q/al,Q/GQ, .. .,q/ar,dz,q/dz; Q)oo
(q/b1,q/b2, .-, q/br; @)oo

_ g (g,bi/ar,bifag, ... bi/ar,dbiz/q, ¢* /dbiz; q) oo (5.4.5)

b (b1,q/b1,b1/ba, ..., b1/br; @)oo

bi.... qan/b
qal/ 1 qa / 1 ;q,Z] + idem (bl;bg,...,br),
qbz /b1, ... qb. /by

Wlth d = a1a2-'~ar/b1b2 .. 'bT~

ay, a27"'aar‘
rOr 14,2
bla b2a-'-abT‘

X rgbr—l

5.5 A general transformation formula
for a very-well-poised 5,19, series

Using (4.12.1) and (5.4.1) as in §5.4, we obtain Slater’s [1952b] expansion of a
WP-balanced 3,19, series in terms of r other WP-balanced 5,19, series:
(Q/bla LRI 7Q/b2’r7aq/bl7 ey CLQ/bQN a/%a _CL%J]Cf%v _qa7%7q)oo
(aaala'- . 7a7“aa’q/ala'- . 7aq/a7’aq/a7q/ala-'- 7q/ar7a1/a7"- 7a7“/a;q)oo
b1, ba,...,bo a"q"
X 27’7/}27” |: ) 14, _—q
QQ/bla CLQ/bQV"aCLQ/bQT b

_ a1(a1q/by,...,a1q/bar,aq/aiby,. .., aq/a1ba; q)oo
(CL]_,Q/CL],U//al,qal/a,ag/al, e aaT‘/alvqal/a27 .. ~7qa1/a7‘;q>oo

1 -bop

(a%/ala _a%/ala qala_%a _qala_%;q)oo

(a?/a,qa/a?,a1az/a,. .. ,a1a./a,qa/aras, ..., qa/a16,;q) oo
N {aﬂn/a, arba/a, ... a1ba/a 0 a"q" }
a1q/by, a1q/ba,...,a1q/ba, by -+ bay
+idem(as;ag, ..., a.). (5.5.1)
For the very-well-poised case when a; = b; = qa%, as = by = fqa%, the first

two terms on the right side vanish and we get

(q/bs, .-, q/bar,aq/bs, ..., aq/bar; q)oo
(aqaq/a7a37 .. '7aT7Q/a37 .. ‘7Q/QT;Q)00
1

x (ag/a,...,ar/a,aq/as,...,aq/ar;q)

1 1 r—1_r—2
gaz,—qaz?,bs,..., by, a" " 'q }

X 2rP2 ;
T’lp ' {a%a_a%,QQ/wa--,QQ/b% ¢ b

3 -+ Doy

_ (a3q/bs, ..., a3q/b2, aq/asbs, ..., aq/azbar; )
(a37 Q/a37 a3/aa QQ/QSa qa%/a, QQ/G§§ Q)oo

x (as/as,...,ar/as,qas/a4, ..., qaz/a:; q) 5
x (azaq/a,...,asa./a,aq/asayq, ..., aq/aza.; q)gol
qa3a_%a _qa3a_% ’ a3b3/a7 R a3b2r/a‘ ar—qu—Q
X ophoy 1 1 g, T
aza 2,—aza 27qa3/b37”'7qa‘3/b27’ b3.”b2"'
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+ idem (ag; aq, ..., ar). (5.5.2)

In particular, for r = 3 we have the following transformation formula for VWP-
balanced g series
<Q/b3, sy q/b67 aq/b& o ,CLQ/bG; q)oo
(aq,q/a,a3,q/a3,a3/a,aq/az; q)s
« ¢ |: qaéa _qaév b37 b47 b57 bﬁ . Cl2q :|
o ,GQ/bv?n QQ/b47 aq/b57 a’q/bG & b3b4b5b6

~ (azq/bs, ..., a3q/bs,aq/azbs, ..., aq/azbs; q)oo

(a3, q/as, az/a,aq/az, qa3/a, aq/a3; q)

1 1
az, —a?2

qaza”%, —qaza” %, asbs/a, asbs/a, azbs/a, asbe/a _ a’q ]

,—aza~ %, qaz/bs, qaz /ba, qaz/bs, qaz/be ¢ bsbsbsbe
(5.5.3)

Nl=

asa—

X6¢6[

If we now set ag = bg, then the gig series on the right side becomes a g¢5 with

sum
(qb/a, aq/bsbs, aq/bsbs, aq/bibs; @)oo

(qbe/bs, abs /bs, qbe /s, qa* /b3babsbe; 4)oc
This provides another derivation of the g1g sum (5.3.1); see M. Jackson [1950a].
As in Slater [1952b], Sears’ formulas (4.12.5) and (4.12.7) can be used to obtain
the transformation formulas

(Q/bh---7Q/b2r7aCI/b17--waq/er;CI)oo

(a1, yar41,9/a1, ... q/ars1,01/a, ... ars1/a,aq/ar, ... aq/ari1;q) 0o
b1,...,ba a"q"
X L, ———
2rar [aq/bl, ooy aq/bay b bibs - - - boy.
_ (a1Q/bla o ,061Q/b2m CLQ/(llbl, RN a’q/ale’l‘; q)oo
(02/a1,-~~>ar+1/a1,qal/a2>--~aqal/@rﬂ,GQ/alaz,--~7GQ/alar+1QQ)oo
X (GJl;Q/alaaCI/alaal/ayalaa/aﬂ---7a1ar+1/a§CI);ol
albl/a7a1b2/a,...,albgr/a qrar
X 2rtar T
ai1q/bi,a1q/ba, ..., a1q/bay ~ biba---boy
+idem (a;as,...,ar41),
(5.5.4)

and
(q/b1,...,q/bar_1,aq/by1,...,aq/bar_1;q)o0
(a,a1,...,ar,q/a,q/a1,...,q/ar; @)oo
(a2, —a?,q/a%,—q/a*, +(ag)?, +(¢/a)%; q)x
(ar/ay...,ar/a,aq/a1,...,a0q/ar;q) s
iy bor s  F¢iaE
aq/bi, ... aq /by " by bar

X op_1%2r_1
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_ay(a1q/by,...,a1q/bar_1,aq/a1b, ..., aq/a1bar_1;q) oo

(agq/a?,aq/aias, ... aq/a1a,,a2/a1, ..., ar/a1;q) o
(a% /a1, —a? Jay,a1q/a?, —a1q/a?;q)s
(a/alv Q/al,a%/av a1a2/a7 ey alar/a; q)oo

(£(aq)* /a1, +a1(q/a)¥; q)oo
(qai/a,a1,qa1/as, ... ,qa1/ar;q)o
albl/a,...,albgr,ﬂa. IFqT_%a
qay /by, ... ,qay /b1 & m

r—3
X op_1%ar_1

+idem (aj;as,...,a.).
(5.5.5)

5.6 Transformation formulas for very-well-poised
stbg and 19t series

In this section we consider two special cases of (5.5.2) that may be regarded
as extensions of the transformation formulas for very-well-poised g¢7 and 19¢g
series derived in Chapter 2. First, set r = 4 in (5.5.2) and replace b3, by, bs,
bg, b7, bg by b, ¢, d, e, f, g, respectively, choose a3 = f, as = ¢g and simplify to
get
(ag/b,aq/c,aq/d, aq/e, q/b,q/c,q/d; q/€; q)
(f.9.f/a,9/a,aq,q/a;q)
% 1)[} |: qa%,fqa%,b,c,d,e,f,g . a3q2 :|
“U% Lat, —a%, aq/b,aq/c, ag/d,aqfe, aq/f,aq/g " bedefg
(g,aq/bf, aq/cf,aq/df aq/ef, fq/b, fa/c, fa/d, fa/€;q)
(f.a/f.aq/f, fla, g/ f, fa/a,af?/a;q)s

% a6 [f% afa™d ~afab, fbfa, fefa fafa, fefa fofa _a'c’ ]
fa=z,—fa"z, fq/b, fa/c, fa/d, fq/e, fa/g bedefg
+idem (f;g), (5.6.1)
a3 2
where bedefa < 1.

Replacing a, b, ¢, d, e, f, g by a?, ba, ca, da, ea, fa, ga, respectively, we
may rewrite (5.6.1) as

(ag/b,aq/c,aq/d,aq/e, q/ab,q/ac, q/ad, q/ae; q)
(fa,ga, f/a,g/a,qa® q/a?;q)c
qa, —qa, ba, ca, da, ea, fa, ga q°
K [a, —a,aq/b,aq/c,aq/d, aq/e,aq/f.aalg " bcdefg}
(¢,9/0f,q/cf,q/df,q/ef af/baf [c;af/d,af/e;q) oo
(fa.q/fa,aq/f, f/a,g9/f f9,af? @)oo

f2ana_Qfafb?fcvfd7fevfg :q q2 :|
fv_fva/bafq/cafq/dva/equ/g’ ,deefg

><8¢7{
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+idem (f;g), (5.6.2)

provided |¢?/bedefg| < 1. Note that no a’s appear in the g¢7 series on the
right side of (5.6.2). This is essentially the same as eq.(2.2) in M. Jackson
[1950a].

For the next special case of (5.5.2) we take r = 5 and replace bs, ..., b1
by b, ¢, d, e, f, g, h, k, respectively, choose a3 = g, ay = h, a5 = k, and finally,
replace a,b, ...,k by a?,ba, ..., ka and simplify. This gives

(aq/b,aq/c,aq/d,aq/e,aq/f,q/ab,q/ac,q/ad,q/ae,q/af;q)oo
(ag,ah,ak,g/a,h/a,k/a,qa?,q/a?; q)oo

qa, —qa, ba, ca, da, ea, fa, ga, ha, ka 7
X 10910 ;

a,—a,aq/b,aq/c,aq/d,aq/e,aq/ f,aq/g,aq/h,aq/k @ bede f ghk
_ (a,9/bg,q/cg,q/dg,q/eg,q/f9.99/b,q9/¢,a9/d. q9/e, 9/ f; @)oo
(gh,gk,k/g,h/g,ag.q/ag,9/a,aq/g,q99%; q)o
9%,49, —49; gb, g¢, gd, ge, g f, gh, gk . 7
9,~9.99/b,a9/c,a9/d, a9/ a9/ f,a9/h,ag/k " bcdefghk}
+ idem (g; h, k),

X 1009 [

(5.6.3)
where |¢®/bede fghk| < 1. Notice that all of the very-well-poised series in this
section are VWP-balanced.

Exercises

5.1 Show that

o

P R )
2. (o = (—¢; @)

n=—oo

5.2 Letting ¢ — oo in (5.3.4) and setting a = 1, b = —1, show that

N (—1)ngn(nth)/2 [ (¢;9)o0 r
1+4 - .
nz::l I+qn (=4 9)

—4;9)
5.3 In (5.3.1) set b=a, c =d = e = —1 and then let a — 1 to show that
(4: 9o r
1+ =
Z 1+q (= 0)o

See section 8.11 for applications of Exercises 5.1-5.3 to Number Theory.

54 Set b=c=d=e=—1 and then let ¢ — 1 in (5.3.1) to obtain

1+16Zq 1+q 4 )




5.5

5.6

0.7

5.8

5.9

5.10

5.11
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Show that
e 2
> ¢ MU+ 2" ) = (7 -2, -4/7 e 2 F0.
n=—oo
Prove the quintuple product identity

o

Z (71)nqn(3n71)/2z3n(1+an)

= (qa_za _q/zaq)oo(q227q/227q2)ooa Z7é0

See the Notes for this exercise.

Show that
f: (1-— q10n+4) 5n+1
= "
= (1 _ qonJrl)(l _ q5n+3)2
_ q(l — q4) 6¢6 (17, *CJ?’ q, q, q37 q3 . q5 q5:|
(1—q)2(1 —¢3)? 7 = ¢ B E ¢

Deduce that
i q5n+1 B q5n+2 B q5n+3 N q5n+4

(1 — gont1)2 (1 — ¢on+2)2 (1 — ¢on+3)2 (1 — gont4)2
n=0

(¢°;¢°)3

=q——F=, lg] < 1.
(490

See Andrews [1974a] for the above formulas.

Deduce (5.4.4) directly from (4.5.2).

Deduce (5.3.1) from (5.4.5) by using (2.7.1).

Show that
e/a,e/b,e/ab,qc/e,q*/e,q*f/e:q) oo e/c,e/q )
q(e/a,e/b e/ab,qc/ Q/.Qf/ JE 2{/ / ;q,q]Jrldem(e;f)
e (67Q/eve/faqf/67Q)oo e/a,e/b
_ (g,9/a,q/b,c/a,c/b.c/ef qef /¢ @)oo
(e, f.a/e.q/ f.c/ab;q)s
Show that
" [ qa%,—qa*,c,de, f,ag"", ¢ " . aqu"”]

_ (ag,q/a,aq/cd, ag/ef; q)n
(q/c,q/d,aq/e,aq/ f;q)n
e, foaq"t ed, g™
% e { fraq /+1 q
aq/c,aq/d,q" " ef/aq

ni¢ql, n=01...,
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and deduce the limit cases
e,f  aq
202 [aq/c, ag/d’ ef]
(¢/c,q/d;aq/e,aq/f; @)

(aq,q/a,aq/cd,aq/ef;q)oo

— (1 - an‘“)(c, da €, fa q)n qa3 " n2
> (1—a)(aq/c,aq/d,aq/e,aq/f;q)n (cdef> 1

n=—oo
and

ooann2 1 oo(;

2n
nl—aq <71)na2nqn(5n—1)/2

q a;q)
— (@ a)n (a0 Q)o0 = (@00 1—a

B (aq®,a%¢?, ¢ ¢°) P a/q,a,aq 5 ad®
= (aq,q)oo 3¥P2 2 354 ,aq )

n

a’q?,a’q

which reduces to the first and second Rogers—Ramanujan identities when
a =1 and a = g, respectively.
(Bailey [1950a] and Garrett, Ismail and Stanton [1999])

5.12 Using (5.6.2) and (2.11.7), show that
qa, —qa, ab, ac,ad, ae, af,ag
a,—a,aq/b,aq/c,aq/d,aq/e,aq/f,aq/g
_ (g,90%,q/a% ag,g/a,q/bc, q/bd, q/be, q/bf, q/cd, q/ce,q/cf; @)
(bg,cg,dg, eg, fg,aq/b,aq/c,aq/d,aq/e,aq/f,q/ab,q/ac; q)so

. \a/de.a/df a/ef; @)oo
(¢/ad,q/ae,q/af;q)o0’

provided bedefg = q and

(bf,q/bf cf,q/cf,df q/df ef,a/ef ag,q/a9,9/a,aq/9;q)s
(bg,q/bg,cg,q/cg,dg,q/dg,eg,q/eg,af,q/af, f/a,aq/f;q)c

88 0, q

=1.

Following Gosper [1988b], we may call this the bilateral Jackson formula.

5.13 Deduce from Ex. 5.12 the bilateral g-Saalschiitz formula

> (a,b,¢;Q)n ,

n;w (d,e, f;a)n"

_ (Qad/a7d/b7 d/cv e/ave/ba e/c, q/f;q)oo
(d,e,aq/f,bq/f,cq/f,a/a,q/b;q/¢; @)oo’

provided def = abcg? and

(e/a,aq/e,e/bbg/e,e/c,cqfe, f,q/f; @)
= (f/a,aq/f, f/b,bq/f, f]c.calf e q/€; q)o-
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5.14 Show that

4 (—qt/c,qt/d;q) oo
/ (Cat e, bt/d; g) 1"
d(

- 11 ? 1¥1(q/a;bg; ¢, —ad/c)

. Cd(l - q)(Q» CLb, _C/d7 —d/C, q)oo
B (C + d)(a7 b7 —bC/d, —ad/c; q)oo
when |ab| < |ad/c| < 1.
(Andrews and Askey [1981])

5.15 Show that
> (Cta _dt; Q)oo
————d,t
/oo (Clt, _bta Q)oo ?
_ 2(1 B Q)(C/av d/ba —C/b, —d/CL, abv Q/ab; q)oo(q2; qQ)go
a (cd/abq. q; q) 0 (a?, % /a?,b%,¢% /b ¢*) oo '

(Askey [1981])

5.16 Show that
* (aat,a/t,abt,b/t, act, c/t, adt, d/t; @)oo dgt
/o (aqt?, q/at?; q)s ot
(1 —=g)(aa,a,ab,b,ac, c,ad, d; q)so
a (aq,4/a; )0
X st [q\/& —qv/a,q/a,q/b,q/c, q/d.q o*abed
Va, —/a,aa,ab,ac,ad T ¢
(1 —q)(q; aad/q, aac/q, aad/q, abe/q, abd/q, acd/q; q)
N (a?abed/q?; q)oo

when |a?abed/q?| < 1.
5.17 Show that
/°° (art, ..., apt, b1/t ... bs/t; @)oo
o (erty .. ety di/t, .. ds/tq) 00
(1 =g)a1,...,ar, b1, bs5 Q) oo
- (c1y.vvyerydy .oy ds; @)oo

-1
= 1d,t

" W {cl,...,cr,q/bh...,q/bs.q bl"'bsqw
+ + 54,
e a1y .y, q/dy, ... q/ds dy---dg
when b
17" 7 Cp
<1l< 'y
e PR}

5.18 Derive Bailey’s [1950b] summation formulas:

b,e,d » L} _ (2,9/bc,q/bd, q/cd; 4) o
q/b,q/c,q/d’ " bed]  (q/b,q/c,q/d,q/bed; q)so

(i) svs [
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b,c,d ¢ } _ (a,4%/bc,¢%/bd, ¢ /ed; )
(a%/b,¢%/c,q?/d, ¢?/bcd; )

(11) 3¢3 _q2/b, qg/c’ q2/d7q7 @

[ b,c,d,e,q" .
0 5% | b g/eafd,afe.a @ d
e AT, e e =
I b,e,d,e,q ™
L2/, 2/, q?/d,? e, q]
(1—q)(¢?, ¢*/bc,¢*/bd, ¢* [ cd; q)n

(@/b,q?/c,q?/d, ¢*/bed; q)r,
n+3

when bede = ¢"7°, where n = 0,1, ... .

5.19 Show that

n 3
i 2n k(3k+1)/2 (¢;9)3n
() > ot _ (@)
k=—n TL—|—]€ q (Q7Q7qaq)n
and
- m+1 1° (4:9):
(i) Z (_1)k |: ] qk(3k+1)/2 _ & 3.n+1
k=—n—1 n+ k +1 q (Qa q,4; Q)n
forn=0,1,.... (Bailey [1950Db])

5.20 Derive the 919 transformation formulas

. ab 1 _ (az.d/ac/b.dg/abzq)s
(i) 22 L’d,%z} " (2,d,q/b,cd/abz;q)os
[a,abz/d d
X 2¢2 / 04, _:| ’
| az,c a
) ab _ (az,bz,cq/abz,dq/abz; q)
(11) 219 |:C,d’q’zj| = (q/a’q/b7 ¢, d; Q)oo
[abz/c,abz/d  cd
X 2¢2 4y, —7— | -
| az, bz abz

(Bailey [1950a])
5.21 Verify that Ex. 2.16 is equivalent to
(b/a, ag/b, df /a, aq/df, e /a, ag/e ], bde/a, aq/bde; q)os
= (f/a,aq/f,bd/a,aq/bd, be/a,aq/be,def /a,aq/def; q)oo
~ 2 (d,a/d,e.a/e, /b.ab/ 1 bde /6 o bde T g) .

(See Bailey [1936])
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5.22 Extend the above identity to
ab(%ﬂ%ﬂ%%ﬁ%ﬁﬂﬁ%ﬁ@.)

acgadgaegafgabahhb

g q thqghngq
—bhlec *,d T A
(C’c”de ffhbh bg’q ’

where a3q? = bedefgh. (See Slater [1954a))

5.23 More generally, show that it follows from the general formula for sigma
functions in Whittaker and Watson [1965, p. 451, Example 3] and Tannery
and Molk [1898, §400], and also from (5.4.3) that

n

Z (ar/b1,ak/ba, ..., ak/bn; @)oo
— (ax/ar,ar/az, ... ap/ak-1,0k/ k41, - - -, 0k /005 @)oo
(gb1/ak, gba/ak, ..., qbn/ak; @)oo
(qa1/ak,qaz/ak, - .., qag—_1/0k, Qaps1/ak, - - ., qan/0k; @)oo

where ajag - a, = biby - --b,,.
(See Slater 1954a))

X

:0’

5.24 Extend the summation formula (1.9.6) to

a,b,b1g™, ..., b, 1 1-n
r+2Wr4o d,})(é,bl, .’qu ;g0 gt
_ (4,9,04/0,d/b:q)oc (b1/b5 @)y -~ (br/b @),
(ba,a/a,q/b,d;q)oc (b15@)m, - (br; D,
where mq,...,m, are nonnegative integers, n is an integer, and |q/a| <
|q"] < |gm™FEm/d].
(W. Chu [1994a])

5.25 More generally, extend the transformation formula in Ex. 1.34(ii) to
a,b,big™, ... b.q™r 11—
’r‘+2ﬂ}’l"+2 |: d ggq b1 bq ;q7a’ 1q1 "
) ) I R

_ (2,¢4,9/0,d/b5q)oc (01/; @)y -~ (b0/b @),
(beq, q/a,q/b,d; @)oc (b1 @)my -+ (br; Qm,

-1
¢ 4,bq/d,bq/by, ..., bq/b,
X r+2¢7“+1 [bq/a bql({/ml/gl/ 1 1%%/() 7qa0dqn (mat-fme)
where mq,...,m, are nonnegative integers, n is an integer, and |q/a| <

g < [g™ T fcd).
(W. Chu [1994a])
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5.26 Extend the summation formula in Ex. 2.33(i) to

aqn1+1

1/2 1/2 ag™k ! 1-N

oraetlorak qa'’?,—qa'’? b,a/b,c,d,e1, ..., ey, e e aq

+ + 1/2 1/2 aq aq ad aq aq —n —ng D
a/a_ /a bqacadaaa"'aaaelq Yooy exq nk cd

_ (9,9,0q,9/a,aq/bc, aq/bd, bg/c, bq/d; q)
(aq/b aq/c,aq/d,bq,bq/a,q/b,q/c,q/d;q)oo
y H G’Q/bejabq/e]7 ) :

GQ/eJa Q/ej, )nj

j=1
where ny, ..., ny are nonnegative integers, N = nq+- - -+ny, and |ag' ™ /cd| <
1 when the series does not terminate.
(W. Chu [1998a])

5.27 Prove that
S(a=2,be,bd, cd)
S(b/a,c/a,d/a,abcd)

where S is defined in Ex. 2.16. See Askey and Wilson [1985, pp. 10, 11],
where it is used to evaluate the integral in (6.1.1).

+ idem (a;b,c,d) = 2,

Notes

§5.2  Andrews [1979¢] used Ramanujan’s sum (5.2.1) to prove a continued
fraction identity that appeared in Ramanujan’s [1988] “lost” notebook. For-
mal Laurent series and Ramanujan’s sum are considered in Askey [1987]. A
probabilistic proof of (5.2.1) can be found in Kadell [1987b]. Milne [1986,
1988a, 1989] derived multidimensional U(n) generalizations of (5.2.1).

§5.3  Gustafson [1987b, 1989, 1990] derived a multilateral generalization
of (5.2.1), (5.3.1) and related formulas by employing contour integration and
Milne’s [1985d, 1987, 1993, 1994a,b, 1997] work on U(n) generalizations of the
g-Gauss, g-Saalschiitz, and very-well-poised g¢s summation formulas.

§5.4 M. Jackson [1954] employed (5.4.3) to derive transformation formu-
las for 313 series.

85.6 A transformation formula between certain 4¢3 and gig series was
found by Jain [1980b], along with transformation formulas for particular 7t
series, and then used to deduce identities of Rogers—Ramanujan type with
moduli 5, 6, 8 12, 16, 20 and 24. Some recent results on bilateral basic
hypergeometric series are given in Schlosser [2003a,b,c].

Ex.5.6 Watson [1929b] derived this identity in an equivalent form. For
various proofs of the quintuple product identity (and of its equivalent forms)
and applications to number theory, Lie algebras, etc., see Adiga, Berndt, Bhar-
gava and Watson [1985], Andrews [1974a], Atkin and Swinnerton-Dyer [1954],
Bailey [1951], Carlitz and Subbarao [1972], Gordon [1961], Hirschhorn [198§],
Kac [1978, 1985], Sears [1952], and Subbarao and Vidyasagar [1970].

Exercises 5.12 and 5.13  See Rahman and Suslov [1994a, 1998] for more
general formulas.
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Exercises 5.15 and 5.16  For integrals of Ramanujan-type that corre-
spond to the summation formulas of basic bilateral series, see Rahman and
Suslov [1994b, 1998] and Ismail and Rahman [1995].

Ex.5.18 Using (i) and (ii) one can show that the formula in Ex. 2.31
holds even when ay, as, as are not nonnegative integers, provided that |¢| < 1
and |q¢l1+¢12+0«3+1| < 1.

Exercises 5.21-5.23 Additional identities connecting sums of infinite prod-
ucts are given in Slater [1951, 1954b, 1966] and Watson [1929b].
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THE ASKEY-WILSON ¢-BETA INTEGRAL
AND SOME ASSOCIATED FORMULAS

6.1 The Askey-Wilson g-extension of the beta integral

It should be clear by now that the beta integral and extensions of it that can be
evaluated compactly are important. A significant extension of the beta integral
was found by Askey and Wilson [1985]. Since it has five degrees of freedom,
four free parameters and the parameter ¢ from basic hypergeometric functions,
it has enough flexibility to be useful in many situations. This integral is

/1 h(I71a_17q%a_q%> dl’
—1 h(:v;a,b,c,d) \/1_932
27 (abed; q) oo

= 6.1.1
(q,ab,ac,ad,be,bd, cd; q) oo’ ( )
where
h(xﬂ a1,02, ..., am) = h(l‘, 1,02, ...,0m; q)
= h(z;a1)h(z;a2) - h(z;am),
h(w;a) = h(z;a;q) = [[ (1 = 2a2q™ + a*¢*")
n=0
= (aew,ae_w; q)oo , x =cosb, (6.1.2)
and
max (|al, |b], ||, |d],|q|) < 1. (6.1.3)

As in (6.1.1), we shall use the h notation without the base ¢ displayed when
the base is q.
Askey and Wilson deduced (6.1.1) from the contour integral
1 (22,272 ¢) o0 dz
2mi Jx (az,az71,bz,bz7 1 cz,c271,dz,dz71;q) o z
2(abed; q) oo

= 6.1.4
(q,ab, ac,ad,bc,bd, cd; q) o’ ( )

where the contour K is as defined in §4.9 and the parameters a, b, ¢, d are no
longer restricted by (6.1.3), but by the milder restriction that their pairwise
products are not of the form ¢=7, j =0,1,2,... . Askey and Wilson’s original
proof of (6.1.4) required a number of interim assumptions that had to be
removed by continuity and analytic continuation arguments. In their paper

154
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they also provided a direct evaluation of the reduced integral

/1 h(z;1,-1)  dz
_1 h(z;a,b) /1 — 22
2w (—abg;
= 1 ﬂ( 1a (]7161)OO 1 (615)
(¢, —q,aq7, —aq?,bq=, —bqZ, ab; ) o
by using summation formulas for 19, and 414 series. Simpler proofs of (6.1.1)
were subsequently found by Rahman [1984] and Ismail and Stanton [1988]. In
the following section we shall give Rahman’s proof since it only uses formu-
las that we have already proved, whereas the Ismail and Stanton proof uses
some results for certain orthogonal polynomials which will not be covered until
Chapter 7.
We shall conclude this section by showing that the beta integral

! o _ o Fla+DI'(B+1)
/_1(1x) (1 + z)Pdx = 207FF1 Tat 312 (6.1.6)

is a limit case of (6.1.5).
Let 0<g<1, a=q*"2, b= —¢°T2 and use the notation

(210)a = ((Z;q)“’ (6.1.7)

24%; ) oo
and the definition (1.10.1) of the g-gamma function to express the right side
of (6.1.5) in the form
(¢ Qats(—0%; @) ar 1 (—47:0) 512

2

920+2(3+2 Lyla+ DI (B+1) m
Tyla+p5+2) T2(3) 220+20+1
By (1.10.3) this tends to 220726+ T(a+1) T(B+1)/T(a+ B +2) as ¢ — 17,
since I' (1) = /7.
For the integrand in (6.1.5) we have

h(z;1,-1) 49 o, 0
Tan ~C Dany (0o (i) (e

—i9; q) prd

and hence
h(z;1,—1
lim (; - ) s
a—1- h(x;q°t2,—¢ *2)
. , 1 , , 1
= [(1=e?) (=) [(14 ) (14770
= 20H0H1(1 — ¢os )3 (1 + cos )13,
which shows that (6.1.6) is a limit of (6.1.5).
Formula (6.1.1) is substantially more general than (6.1.5) since it contains
two more parameters. It is the freedom provided by these extra parameters

which will enable us to prove a number of important results in this and the
subsequent chapters.
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6.2 Proof of formula (6.1.1)

Denote the integral in (6.1.1) by I(a,b, ¢, d). Since x = cos € is an even function
of 8, one can write

1 T h(w;L—l,\/@—\/(_I)
= - . 2.1
la.b.c.d) =5 / Wb d (6:2.1)

Let us assume, for the moment, that a, b, ¢,d and their pairwise products and
quotients are not of the form ¢=7, j =0,1,2,.... It is easy to check that, by
(2.10.18),

h(z;1)/h(x;a,b) (6.2.2)
= (ailv bil; Q)oo /b (qu/a’ qu/b, Uu; Q)oo dqu
b(1—q)(g,a/b,bg/a,ab;q)e Jq (u/abi@)oe  h(xiu)’

h(z;—1)/h(x; ¢, d)

_ (_C_la_d_l;q)oo /d (qv/c, q’l)/d, _U;Q)oo dqv (623)
d(1 —q)(q,c/d,dq/c,cd; @)oo J, (—v/ed; q) oo h(z;v)’

and
g7 (—q¢7u"!, —qiv 1 ¢)s
U(l - Q>(qa U/U, UQ/U, uv; q)oo
_1
X/”q * (tq? Ju,tq? v, —qt;Q)os  dgt
uqié (_qt/uv;Q)oo h(x;tq%) .

h(w; —q%)/h(z;u,v) =

(6.2.4)

Also,

[ S5 Dl e (43) gy

izt = (Ge(G)e

™

)kt ) (tql)kH/ Lilth=00 gp
(@ )r(a:q)e -

|

|
L
M8

k=0
~ LN, (gt at @)

L o Wk 2k M T S 6.2.5
Z (at”) (4, qt%; @)oo ( )

for [tq%| < 1, by (1.5.1). Since

1 1
(at%:9) o0 = (%, ¢*t% 6% oo = (tq2, —1q2, qt, —qt; @)oo, (6.2.6)

we have

1/7r h(iﬁ;q%) do — ’/T(qt;Q)oo (627)

- 1 1 M
—x h(z;tq?) (q,tq2, —tq2, —1q; q)
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Thus

I(a,b,c,d)
_ ﬂ—q%(a_l?b_la_C_la_d_l;q)oo
~ bd(1 - q)3(q;9)% (a/b, bg/a, ab, c/d, dg/c, cd; @)
o /bd (qu/a,qu/b,u; q) oo /dd (qv/e,qu/d, —v,—q7 [u, —q7 [v; @)oo
qu qU
a (u/abQQ)oo c ’U(-’U/Cd, Uq/uau/vauU;Q)oo

[V

X/“q ,_(tq? /u,tq? /v, qt; 9o

w3 (g3, —tq7, —qt/uv; q)oc

mla b7 —ct —d7 )

~ bd(1 - 9)%(4:9)3 (a/b, bg/a, ab, ¢/d, dq /e, cd: q) oo
></bdqu(fm/a,qU/b;q)oo /ddqv(qv/c,(w/d,—uv;q)oo

a (—u,u/ab;q)oc Jo (v, uv, —v/ed; @)oo

_ m(a=' b1, g%, —q%, —1;¢) o /bd Lau/a, qu/b, edu; g)o

~ b1 - @) ()% (a/b,bg/a,ab,c,d,cd; q)os Ju 1 (cu, du,u/ab; ) s
m(~1,q%,—qZ, abed; q) oo

_ 6.2.8
(q,ab,ac,ad,be,bd, cd; q) oo’ ( )

by repeated applications of (2.10.18).

Since (—1,q%7—q%;q)oo = 2(q%,—q%7—q;q)oo = 2, which follows from
(6.2.6) by setting ¢t = 1, we get (6.1.1). By analytic continuation, the restric-
tions on a, b, ¢, d mentioned above may be removed.

6.3 Integral representations for very-well-poised g¢; series

Formulas (2.10.18) and (2.10.19) enable us to use the Askey-Wilson g-beta
integral (6.1.1) to derive Riemann integral representations for very-well-poised
g7 series.

Let us first set

1 h(l‘, 17 _1?q%a _q%)

w(w;a,b,c,d) = (1 —2%) "2 h(wra.b,e.d) (6.3.1)
and
1 )
J(a,b,e,d, f,g) = /_1w(x;a,b, ¢, d) ZE;’ ?; dx, (6.3.2)
where max(|al, [b], ||, |d|, |f], |q]) < 1 and g is arbitrary. Since, by (2.10.18),
hwsig) (9/d,9/f3 @)oo
T (qu/d, qu/f, gu; @)oo
d 3.
<J, W G e (03
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we have
(9/d.9/f;a)
J(a,b,c,d, f,g) =
( 19 = 5000 d/f.af /4 dF D
f ( . 1
qu/d, qu/ f, gu; q) /
; . 3.4
X /d dqu (Gu/df 0)m 71w(:1c,a,b, c,u) d (6.3.4)
By (6.1.1),
! 27 (abcu; ¢) oo
Substituting this into (6.3.4), we obtain
_ 2m(9/d, g/ f1 @)oo
b 12 9) = F 0 g 0%,/ . f /. df ab, ac, i g)on
T (qu/d, qu/f, gu, abcu; q)o
) /d ot (au, bu, cu, gu/df; @)oo (6.3.6)

The parameters in this g-integral are such that (2.10.19) can be applied to

obtain
o (g/f, fg, abef, bedf, cdaf, dabf; q)o
b.c.d =
T(ab.¢,d, 1,9) = T ad bd, cd, af, bF, of, df, ab, ac, be, abedf?; g)

x sWr(abedf*q~";af,bf, cf df,abedfg™ "5 q, 9/ ), (6.3.7)

provided |g/f| < 1, if the series does not terminate. By virtue of the transfor-
mation formula (2.10.1) many different forms of (6.3.7) can be written down.
Two particularly useful ones are

27 (ag, by, cg, abed, abef; q) oo
(g, ab,ac,ad,af,bc,bd,bf, cd, cf,abcg; q)oo
X 8W7(abcgq71; ab,ac,be,g/d, g/ f;q,df), (6.3.8)

which was derived in Nassrallah and Rahman [1985], and

J(aaba c, d7 fag) =

27 (ag, by, cg,dg, fg,abedf /g; q) oo
be.d -
b, d 1. 9) = T e, ad, af, be, bd, b od, of, df, 4% 4)
x sWr(g*qa "5 9/a,9/b,g9/c,g/d, g/ f;q,abedfg™).
(6.3.9)

If the series in (6.3.9) does not terminate, then we must impose the condition
labedfg~1| < 1 so that it converges.

Note that, if in (6.3.8) we let 0 < ¢ < 1, a = —b = qz, ¢ = ¢z,
d=z f=—¢°2%, g= 20 with Re(a, 8) > f% and then take the limit
q — 17, we obtain, after some simplification,

['(a+G8+2)
Nla+1)T'(B+1

1
Fi(v,a+lia++42;2) = >/ (1 — 2)?(1 — x2)Vdz.
0

(6.3.10)
This shows that (6.3.8) is a g¢-analogue of Euler’s integral representation
(1.11.10).
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Another limiting case of (6.3.8) was pointed out in Rahman [1986b]. To
derive it, replace a,b,c,d, f,g in (6.3.8) by q% ¢ ¢%,q¢% ¢, q?, respectively.
Also, replace z in the integral (6.3.2) by cos(tlogq), which corresponds to
replacing €’ by ¢*. Now let ¢ — 1~ and use (1.10.1) and (1.10.3) to get the
formula

1 [ Dla+it)l(a—it)['(b+it)L'(b—it)L'(c +it)'(c — i)
ir | . T(2it)T(—2it)
" I(d+it)I(d — it)D(f +it)[(f —it)
T(g +it)['(g — it)
TFla+bdT(a+c)T(a+d)T(a+ )T+ c)I(b+d)
I'a+g)T'(b+g)T(c+g)
P+ )T (c+d)(c+ fHlT(a+b+c+g)
Fla+b+c+d)Tl(a+b+c+ f)

a+b+c+g—1,%(a+b+c+g+1),a—|—b,a—|—c, b+c
slatbtetg—1),ctgbtgaty,
g_d? g_fa .
a+b+ct+d,at+btc+ f’

where Re (a,b,c,d, f) > 0.

dt

x 7Fg

1/, (6.3.11)

6.4 Integral representations for very-well-poised 19¢g series

If we set g = abedf in (6.3.7), then the W7 series collapses to one term with
value 1 and so we have the formula

/1 h(x; 1,71,q%,7q%,abcdf) dx
1 h(z;a,b, e, d, f) V1—22
27 (abed, abef, bedf, abdf, acdf'; q) o
(g,ab,ac,ad,af,be,bd,bf, cd,cf,df;q)oo
=gola,b,c,d, f), say, (6.4.1)
where (max |al, |b], |c|,|d],|f],]q|]) < 1. This is a g-analogue of the formula
' a—1 b—1 —a—b I'(a)L'(b)
/O:c (1—-2)"""(1—tx) dx:m
Replace f by f¢™ in (6.4.1), where n is a nonnegative integer, to get
1 il fe=if. q),
/_1 v(zia,b,e,d, f) (abcfi;e_w{abcdfeze; Dn du
(af,bfscf df; @)n

(1-1t)"% Re(a,b) > 0.

) b 6.4.2
go(a,b,c,d, f) (bedf, acdf, abdf, abef; q)n’ ( |
where
1 i1,—1,q2,—q2
v(m;a,b’c,d’ f) _ (1_1:2) 2 h(l’7 9 »q2%, —q aadef) (643)

h(x; a? b’ CV d? f)
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Let 0 = abedf. If |z| < 1, then (6.4.2) gives the formula

1
/ U(J]7 a, ba ¢, da f) T+5W7‘+4(0fq_1; A1, ..,0Qr, fewa fe_ie; q, Z) dx

1
= go(a7 b7 ¢, d7 f) T+7WT+6<0—fq71; A1y ..y Qr, CLf, bf7 Cf7 df7 q, Z) (644)

In particular, for r = 3 and z = 02 /ajazas, we have the formula

1
/ U(.’E, a, b7 c, d7 f) 8W7<qu71; ai, az,as, feiea feiie; q, 02/a1a2a3> dx
-1

= gO(a, b, &) da f) IOWQ(qu_l; ai,az, as, afv bf7 Cf7 df} q, 02/a1a2a3),
(6.4.5)
where |02 /ajazas| < 1, if the series do not terminate.
Let us assume that

a1asa3q = o2 (6.4.6)

which ensures that the very-well-poised series on either side of (6.4.5) are bal-
anced. Then, by (2.11.7)

sWr(ofq a1, a2, a3, fe, fe " q,q)
(0f,qa1/0f,az,qa1/az, a3, qa1/az; @) h(x; f, qa1/ f)
(of/qar,of/az, 0 f /a3, qaraz/o f,qara3 /o f,q*ai /o f; q)ech(2;0,qa1/0)
x sWr(qai/of;a1,qa1az/0f, qaras/o f,qare’ Jo,qare™" o3 q,q)
_ (of,0f/azas,qar/of,0/f;q)ch(x;0/a2,0/a3) (6.4.7)
(07 Jas, o1 a3, qur> o] qas 3]0 [+ q) (i 7.0 azas) 4

and hence

/1 h(l’;1,*1,(]%,*(]%,0/&270/&3) dx
1 h(z;a,b,c,d, f,o/azas) V1— 22
(of/az,0f/as,0/faz,0/fas;q)
R R ety ot
x 10Wo(o fq a1, az,as,af,bf,cf, df;q,q)
(af,bf,cf,df,az,a3,qa1/as,qa1/as;q) oo
(o0/a,0/b,o/c,0/d,qaay /0, qbai /o, qcar /o, qdal/o;q)co
o (qai/af,qa1/bf,qa1/cf,qa1/df, qa1/of;q)
(0/f.0f/qa1,0fazas,0/fazas, ¢*at/o fiq)e

x 10Wo(qai/of;a1,0/faz, 0/ fas, qaar /o, qbayi /o, qcar /o, qdai /o q, q) }7

(6.4.8)

where o = abedf and ajasasq = o>

Since the integrand on the left side of (6.4.8) is symmetric in a, b, ¢,d and
f, the expression on the right side must have the same property. This provides
an alternate proof of Bailey’s four-term transformation formula (2.12.9) for
VWP-balanced 1¢¢9 series which are balanced and nonterminating.
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If weset a3 =¢q¢™™, n=0,1,2,..., then the coefficient of the second 1oWy
on the right side of (6.4.8) vanishes and we obtain

/1 h(z;1,-1,q7,—q%,0) (06 /g,0¢7" /g;q),,  dz
—1 h(m;a,b, C, da f) (Ueieaae_w;q)n V 1-— £U2

(0f/9,0/f9;Dn

= b,c,d
ol b ) T
« ¢ v, qﬁa _qﬁa 9, le, bfa Cfa df7 U2qn_1/gv q—n .
WP w, o g, 0fa o fbofe,a/d, fgt—m /o o fgr T

(6.4.9)

where v = of/q. By applying the iteration of the transformation formula
(2.9.1) given in Exercise 2.19, this can be written in the more symmetric form

/1 h(x;lu_laqéa_q%?o-qnuT) dz
—1 h<x;a7b707d7 faan) \/171’2

b DG o o b o] o do T2
2¢7 Y rq2, —7q%,7/a,7/b,7)c,T/d, T/ ], orq" g
X 100 l Tq %, —7q"2,7a,7b, T, Td, Tf, 7q" " o, T2q" by
(6.4.10)

where o = abedf and T is arbitrary. Similarly, by applying (2.12.9) twice one
can rewrite (6.4.8) in the form

/1 h(.’E;L—l,q%,—q%,/\,M) dx
—1 h('r;a’ab7c7dafvg) V1*x2
_2n(u/af, Aw/bf, A/ cf, M/ df, Ag, g, Mg, 14/ 95 @)oo
(¢,ab,ac,ad, ag, be,bd, b, cd, cg, dg, fg, /9, A\ng/ [ 4)oo
X10¢9 |:Vl7Q\/E7 _Q\/V_lv ag, bga cg, dga /\/faﬂ/fv/\N/Qq q:|
VUL =L Aufaf, Apfof, Aufef, Mu/df, ng, Ag, ga/f T
2m(Au/ag, Au/bg, M/ cg, Au/dg, N, i f, N f, 11/ f1 @)oo
(Q7 aba ac, Cld, le, bC, bda bfa Cda Cfa df7 gf’ g/fv )‘Mf/g’ Q)oo
X10¢9|:V25(J\/V—27 7Q\/V_27 le, bf7 Cfa dfa /\/97N/97>\M/Qq q:|
\/V_2a _\/V_Q, )‘M/a‘gv )\M/bg, >‘:U’/Cgv )‘:U’/dgv Mf7 )‘fv fq/g7 ’
(6.4.11)
where v1 = Aug/fq, vo = Muf/gq, \p = abedfg and max(|al, [b], ||, |d],
[f],1g], lg]) < 1. For these and other results see Rahman [1986b).

If A or p equals a,b,c or d, then the right side of (6.4.11) is summable
by (2.11.7), while the integral on the left side gives the sum by (6.4.1). For
this reason the integral in (6.4.1) may be considered as an integral analogue
of Bailey’s formula (2.11.7) for the sum of two balanced very-well-poised g¢r
series. Likewise, the integral in (6.4.2) is an integral analogue of Jackson’s sum

(2.6.2). Indeed, a basic integral may be called well-poised if it can be written
in the form
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- ljl(ajeiﬂajeilﬂqx)o

/ . do (6.4.12)
7 T (b€, bje=; q)oo

<.
Il
—

, (6.4.1) and (6.4.2) are all well-poised.

~—

The integrals in (6.1.1), (6.3.2

6.5 A quadratic transformation formula for
very-well-poised balanced 19¢g9 series

In (6.4.11) let us set u = —\, g = —f and b = —a so that \> = —a?cdf?. Then
the expression on the right side of (6.4.11) becomes
2m(Nfef, N /df; @)oo (M@ F2, 02 12,02 %5 4%) oo
(Q7 _17 _a27 _f27 >\27 Q)Oo(a2c27 a'2d2a a'2f2; QQ)OO(Cdv Cf7 df7 Q)oo
X 1OW9()\2q71; _>\2q717 (lf, —Gf, >\/f7 _)‘/f7 Cf, dfv q, Q)
2N X @) (V1 NP )
(q> _17 _a2, _f23 )‘2; q)oo(a202a a2d23 a’2f2; q2)00(6d7 _Cf7 _dfa q)oo
X 1OW9(>‘2q_1; _>‘2q_1, (lf, _a’fa )‘/fv _)‘/fa _Cfa _df, q, q)
(6.5.1)

We now turn to the integral on the left side of (6.4.11). Observing that

h(w; 0, —a) = (a%e%?, a2, 7)., = h(€; a% ¢?), (6.5.2)

where x = cos and £ = cos 20 = 22 — 1, it follows from (2.10.18) that
Mz A=) h(E N6

h(‘r’ a, —a, f7 _f) B h(é.’ a27 f21 q2)

_ (\2/a®, N/ 1% %)

C PP =)0/ 2,627 )02, 62 2 ¢%)
2 (020 a2 o2 £2 \24p- o2
X/ (¢"u/a”, ¢ u/f* Nu;q )oodqw' (6.5.3)
2 (Nu/a? f26%) s h(5us )

2

Hence the integral on the left side of (6.4.11) can be expressed as
(N?/a* N/ % ¢%) oo
f2(1 - q2)(q27 a2/f2,q2f2/a2, a2f2; qz)oo
12 (¢u/a?, ¢*u/ f2, \u; ¢° 1
q*u/a®, ¢*u/f? N5 %) o . PR
<, e | wedat o) do
_ 21(N?/a*, N/ 1*6%) o
P =) (?,a?/f?,q* [ [a?, a* %5 4%) o (q; ed; @) o
[ ol )
a? ()\QU/CLQf27 CQU, dQU, —u, —ug; q2)oo e
by (6.1.1). Since \?> = —a®cdf?, the g-integral on the right side of (6.5.4)

2

(6.5.4)
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reduces to
2
/f (®u/a?, ¢*u/ 12, —cdqu, —a*cdf?u; ¢*)oo
2. 12 2 ¢ U
a2 (C u, d u, —u, —uq; q )oo

20— )0/ 12, %%/ a* %)
(QQCZ, a2d27 62f2, d2f2; q2)oo
(—a202f2, _a2d2f27 01202d2!1027 —cdqf2, —a2cdf4; q2)<x>
(=a®, —f%, —qf? —a*d? [4¢%)
x sWr(—a®d?ftq™% 2 f2,d? f2, — f?, cd, cda® f2q 71 %, —qa®),
(6.5.5)

by (2.10.19).
Using this in (6.5.4) and equating with (6.5.1) we obtain the desired
quadratic transformation formula

2 o 2d. oo _ _
: a(fljjjycf?q)ﬂ@ 1WwWo(\2q™Y =N af, —af, A f, =M/ f,ef,df  4,9)

(a®cf,a’df; q)oo
(7df7 *Cf; Q)oo

= (_1> _Cdev _Cda2f2; Q)oo

10W9(>\2q_1; 7)\2(]_17 le, 7af7 )‘/fa 7)‘/‘}[7 7Cf7 7dfa q, Q)
(—qa?, —a%c2 2, —a?d? 2, ¢?) oo
(02f27 d2f27 _a’202d2f4; q2)oo
X 8W7(_a262d2f4q72; C2f27 d2f27 _f27 Cd> Cda2f2q71; q27 _qa’Z)v (656)
with A2 = —cda®f?. This gives a nonterminating extension of the transfor-
mation formula (3.10.3) when the bibasic ® series is a balanced 19¢9 . For

an extension of (3.10.3) when the ® series is not balanced, see Nassrallah and
Rahman [1986].

6.6 The Askey-Wilson integral when max (|al, |b|, |c|,|d]) > 1

Our aim in this section is to extend the Askey-Wilson formula (6.1.1) to cases
in which |g| < 1 and the absolute value of at least one of the parameters is
greater than or equal to 1. Since the integral in (6.1.1), which we have already
denoted by I(a,b,c,d), is symmetric in a,b, ¢, d, without loss of generality we
may assume that |a| > 1.

Let us first consider

la] > 1 > max(ol, |c], |d]). (6.6.1)

If @ = £1, then the functions h(z;£1) and h(z;a) in the integrand in
(6.1.1) cancel and by continuity it follows that
27 (£bed; @)oo
(q, £b, +c, +d, be, bd, cd; @) 0o
However, if |a| = 1 and a # +£1, then h(x;a) = 0 for some z in the interval

(—1,1) and so the integral in (6.1.1) does not converge. Similarly, this integral
does not converge if |ag™| = 1 and ag™ # +1 for some positive integer n.

I(£1,b,c,d) = (6.6.2)
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If there is a nonnegative integer m such that
lag™ ™t < 1 < |ag™| (6.6.3)

and if ab,ac and ad are not of the form ¢~" for any nonnegative integer n,
then the integral in (6.1.1) converges and we can evaluate it by the following
technique.

Observe that, since

h(z;a) = (ae”,ae™"; q)ms1 h(z;0g™ ")
= 2mH2gmam e qqm L g™ 10) Ih(zs g/ a), (6.6.4)

we have

2

I(a,b,c,d) = a=2m 2g—m™™
/1 h(.’l?,l,—l,q% —q%,Q/G/) dx
—1 h(fB, ba C, da aqm-i-l,q—m/a) V 1-— £U2,

where the parameters b, ¢, d, ag™ "1, ¢~™ /a in the denominator of the integrand
are now all less than 1 in absolute value. By (6.3.8),

(6.6.5)

2m(qb/a, qc/a, qd/a,abedg™*, bedg™™ /a; q) o
(q,be, bd, cd, abg™+1, acqg™ 1, adg™+1, bedg/a; q) oo

—2m—2,,—m—m?

a q
(bg=™/a,cq=™ [a,dqg=™ [a; q)oo
x W (beda™t;be,bd, cd, g™ a2, ¢™ 1 q, q). (6.6.6)

I(a,b,c,d) =

X

The series in (6.6.6) is balanced and so we can apply Bailey’s summation
formula (2.11.7). After some simplification we find that

27 (abed; q) oo

I(a,b,c.d) = Lo (a:b,c,d), 6.6.7
(a,5,¢,d) (g, ab, ac,ad, be, bd, cd; q) 0o + Lm(a; b, ¢, d) ( )
where
Lo (a:b,c,d) = 2n(aq/d, bq/d, cq/d, g™, abeq™*, g™ Ja?, beg™™; @) o
M (q,ab, ac, be, abgm Yt acg™ Y adq™ Y agm L /d, abeq/d; @) o
alf2m71d71qu,fm2
X
(bg=™/a,cq=™ [a,dg=™ [a,q~™ [ad; q)
x sWr(abed™';be,q™™ Jad, ag™ ' /d, ab, ac; q, q). (6.6.8)
By (2.10.1),

sWr(abed™*;be, g™ Jad, aqg™ " /d, ab, ac; q, q)
_ (abeq/d, q/ad, abg, acg; q)
— (ba/d, cq/d, q,abeg; 4)o
x sWr(abe; abed, ab, ac, a*q™ ™, q~™; q, q/ad). (6.6.9)
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Since m is a nonnegative integer, the series on the right side of (6.6.9) termi-
nates and hence, by Watson’s formula (2.5.1),

(abq, acq; q)m

e [qm, ab, ac, ¢ "/ad ] _ (a®beq,q,aq/b,aq/c; @)m
beg™™, aq/d, ¢~ (qa?, abg, acq. 4/b¢; @)m

a?,qa, —qa, ab,ac,ad, a*¢" g™ ¢

a,—a,aq/b,aq/c,aq/d,q~™, a*qm™ 1 @ M]

sWr(a?be; abed, ab, ac, a*q™ ™, ¢~ ™; q,q/ad) =

X gp7 [
_ (a®beq, g, aq/b, aq/c; @)m
(qa2 abq,acq7 q/b¢; @)m

% Qr(1 — a%¢?*)(ab, ac, ad; q)y, q \k
kZO %49 1 (1—a?)(aq/b,aq/c,aq/d; q)x (abcd) ' (6.6.10)

Using (6.6.10) and (6.6.9) in (6.6.8), we obtain

2m(a”% @)oo
Ly(a;b,c,d) = —
(a;b,¢,d) (q,ab ac,ad,b/a,c/a,d/a;q)o
- — a?q®**)(ab, ac, ad; q) g \*k

.6.11

% Zo 1—a2)(aq/b aq/c,aq/d; q)k (abcd) (6.6.11)

Hence
/1 h(wil,—1.g%, —q%) dv 2m(a”% q)oc
1 h(m a,b,c, d) V1—22 (q,ab,ac,ad,b/a,c/a,d/a;q)so

o G a’q®*)(ab, ac, ad; q)y, q \*
z% 1 - az)(aq/b aq/c,aq/d; q)k (abcd)

_ 27r(abcd, 7)o 7 (6.6.12)
(q’ ab? ac? ad7 bc’ bd’ Cd; q)OO
where max(|b|,|c|,|d|,|q]) < 1, |ag™T!| < 1 < |ag™| for some nonnegative
integer m, and the products ab, ac,ad are not of the form ¢7",n = 1,2,....
Askey and Wilson [1985] proved this formula by using contour integration. By
continuity, formula (6.6.12) also holds if the restriction (6.6.3) is replaced by
m = 4£1.

Note that, if one of the products ab, ac or ad is of the form ¢~ for some
nonnegative integer n, the integral in (6.6.12) converges even though the de-
nominator on the right side of (6.6.12) equals zero as does the denominator
in the coefficient of the sum in (6.6.12). If we let ab tend to ¢—™ then, since
|b| < 1 and |ag™*| < 1 < |ag™|, we must have n < m. We may then multiply
(6.6.12) by 1 — abg™ and take the limit ab — ¢~™. The result is a terminat-
ing g¢5 series on the left side and its sum on the right, giving the summation
formula (2.4.2).

If max(|c|,|d|,|¢q]) < 1 and there are nonnegative integers m and r such
that

|aqm+1| <1< ]aq™|, |bqr+1| <1< |bg"|, (6.6.13)
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then the above technique can be extended to evaluate I(a,b,c,d) provided
the products ab, ac, ad, be,bd are not of the form ¢~™ and a/b # ¢*" for any
nonnegative integer n. Splitting h(x;b) in the same way as in (6.6.4) and using
(6.3.4) we get

I(a,b,c,d)
_ b72r72q77‘—r2 J(CL, quJrl, qf’r/b7 c, d, q/b)
— b—27‘—2 —r—r? (Q/bc7 q/bd7 Q)OO

d(l Q)(Qac/d7 dQ/Cv cd; Q)oo
d 1
d b: ¢) oo _
X / dqu (qu/c, qu/d, qu/b;q) / w(x;a,bg" ™, ¢ /b, u) d.

(qu/bcd; @)oo _1
(6.6.14)
However, by (6.6.12),
1
/ w(z;q,b¢" ™, q7"/b,u) da
-1
_ 21 (aqu; ¢)so
"~ (g,¢,abg" 1, aq" /by q) oo (au, bug 1, ug=" /b; q) s
B 2m(a”?;q) oo
(q,abq™+1,q=" [ab,bq" 1 /a; q) oo (au, u/a; q) oo
- (a%;q)k(1 — a?¢®*) (au; q)y &
) 6.1
g kz:;) (¢ k(1 — a?)(ag/u; )x (au) (6.6.15)
Since by (2.10.18),
/d dqu(qU/c, qu/d,qu/b;q)es  (au;q)y (qu)
c (qu/bed, au,u/a; q)so  (aq/u; q)k
d
o _ d, qu/b; q) o
— (—1)kq 2k k(k+1)/2/ d (qu/c,qu/d, ;
(=1)a™" . " Cqufbed, augF,uq*ai g
_ d(l B Q) ((L C/d7 dQ/C, Cd7 q/a’b7 aq/bv Q)oo
(g/bc,q/bd, ac,ad, c/a,d/a; q)oo
(ab,ac, ad; )y q \*
6.1
* Galbagiesaa/ion \aved) (6.6.16)
we find that

I(a7 b? C? d) = Lm (a; b? C? d)
21 (adg, edg, dq/b, "2, ¢ 7 /b2 )ecb 2 27T
(¢,q,ad, cd, dg? /b, abg™+1, beq™+1, bdg™ 1, aq=" /b, cq™" /b, dq™" /b; q) o
x sWr(dq/b;bdq™ ", q,dq™" /b, q/bc, q/ab; q, ac), (6.6.17)

where Ly, (a;b,c,d) is as defined in (6.6.11). The reduction of this gWW7 will be
done in two stages. First we use (2.10.1) twice to reduce it to a balanced W5
and then apply (2.11.7) to obtain

sWr(dg/b;bdg" ", q,dg™" /b, q/bc, q/ab; q, ac)
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(dq?/b, q/bd, abedq™ 1, acdq™" /b; q) oo
(¢'~7/b%,q"+2, ac, qacd?; )
x gWr(acd?; abed, bdq™, dq™" /b, ad, cd; q, q/bd)
(dg* /b, agq/b, cq/b, q, abedg™ ', acdqg™" /b; q)
(ac, adq, cdq, acdq/b, q" 2, ¢' =" /6% q) oo
x sWr(acdb™; cd, ad, ac,q" ™, ¢~ " /b%;q, q)
(dg?/b,aq/b,b/a,q,q/ab, abed, beq™ ™t bdg" ™, cq™" /b, dg™" /b; q) oo
(ac,adq, cdq, dq/b,bd, be, "2, bq™t Ja, g~ [ab, ¢ =7 /b%; @) o
b (dg*/b,q,bq/a,cq/a,dg/a, ad, ¢, b2cdq"™, cdg™", g7 /6% q) oo
a (bedq/a, dq/b, be, bd, adq, cdq, "2, bqg" 1 Ja, g7 /ab, g1~ /b?; @) o
x sWr(beda™t; be, bd, cd, bg" " Ja, q~" /ab; q, q). (6.6.18)

Substituting (6.6.18) into (6.6.17) and simplifying the coefficients we get

27 (abed; q) oo
(g, ab, ac,ad, be, bd, cd; q) 0o
2m(bg/a, cq/a,dgq/a, ", b*edg™ ! edg™" 7" /b ) oo
(q,be,bd, cd, abq+1, beq™t 1t bg™t Ja,aq™" /b, cq7 /b, dqTT; @) oo

—2r—1,—1 —r—r2
b a"q

X
(g=7/ab,bedg/a; q) oo

I(aa ba ¢, d) - Lm(a7 b7 & d) -

sWr(beda™';be,bd, cd, bg" " /a,q' " Jab; q, q).

(6.6.19)

The expression on the right side of (6.6.19) is the same as that in (6.6.8) with
a, b, c,d, m replaced by b, d, c,a and r, respectively, and so has the value

27(b™2;5 ¢) oo
(g,ba,be,bd,a/b,c/b,d/b; q)eo
T (b 1 — b2¢?%)(ba, be, bd, k
XZ (0% )i ( - q°*)(ba, be, bd; q) ( q )
“ (¢ Q) (1 — %) (bg/a,bq/c,bq/d; q)r \abed
= L.(b;c,d,a), (6.6.20)
by (6.6.11). So we find that

I(a,b,c,d) — Ly, (a;b,e,d) — L-(b;c,d, a)
27 (abed,
- m(abed; 4)oo , (6.6.21)
(g, ab, ac,ad, be, bd, cd; q) 0o
where the parameters satisfy the conditions stated earlier.
It is now clear that we can handle the cases of three or all four of the
parameters a, b, ¢, d exceeding 1 in absolute value in exactly the same way. For
example, in the extreme case when min(|al, ||, |¢|, |d|) > 1 > |q| with

lag™ ™| <1 < |ag™|, |bg""| <1 <|bg"],
|cqs+1| <1< |eg’|, |dqt+1| <1< |dg"|, (6.6.22)

for some nonnegative integers m,r,s,t such that the pairwise products of
a,b,c,d are not of the form ¢~ and the pairwise ratios of a,b, c,d are not
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of the form ¢*" for n =0,1,2,..., we have the formula
I(a,b,c,d) — Ly (a;b,e,d) — L.(b;¢,d,a) — Lg(c;d, a,b) — Ly(d; a, b, ¢)
B 27 (abed; q) o
(g, ab,ac,ad, be, bd, cd; q) oo
where Ls(c;d,a,b) and Li(d;a,b,c) are the same type of finite series as those

n (6.6.11) and (6.6.20), and can be written down by obvious replacement of
the parameters.

(6.6.23)

Exercises
6.1 Prove that
/7T sin® 6 do (1 —ajazazay)
4 2 I (1 —ajap)
O 110 - 2a; cos f + a?) 1<j<k<4 !

Jj=1
when max(|ai1], |az|, |as], |as|) < 1.

6.2 Use the ¢g-binomial theorem and an appropriate transformation formula
for the o¢7 series to show that

/1 h(z;1,-1)  dx
_4 h(z;a,—a) 1 — x2
27 (90”3 @)oo

1 b
aq?, —aq?, —a%; q)oo

la| < 1.
(¢, —q,aq7, —aq

6.3 Prove that

/7’\' (6210,6—21‘9;(]2)00 do
0o (

qe?? qe=210;¢2) 1 —2zcos0 + 22

)

ZW(qqz,qz,q i 1—¢q (g22)"
(2, 4% 222 q 2"“

where 0 < ¢ < 1 and |z¢2] < 1.
6.4 If 0 < ¢ < 1 and max(|al,|b|, |c|,|d|) < 1, show that

/1 h(x;l,—l,q%,f) dx
_1 h(z;a,b,e,d)  /1— 22
B 2r(af,bf, cf, fabcq%,abcd; q) oo
- (g, ab, ac, ad, be, bd, cd, —aq? , —bq? , —cq? , abef; q)so
x sWr(abefq~'sab,ac,be,—fq~ %, f/ds g, —dq?).
6.5 If max(|al,|b|,|c|,|d|,|q|) < 1, show that
/1 h(z;1,-1,q%,—q%,—q/c)  dx
1 h(x;a,—a,b,—b,c) V1= 22
27(—q3 @)oo (—a?b?c?, —¢° /1 %)
(4 @)oo (—a?, =%, a%b%, a*c?, b*¢c*; 4% )
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6.6 Ifb=a"1 |c| <1,|d <1 and |ag™"| <1< |ag™| for some nonnegative

integer m such that ac,ad are not of the form ¢=™,n = 0,1,2,..., show
that
2 2\—1
I(a,a™ ', c,d) + rlga’)
(q, q,acq,adg, c/aq,d/aq; q)s
1
N a’ 2’“+2)(acq7adq;q)k(Q/0d)k
— k+1 —a2¢" ) (ag?/c, ad?/d; Q)n
_ 2
"~ (¢,q,ac,ad, c/a, d/a;q)so
1 1 1
>< _ _ r
Z{az cd) acl —q"  ad! —qr}q ’

where I(a,b,c,d) is as defined in (6.2.1). If m = 0, the series on the left
side is to be interpreted as zero.

6.7 Applying (2.12.9) twice deduce from(6.4.8) that

/ h(C059§17*17q57*qia)\yﬂ)de
O h

(cos 0;aq, az, as, a4, 05,06

oo H )\aj,
N/A 7)o )\/aﬁ
X 10W9(>\ 1')\,U/Qv/\/alv)\/GQ»)\/@&)\/GA’)‘/GS;)‘/a63% q)

oo ,uaj,
>‘/,U'7 .U'/aja

x 10Wo (1i” q’l;Au/q,u/al,u/amu/a37u/a4»u/a5,u/aﬁ;qﬂ%

6
where Au = [] a;, max(|g|, |ai],...,|as]) <1, and
j=1

6
m [T (M aj, 1/aj;0)
A= =1
(q,)\2,,u2;q)oo H (ajak;(Z)oo

1<j<k<6

(Rahman [1986b, 1988b])

68 PI‘O\/B that
sWr (abczq 1'(12’ bz, cz abcdf/q 1/f~q —2 >
bl 9 ) bl ) b b Z

_ (g.az,a/z,bz,b/z, cz, abcz, abe/ Az, A\pPq/abdz, p?, ab/ p?; q) o
~ 2w(ab,ac,be,q/dz, zq/ fd, abez f, qu? /dz, aq/ fdp?; q) s
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% ()\q asz bch) /1 h(x;]'?_lvq%,_q%a%?f%zu)
bd’ A2 ) ) ca b, [ abe Aug
H ! h(‘rvuuuvﬂzaz7 ,u’ab )

0 —if
a ae’ ae q ab Aq
X ; ) ) ) 7b
b 7(de2 p 0w bdf gl abedf’ ! C)

w- (BB B 4 9P

ST\ &2 "2 de X abed T V11— g2
where |z| = 1 and max(lal, [bl, [e], [d], [f], [u], |a/pl; [0/ pl, labe/ Al | Apg/abd],
la/dz], Jgl) < 1.

6.9 Choosing A\ = abcdg™! and f = ¢" deduce from Ex. 6.8 that

—-n

193 {q

(qaaba,UJZ;q)OO /1 h(mvla_]wq%a_q%)
= 7}1 N b T B
27 (abp?; @) oo (z: ap, by _1 h(z;a,b, uet?, pe=)

, abedq™ ™Y, ape'™, ape™™
abu?, ac, ad 4, d

, abedg™ ™', ae'?, ae? dx
34,4

V1—22’

—n

X 4¢3 {q

ab, ac, ad
where z = cos® and max(|al, |b], |ul, |q]) < 1

6.10 Show that

/°° (tax, —ia/x,ibx, —ib/x,icx, —ic/x,idx, —id/x; q) o dx

0 (=g, —q/2% q)o x

_ (loggq~*)(ab/q, ac/q,ad/q, be/q,bd/q,cd/q, 4:4)
(abed/q%; )

when |abed/q?| < 1 and |q| < 1.
(Askey [1988b])

6.11 Show that

/ / o1 o1 (—tig YR gtV )
t7 Tty
(—t1, —t2;9)
_ Pa(@)ly(z + k)L (y)Tq(y + k)Tg(k + 1) (2k + 1)
Loz +y+E)y(x+y+2k) (k+ 1) (k+1)
[C(2)T(1 - x)]?
Ly(x)Ty(1 —2)Cy(x + 2k)Ly(1 — z — 2k)

25 (taq* ™% t1; q)ardty dts

X

when Re x >0, Rey >0, |¢| < 1,and k=0,1,....
(Askey [1980b])
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6.12 Show that
/OO /OO =11 (—at1g" V2R —atyq VTR )
o (—at1, —ats; q)oo
x 15 (taq" " [t1; @)2k dgtadgta
Ly(@)ly(x + k)L (y)Tg(y + k)L (k + 1)y (2k +1)
Folx+y+E)g(x+y+ 2k (k+ 1)y (k+1)
(—ag®, —ag"***, —¢" " Ja, —¢' 7" " [a; q)
(—a,—a,—q/a, —q/a;q)s
when Re 2 >0, Rey >0, |¢| <1,and k =0,1,....
(Askey [1980b])

6.13 With w(z;a,b,c,d) defined as in (6.3.1), prove that

/ / w(z; a,aq?,b,bg?) w(y; a,aq?, b,bq?)

15 10— 2
}(q26(9+¢) q2€(0 ¢),Q)k’ dxdy

X

ﬁ 2
_ 1)k+1/2 1 k+1 2
]:1 ]. ab q abq(J ) / abq(] ) ) ]
2 .
H (@202, gF 1 g g)oo
(a2qli— 1)k+1/2 b2qU-DRF1/2 gikt1, )

where © = 00597 y=coso, |[¢ql <1,and k=0,1,....
(Rahman [1986a])

6.14 Let C.T. f(x) denote the constant term in the Laurent expansion of a
function f(z). Prove that if j and k are nonnegative integers, then

CT. (qx T 7Q) (qu ,q.’E 7q2)k

1 —2i0

=5 (qe e 2%:q);(qe"™, qe "5 ¢%)), db
_ (sq ) (q2 ) R(@ 156
( ) ( (q q)]+2k '

(Askey [1982b])
6.15 Verify Ramanujan’s identities

0
(1) / 6712+2m1¢(_aqe2k17 —bqeiQkI; Q)oo dx
—o00

_ VT (abg; q)se™
(ae?™k /g, be=2mF /G @)oo’
. o0 e~ @ +2ma gy
(ii) /OO ((162““”\/6, be—zikm\/a; ?)oo
_ VT e (—agetmE, —bge2imE; g) o
B (abg; @)oo ’
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where ¢ = e~2*" and lg] < 1.
(See Ramanujan [1988] and Askey [1982a])

6.16 Derive the ¢-beta integral formulas

0 I (—tg, ~¢"* /6 @)oo dt _ Ty(@)Ty ()
0 (_t7 _q/t; Q)oo t I1q (a + b)

and

(=t,—q/t;q0)oc t 1—q Dgla+b)’

(i) /0°° (—tq", —q“ T Jt;q)oc dt  —log q T q(a)Ty(b)

where 0 < ¢ <1, Rea >0 and Re b > 0.
(Askey and Roy [1986], Gasper [1987])

6.17 Extend the above g-beta integral formulas to

/OO tcfl (_tqba _qa+l/t; Q)oo dqt
0

(i)

(=t —q/t; @)oo
_ (=g ="' @)oo Tgla+ )Ty (b = ¢)
(-1, -4 q)e Lq(a+0b)
and
@ [
0 (—t,—q/t; 0o

_ L)1 —¢c)Tg(a+c)Ty(b—c)
Lg(e)lq(1 = ¢)lg(a +b) 7

where 0 < ¢ <1, Re (a+¢) >0 and Re (b—¢) > 0.
(See Ramanujan [1915], Askey and Roy [1986], Gasper [1987], Askey
[1988Db], and Koornwinder [2003])

6.18 Use Ex. 2.16(ii) to show that, for y = cos ¢,

i (a2, ¢*% @)oo h(m; =4, =3 *)h(y; ¢4, ¢3/*)

g—1- 2h(x; g1/ %€, ql/2e~19)
1, if x >y,

=< 0, if x <y,
1/2, ifz=y.

(Ismail and Rahman [2002b))

6.19 Denoting S(a1,...,am) = S(a1,...,am;q) = [[ieq(ak, ¢/ar;q)oo, use
Ex. 2.16(i) to prove that

n+l n n+1

[T de.a/ne) = 37 T] SOw/aj. hap) [ M

k=1 =1 k=1 (araja a?‘/aj) .

<

r#j
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Deduce that

T (200 —2i i h(cos 0; Ak, q/ Ak
[y Bt
h(cos;a,b) n

0 (COE y a, ) h((}OS@;am7Q/am)
HS Ak/aj, Aka;)

k=1

T1
I1

=1

+1

_(1—ab )(4,4;4)oo Zl

J
n+1

x [[1S(ara;, ar/a;)(aa;,baj, aq/a;,ba/a;; q)ee] -
r#i
(Ismail and Rahman [2002b))
6.20 Show that

/1 hz;1,-1,¢"2, —¢"%, ag"/?,¢*? /o)  dux
-1 h(z;ai1,as2,...,a6) Vi—z2

6
(a1a2a3a4a506/4; ) H (ijql/27 aqu/Q/Oé; @)oo

(:4,90%,q/0% )0 T] (ajar; @)oo
1<j<k<6

_ 1/2 1/2

« o, ai,...,« a

X gis {q N ga’aglq/pl’ ;yagql/é %:q,a1azasa4a506/q| ,
b ) LA

provided o # ¢, n = 0,1,2,..., |a1asazasasas/q| < 1, and |ax| < 1,
k=1 6.

(See Gustafson [1987b] and Rahman [1996a])
6.21 Prove that
4

Jj=1

- H (—tje", tie ™ q)oo
/_ I(

eu—l—v —_eV—u _qeu v ,qe —u—uv. q)oo‘z COShUdu

e [T (—tite/q; q)so

- 1<j<k<4
~ sinwg cosh vy (g, —qe2v1, —qe2v1, titatsta /g3 q) o |(9€21925 ) 0o |2

where v = vy +ive, 0 < vo < /2 or v3 = 7/2 and v; < 0, |t;] < 1
|t1t2t3t4/q3| < 1.

(Ismail and Masson [1994])

Notes

Ex.6.7 Setting a1 = —as = a, a3 = —aq4 = aq%, as = b, ag = ¢, A =
a’bg, p = a’c and using Ex. 2.25, Rahman [1988b] evaluated this integral

in closed form and found the corresponding systems of biorthogonal rational
functions.
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Ex.6.8 This may be regarded as a g-extension of the terminating case of
Erdélyi’s [1953, 2.4(3)] formula

F<C) ! p—1 _ p\c—p—1 —tx A—a—b
F(M)F(C—u)/o #rA T )

X FA=a,A=b;u;te) Fla+b—M\X—p;e—p; (1 —t)a/(1 —tx)) dt,

where |z] < 1, 0 < Re < Re ¢. Also see Gasper [1975¢, 2000].

Ex.6.10 Askey [1988b] found the 4¢3 polynomials which are orthogonal
with respect to the weight function associated with this integral.

Exercises 6.11-6.13 The double integrals in these exercises are g-analogues
of the n = 2 case of Selberg’s [1944] important multivariable extension of the
beta integral:

F(a,b;c;x) =

2z

1 1 n
/ [ ta—typ ] I t-t)| dta---dt,
0

1<i<j<n

S+ (- D)0y + (- D)z + 1)
- MNz+y+(n+j—2)2)I(z+1) ’

where Re > 0, Re y > 0, Re z > —min(1/n, Re /(n — 1), Re y/(n — 1)).

Aomoto [1987] considered a generalization of Selberg’s integral and uti-
lized the extra freedom that he had in his integral to give a short elegant proof
of it. Habsieger [1988] and Kadell [1988b] proved a g-analogue of Selberg’s
integral that was conjectured in Askey [1980b]. For conjectured multivariable
extensions of the integrals in Exercises 6.11-6.13, other conjectured g-analogues
of Selberg’s integral, and related constant term identities that come from root
systems associated with Lie algebras, see Andrews [1986, 1988], Askey [1980b,
1982b, 1985a, 1989f, 1990], Evans, Ismail and Stanton [1982], Garvan [1990],
Garvan and Gonnet [1992], Habsieger [1988], Kadell [1988a-1994], Macdon-
ald [1972-1995], Milne [1985a, 1989], Morris [1982], Rahman [1986a], Stanton
[1986b, 1989], and Zeilberger [1987, 1988, 1990a]. Also see the extension of
Ex. 6.11, the ¢-Selberg integrals, and the identities in Aomoto [1998], Evans
[1994], Ito [2002], Kaneko [1996-1998], Lassalle and Schlosser [2003], Mac-
donald [1998a,b], Rains [2003a], Stokman [2002] and Tarasov and Varchenko
[1997].
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APPLICATIONS TO ORTHOGONAL POLYNOMIALS

7.1 Orthogonality

Let a(x) be a non-constant, non-decreasing, real-valued bounded function de-
fined on (—o0, 00) such that its moments

Ly = / 2"da(x), n=0,1,2,..., (7.1.1)
are finite. A finite or infinite sequence po(z),p1(z), ... of polynomials, where

pn(x) is of degree n in z, is said to be orthogonal with respect to the measure
do(z) and called an orthogonal system of polynomials if

/OO P ()pn(z) da(z) =0, m #n. (7.1.2)

oo

In view of the definition of a(z) the integrals in (7.1.1) and (7.1.2) exist in the
Lebesgue-Stieltjes sense. If a(x) is absolutely continuous and da(z) = w(z)dz,
then the orthogonality relation reduces to

o0
/ P ()pn(z)w(z) de =0, m #n, (7.1.3)
and the sequence {p,(z)} is said to be orthogonal with respect to the weight
function w(x).

If a(x) is a step function (usually taken to be right-continuous) with jumps
wj at x =x;,7 =0,1,2,..., then (7.1.2) reduces to

me(mj)pn(xj)wj =0, m#n. (7.1.4)

In this case the polynomials are said to be orthogonal with respect to a jump
function and are usually referred to as orthogonal polynomials of a discrete
variable.

Every orthogonal system of real valued polynomials {p,(z)} satisfies a
three-term recurrence relation of the form

Tpn(7) = Appns1(v) + Bopn(z) + Crpp-1() (7.1.5)

with p_1(z) = 0,po(x) = 1, where A,, B,,C,, are real and A,C,11 > 0.
Conversely, if (7.1.5) holds for a sequence of polynomials {p,(z)} such that
p—1(x) = 0,po(z) = 1 and A,, By, C,, are real with A,,Cp,+1 > 0, then there
exists a positive measure da(z) such that

/OO P (2)pr () da(z) = <v;1 /OO da(m))émm (7.1.6)

—00 —00
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where

= H Aw 1, =1 (7.1.7)

If {pn(z)} = {pn(z)}>2, and AnCn—‘,-l >0forn=0,1,2,..., then the measure
has infinitely many points of support, (7.1.5) holds for n = 0,1,2,..., and
(7.1.6) holds for m,n = 0,1,2,.... If {p,(2)} = {pn(x)}_, and A,Cpy1 > 0
forn=0,1,2,..., N —1, where N is a fixed positive integer, then the measure
can be taken to have support on N + 1 points zg, z1, ..., zyN, (7.1.5) holds for
n=20,1,...,N —1, and (7.1.6) holds for m,n =0,1,2,..., N.

This characterization theorem of orthogonal polynomials is usually at-
tributed to Favard [1935], but it appeared earlier in published works of Perron
[1929], Wintner [1929] and Stone [1932]. For a detailed discussion of this theo-
rem see, for example, Atkinson [1964], Chihara [1978], Freud [1971] and Szeg8
[1975].

In the finite discrete case the recurrence relation (7.1.5) is a discrete ana-
logue of a Sturm-Liouville two-point boundary-value problem with boundary
conditions p_1(z) = 0,pn+1(z) = 0. If g, 21, ..., N are the zeros of py1(x),
which can be easily proved to be real and distinct (see e.g., Atkinson [1964]
for a complete proof), then the orthogonality relation (7.1.6) can be written
in the form

N N
me(xj)pn(xj)wj = 'Urjl Z W5 Oy (7.1.8)

m,n =0,1,..., N, where w; is the positive jump at z; and v, is as defined in
(7.1.7). The dual orthogonality relation

an l‘] pn QTk - an k> (719)

Jk=0,1,...,N, follows from the fact that a matrix that is orthogonal by
rows is also orthogonal by columns. It can be shown that

w; = [ANvaN(:EJ P ( :Ej an, j=0,1,... N, (7.1.10)

where the prime indicates the first derlvatlve.

In general, the measure in (7.1.6) is not unique and, given a recurrence re-
lation, it may not be possible to find an explicit formula for a(x). Even though
the classical orthogonal polynomials, which include the Jacobi polynomials

plod) gy = @F Dn zll)" o Fy <—n,n ba+f+latlis m) , (7.111)
and the ultraspherical polynomials
CMNx) = (2A)n P(/\—%v\—%)(x)
(A +3),
i 7()\)" kein=2k)0 2 — cos ), (7.1.12)

kl(n —k)!
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are orthogonal with respect to unique measures (see Szegé [1975]), it is not
easy to discover these measures from the corresponding recurrence relations
(see e.g., Askey and Ismail [1984]). However, for a wide class of discrete or-
thogonal polynomials it is possible to use the recurrence relation (7.1.5) and
the formulas (7.1.8)-(7.1.10) to compute the jumps w; and hence the mea-
sure. We shall illustrate this in the next section by considering the g-Racah
polynomials (Askey and Wilson [1979]).

7.2 The finite discrete case: the g-Racah polynomials
and some special cases

Suppose {p,(z)} is a finite discrete orthogonal polynomial sequence which sat-
isfies a three-term recurrence relation of the form (7.1.5) and the orthogonality
relations (7.1.8) and (7.1.9) with the weights w; and the normalization con-
stants v, given by (7.1.10) and (7.1.7), respectively. We shall now assume,
without any loss of generality, that p,(z¢) = 1 for n = 0,1,...,N. This
enables us to rewrite (7.1.5) in the form

( = 2o)pn(®) = An [Prt1 () = pu(2)] = Cn [pn(2) —pna(@)],  (7:2.1)
where n =0,1,...,N. Setting j =k =0 in (7.1.9) we find that
N N
Z Vp = w; ! Z Wy, (7.2.2)
n=0 n=0

It is clear that in order to obtain solutions of (7.2.1) which are representable
N

in terms of basic series it would be helpful if v, and > v, were equal to
n=0
quotients of products of ¢-shifted factorials. Therefore, with the g¢5 sum

(2.4.2) in mind, let us take

o _ (abgia)n (1 —abg®" ) (aq, cq,bdq;Q)n(qu>_n
" (@@)a(1 — abq)(bg, abg/c, ag/d; q)n
(- abq ) (1= abg®**1) (1 — ag®)(1 — cg®)(1 — bdg")
H (1 —4q%) (1 —abg?—1) (1 —bgk)(1 — abg®/c)(1 — aqk/d)cdq’

k:l
(7.2.3)
where bdg = ¢=V,0 < ¢ < 1, so that
i“ _ abq, q(abg)?, —Q(abQ)% ag, cq, q‘N.q bg™
! (abg)%, —(abg)?, by, abg/c,abg"+2 "~ ¢
2 )

- (bg,abg/c;q)n
where it is assumed that a,b, ¢, d are such that v, > 0 forn =0,1,...,N. In
view of (7.1.7) we can take

(1 —abg®)(1 — ag®)(1 = cq")(1 — bdg")
(1 — abg?k—1)

Ak,1 = Tk, (7.2.5)
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¢ — ") (1 = bg*) (1 —abg®/c) (1 — ag®
Cy = alhbai 1(711—) Ezlbq%flq)/ ) (- ea'/d) Tk (7.2.6)

where {r;}_, is an arbitrary sequence with ry # 0,1 < k < N. Since Cp =0
and Ag = (1 — aq)(1 — ¢q)(1 — bdq)r1, we have from the n = 0 case of (7.2.1)
that

(1—q ) (z; —z0)gry’
1—¢)(1 —aq)(1 —cq)(1 —bdg)

This suggests that we should look for a basic series representation of p,, (x;)
whose (k + 1)-th term has (q, aq, cq, bdg; q)j as its denominator, which in turn
suggests considering a terminating 4¢3 series. In view of the product (—n)x(n+
a+ [ +1); in the numerator of the (k+1)-th term in the hypergeometric series

pi(zj) =1- ( (7.2.7)

representation of P\ )(x) in (7.1.11) and the dual orthogonality relations
(7.1.8) and (7.1.9) required for p,(x;) it is natural to look for a 4¢3 series
whose (k + 1)-th term has the numerator

k

nJroHr5+17 q)k q~.

(a7 q q I, gttt

Replacing ¢%, ¢”,q",¢° by a,b, c,d, respectively, we are then led to consider a
4¢3 series of the form

g ", abg" g7 cdg’

q.q| . 7.2.8
403 wq. ¢q. bda 0,q (7.2.8)

Observing that (q‘j,cdqj+1;q) . is a polynomial of degree k in the variable
g7 + cdg’t!, we find that if we take

z;=q 7 +ecdg! (7.2.9)

then z; —x9 = —(1 — ¢7)(1 — edg’ '), and so (7.2.7) is satisfied with
re = (1—abg®) " (7.2.10)

Then ApCry1 > 0 for 0 < k < N — 1 if, for example, a,b,c are real, d =
b=tq=N=1 be < 0, max(|agl, |bql, |eql, |ab/c|) <1 and 0 < g < 1.
We shall now verify that

g ", abg" g7 cdg?

:q, 7.2.11
aq, cq, bdgq 1 ( )

pn(7;) = 403
satisfies (7.2.1) with x = z;. A straightforward calculation gives

pn(2j) — Pn-1(z;)
—¢ 7" (1= abg®) (1 —q77) (1 — cdg™?)
(1 —ag)(1 —cq)(1 — bdq)
q' ", abg" ™, " edg?t?

ag?, cq®, bdg?

X 4¢3 14,4, (7.2.12)
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0 <n < N. So we need to verify that
q ", abg" " g7, edg’ T
14,49
aq, cq, bdgq }
_ Apg (1 - abg®t?) 5 q ", abg" ¢t edg? T2
T 1= ag)(1 — cq)(1 — bdg) **? ag?,cq?,bdg? 1!
qul—n (1 _ aqun) s [qln7 abq”+1, qlfj’ quj+2 . ]
(1—aq)(1 - cq)(1 - bdg) *** ag? cq?,bdg? D1

4¢3

(7.2.13)

where A,, and C,, are given by (7.2.5) and (7.2.6) with 7 as defined in (7.2.10).
Use of (2.10.4) on both sides of (7.2.13) reduces the problem to verifying that

q ", abg" ", bg77 /¢, bdg’ T
193 { bq, abqc, biq iq q]
(1 —abg™*t) (1 — bdg™**)
(1 —abg**+1) (1 — bdq)
q ", abq”+2, bq_j/C, bdqj‘H
X 4¢3 [ bq abg/c, big? ;q,q]
(1—¢") (1 —ag"/d)
(= abg? 1) (1 — bdg) "™
q' =", abg" 1, bqg79 /e, bdg’ Tt
X 4¢3 [ bq. abq/c, bdg? ;q,q] ;

which follows immediately from the fact that

(¢ )y, (abg"'5q), ,, (1 —bdg™ )
(1 _ abq2”+1) (1 _ bqu-i-l)

(@7 @)y (abg"5q) ( - 7) bdg"*!
(1 _ abq2n+1) (1 _ bqu+1)

The verification that (7.2.11) satisfies the boundary condition pyyi(z;) =
0 for 0 < j < N is left as an exercise (Ex. 7.3).

Note that the 4¢3 series in (7.2.11) remains unchanged if we switch n, a, b,
respectively, with j, ¢, d. This implies that the polynomials p,(x;) are self-dual
in the sense that they are of degree n in z; = ¢/ + c¢dg’™" and of degree j in
Yn = ¢ " +abg" ™! and that the weights w; are obtained from the v,, in (7.2.3)
by replacing n, a, b, c,d, by j,c,d,a,b, respectively, i.e.,

. = (cda;0); (1 = edg®*7) (cq, ag, bdg; q);
T (4:9);(1 — edq) (dg, cdq/a, cq/b; q) ;

0 <j < N. Thus {p,(z;)}]_, is orthogonal with respect to the weights w,
while {p; (yn)} " o is orthogonal with respect to the weights v,, (see Ex. 7.4).
The calculations have so far been done with the assumption that bdg = ¢~ %,

but the same results will hold if we assume that one of aq, cq and bdq is ¢~ .

(7.2.14)

"tig), -

= (¢~ ", abg

(abq) ™, (7.2.15)
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The polynomials p,(z;) were discovered by Askey and Wilson [1979] as
g-analogues of the Racah polynomials

1
a+1l,vy+1,6+0+1 ’

pn()\j) = 4F3 5 (7216)
where \; = j(j + v+ ¢ + 1), which were named after the physicist Racah,
who worked out their orthogonality without apparently being aware of the
polynomial orthogonality. In the physicist’s language the p,(\;)’s are known
as Racah coefficients or 6j-symbols. The connection between the 6j-symbols
and the 4 F5 polynomials (7.2.16) was first made in Wilson’s [1978] thesis. The
g-analogues in (7.2.11) are called the g-Racah polynomials.

We shall now point out some important special cases of the g-Racah poly-
nomials. First, let us set d = b='¢~N~! in (7.2.11) and replace ¢ by bc to
rewrite the ¢-Racah polynomials in the more standard notation

777,’ b n+1, 73v, x—N
Wn(x;a7b)caN;q): 4¢3 |:q il _1\? “ 34,9 - (7217>
aq,q ", beq
Then, by (7.1.8), (7.2.3) and (7.2.15),
al 5
> (@ ) Wn (3 )W (5.9) = 772, (7.2.18)
=0 hn(q)

where
Wi(z;q) = Wa(z;a,b,¢,Nsq),
p(z;q) = p(z;a,b,c,N;q)
(g ™iq), (1 —cg® ™) (ag, beq, g Niq)

— abg)™* (7.2.19
(¢ 9)e(1 —cqg=N)(ca=rq= N, b1V, cq; q)m( ) )

and
hn(Q) = hn(aa b7 Ca Na Q)
_ (ba,aq/c;q)n (abg; @) (1 = abg®" ") (ag,beg, a3q) , (" /c)"
(abg®,1/c;q)n  (4:@)n(1 — abq)(bg, aq/c, abg™N+2; q)y,

(7.2.20)
Setting ¢ = 0 in (7.2.17) gives the g-Hahn polynomials
7n7ab n+17 —x
Qn(z) = Qn(z;0,b,N;q) = 3¢ | ¢ aqqq_N T 04|, (7.2.21)

which were introduced by Hahn [1949a] and, by (7.2.18), satisfy the orthogo-
nality relation

3 Qu(@)Qu(x) (aq; @)z (bg; @) N—2 (aq)~

(¢ Qe (6 Q)N -2

_ (@b On () (g a)n( — abg)(bg, abg™ 2 @) n (B)-tng

(;0)n (abg; q)n(1 — abg®+1)(aq, ¢ N;q)n

(7.2.22)
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for m,n=20,1,..., N.
Setting a = 0 in (7.2.17) we obtain the dual ¢g-Hahn polynomials (Hahn
[1949Db])

Rn(p(z)) = R (pu(2);b,¢, N5 q)

é q " q " cqtT
872 g N, beq

N
$¢,q| (7.2.23)

x—N
)

where p(z) =q %+ cq which satisfy the orthogonality relation

(cg™iq), (1 —cg® ") (beg, g™ q);qux_(;)
(¢ Q)x(1 —cqg™)(b7 ¢, cq; q)a

> Ron(11(x)) R (1)) (=beq)™
=0

1/¢; bq;
_ A/egn (g, fi,jg)n (ca™)" bn, (7.2.24)
(ba; @)~ (beq, N q)n
m,n =0,1,..., N. For some applications of g-Hahn, dual ¢-Hahn polynomials,
and their limit cases, see Delsarte [1976a,b, 1978], Delsarte and Goethals [1975],

Dunkl [1977-1980] and Stanton [1977-1986¢].

7.3 The infinite discrete case: the little
and big g-Jacobi polynomials

As a g-analogue of the Jacobi polynomials (7.1.11), Hahn [1949a] (also see
Andrews and Askey [1977]) introduced the polynomials

pa(®;a,b59) = 201(q7", abg" s ag; ¢, 2q). (7.3.1)
It can be easily verified that

(@,8)
. 11—z Py ()
Lo B _
(}Lnﬁpn( 5 144 ,q> A1y’ (7.3.2)
He proved that
- x x b: Dz ,  \a dm.n
> pm(q”; 0,5;9)pn(g ;a,b;q)i( : ) (ag)® = ——2—, (7.3.3)

=0 (Q7 q)r R ((I, b; q)

where 0 < ¢,aq < 1 and

bg: 1—ab 2n+1 . .
(b g) = (a q,.q)n( abq .)(aq, fJ)nQ(.aq,q)oo(aq),n. (7.3.4)
(¢ @)n(1 — abq)(bg; ¢)n(abg?; ¢)o
Observe that (7.3.3) and (7.3.4) also follow from (7.2.22) when we replace x
by N — z and then let N — oo. To prove (7.3.3), assume, as we may, that
0 < m < n, and observe that
O Ds o

———=(aq)*q""pm(q"; a,b;q
= (q;q)x( ) ( )

:é(q

—m

,abg™ 1 q)

, 2¢’ 160 (bg; —; ¢, ag" )
(q,aq;q);
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_ (abqk”;Q)oo é g™, abq , a
"~ (agtlig),, P ag,  abg
(9 b4 @)m (abg?; ¢) o ™)
= —aq)"q\2/ 0k m, 0<k<m, 7.3.5
(abg?; q)2m (ag; q)oo (Fag) hm (7.3.5)
by the g-binomial and g-Saalschiitz formulas. Then the orthogonality relation
(7.3.3) follows immediately by using (1.5.2) and (7.3.5).
It is easy to verify that p,(z;a,b;q) satisfies the three-term recurrence
relation

opn () = Ap[pnt1(®) — pu(@)] = Culpn(z) — pr-1(2)], (7.3.6)

for n > 0, where

m+1 k+1

k+2;Q7q i

(1 —abg™*) (1 — ag™*)
(1 — abg®"+1) (1 — abg?"+2
(1—q")(1—bq")
2n 2n+1 (_aq”),
(1 —abg®") (1 — abg®"*1)
so the condition that A,Cp4+1 > 0 for n =0,1,..., is satisfied if 0 < q,aq < 1
and bg < 1. When b < 0 the polynomials p,(z;a, b; q) give a g-analogue of the

A, =

)(—q"), (7.3.7)

Cp, = (7.3.8)

Laguerre polynomials Lﬁf‘)(m) since
lim py ((1 = q)z54%, —q"1q) = LY (z) /L{M(0). (7.3.9)
qﬂ

Andrews and Askey [1985] introduced a second g-analogue of the Jacobi
polynomials,

. - q " abg"t x
P.(z;a,b,¢;9) = 302 aq. cq 109 (7.3.10)
which has the property that
P(Déﬁ)(x)
: cq® B V) = 2
lim P (54%, 4%, —¢759) PR (1)’ (7.3.11)

where v is real. In view of the third free parameter in (7.3.10) they called the
P, (x;a,b,c;q) the big g-Jacobi and the p,(x;a,b; q) the little g-Jacobi polyno-
maals.

We shall now prove that the big g-Jacobi polynomials satisfy the orthog-
onality relation

“ (z/a,2/¢;q) o0
Py (z50,b,¢;q)Py(z50,0,¢;q)———————dgz
/cq (z,bx/c;q)0e *

5771 n
= Omn 7.3.12
hnlab.c.0)" (7:3.12)
where
(abg; @)n (1 — abg®" ™) (aq, cq; @)n

hn(a,b,c;q) = M1
( ) (¢;¢)n(1 — abq)(bq, abq/c; q)x

(—a,ch)*ancg)
(7.3.13)
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and

aq .
M= / @/0.2/6 Doy
cq  (,01/¢;q)00

1— 2. o
_ ag(1 —q)(q,¢/a,aq/c, abg’; q) (7.3.14)

(agq,bq, cq,abq/c; q)oo

by (2.10.20). Since

q (bz/c;q)j(z; @)k (z,bx/c;q)00 *

_/aq (r/a,r/c;q)o0 p

= - qx
eq (2", brq? /¢ q)oo

(b, abq/c; q);(aq, cq; Q)
(abq2;q)j+k

/aq (@/a,2/¢q)00 ,

)

the left side of (7.3.12) becomes

(bg, aba /s Qm v
M (aq,cq; Q)m (c/8)

m on —m_abh m+1. g~ ab n+1.
5 (7™, abg™**:q); (g aba ,q)kqﬂk’ (73.15)
== (¢:9); (¢ D)k (abg?; @)k

where we used (7.3.10) and the observation that, by (3.2.2) and (3.2.5),

(bg,abq/c;q)m g™, abg™t! bx/c
_ b m ) 9 . i
(aq, cq; @)m (/0" 592 bg,abg/c T4
(7.3.16)
Assume that 0 < m < n. Since, by (1.5.3)
m -m m—+1. —m.
Z (q 7abq 7Q)] q] _ (q1+k ’q)m (aqu+1)7n
= (g,abg" % q),; (abgk+2:q),, ’
the double sum in (7.3.15) equals
(q_n, abqn+1; Q)m (aqu+2)m ”2_3” (qm—n7 aqu+n+1; q)k qk
(abg®; q)2m = (g, abg® 3 q),
(¢, abg" 1 q) n
= % (abg" )" G- 3.1
@), (@) o, (7.317)

Substituting this into (7.3.15), we obtain (7.3.12).
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7.4 An absolutely continuous measure: the continuous
g-ultraspherical polynomials

In this and the following section we shall give two important examples of
orthogonal polynomials which are orthogonal with respect to an absolutely
continuous measure da(x) = w(x)dz.

In his work of the 1890’s, in which he discovered the now-famous Rogers—
Ramanujan identities, Rogers [1893b, 1894, 1895] introduced a set of orthogo-
nal polynomials that are representable in terms of basic hypergeometric series
and have the ultraspherical polynomials (7.1.12) as limits when ¢ — 1. Fol-
lowing Askey and Ismail [1983], we shall call these polynomials the continuous
g-ultraspherical polynomials and define them by the generating function

(ﬂtele ﬂte 197q
4.1
(tew te— 167q ZC L ﬁ’q (7 )

where © = cosf, 0 < 6 < 7 and max(|g|,|t|) < 1. Using the ¢g-binomial
theorem, it follows from (7.4.1) that

‘ (6 D@ Dn—r
— (ﬁa Q)’n ein@ 2¢1 (q*n7ﬂ; ﬂ*lqlfn; q, qﬂ71672i9) . (742)
(@ @n
Note that
. Aty = 5~ VEX)nk in-amye
;er% Cn(z;q7q) = Z:;) Kl(n— k)] €

Before considering the orthogonality relation for C,,(z;8|q), we shall first
derive some important formulas for these polynomials. For 0 < 6 < 7, 3] < 1,
set a = qB'e? b=qB7!, c=qe* and z = 3%¢™ in (3.3.5) to obtain

201 (¢ B8 g " q, 987 e )
~ (Bq" Be*"5q) ; .
= (g Ty 201 (a8, a8 e*;qe*: 4, 8°¢")
(ﬂ qﬁ ﬁqneme B 1 1 —ne —2i0. q)
(qn+176210’qﬂ 16 2197ﬁ ql 'n,7 )oo
x o1 (g8, g8 e 5 qe?5q, 8°¢") . (7.4.4)

Then, application of the transformation formula (1.4.3) to the two 2¢; series
on the right side of (7.4.4) gives

Cn(z; Blq)
N (B3 @)oo rr—1 "
B (BQ;q)ooWﬂ (=la) (4:9)n

_|_
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(€*50) oy ing 20,  2i0.  n+tl
x (Be27; q) e 261 (B, Be*; qe*1q,q" )
’ e3¢}

i (6_2;1; q)oo o—int 21 (ﬂ’66—2i9;q6—210;q’qn+1) 7 (7.4.5)
(Be=2%:q)
where
(62107 =20, q)
Ws(zlq) = = x = cos®. (7.4.6)

(662i97 ﬁ672i9; q)oo ?

Rewriting the right side of (7.4.5) as a g-integral we obtain the formula

2isind (8,50 (5%9),
(1= )Ws(zl9) (¢, 0% Qoo (4:9)n

e~ 10 (quew, que_w; q)oo "y e
which was found by Rahman and Verma [1986a].

Now use (1.4.1) to obtain from (7.4.5) that

. 2.
Co(; Bla) = %Wﬁlm(ﬁ quiZ;z
x {(1 =€) e 201 (a8 4" 89" q, B6%7)

+ (=) e 201 (aB7 ¢ B g, BT

= 4sin0 Wy (z]q) > b(k, n; B) sin(n + 2k + 1)6, (7.4.8)
k=0

C(z; 8lq) =

where 0 < 0 <, || <1 and
(B, 84;9) (Bz;q)n(qﬁ’l;q)k(q;q)mkﬂk
(@,6% o0 (@ On(GOR(BG Qs

The series on the right side of (7.4.8) is absolutely convergent if |3| < 1. For
|z] <1, |g| < 1 and large n it is clear from (7.4.5) that the leading term in the
asymptotic expansion of Cy,(cos8; (]q) is given by

. 2i0. —2i0.
Cn<COS9;ﬂ|q) ~ (ﬁa Q)oo { (Be aq)ooe—ma + u iné’}

b(k,n; B) =

(7.4.9)

(@00 | (e27350) (2% q)
_ B0 e[ cos(nf — a
= 2(q; D |A(e")| cos(nf — a), (7.4.10)
where (ﬁ ) )
B a = ar e 4.
A(Z) - (22;q>oo ’ g A( )’ (74 11)

and, as elsewhere, f(n) ~ g(n) means that lim,, .. f(n)/g(n) = 1. For fur-
ther results on the asymptotics of C,,(x; B|q), see Askey and Ismail [1980] and
Rahman and Verma [1986a].
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If we use (3.5.4) to express 2¢; (q"”ﬂﬁ; B¢t g, qﬁ_le_%g) as a termi-
nating VWP-balanced g¢~ series in base q% and then apply (2.5.1), we obtain

(g7 "2 q), ( g =mM2p-1 g3y,

1 1 n 1 72%‘9
2¢1( 7ﬁ ﬁ 4, qﬁ ) (B q2 n;q2>n

g Fre —phe 0 g2
X 493 - qifn/%fw _qifn/g _i0 19754
_ o et e

g 2eind g, [ ;qz,qﬂ (7.4.12)

(B5@)n
by (2.10.4). However, by (3.10.13),
G2, Bqn2, Bt gre=® .,
S ST
= 403 [qn’62(fn’ﬁ%ew’ﬂ1%em;q,q} )
Bqz, =0, —Bq>
and hence, from (7.4.2), (7.4.12) and (7.4.13), we have
Ch(cosb; Blq)

— (ﬁZ;q)nﬁfn/Q 4¢3 |:
(& Dn

—B,B7q%, —B3qi
(7.4.13)

-n 32.n 33,10 g3 —if
g B fEe Bre ;q,q] (7.4.14)

Bq?,—B,—Bq?

Since Wg(cosf|q) = |A(e?)|=2 for real 3, it follows from Theorem 40
in Nevai [1979] and the asymptotic formula (7.4.10) that the polynomials
Cp(cos 0; B|q) are orthogonal on [0,7] with respect to the measure Wz (cos 6|q)d0,
—1 < B < 1. One can also guess the weight function by setting 3 = ¢* and
comparing the generating function (7.4.1) and the expansion (7.4.8) with the
q — 1 limit cases and the weight function (1 — e?%)*(1 —e~29)* for the ultra-
spherical polynomials C)(cos ).

We shall now give a direct proof of the orthogonality relation

T 5m,n
/0 Cin(cos8; 8)q)Cr(cos 8; Blq)W(cosBq) d = Bl (7.4.15)

where |¢| < 1,|8] < 1 and

(¢.8% Do (4:0)n(1 — Bq")
27(83, B4 @)oo (8% q)n(1—B)

As we shall see in the next section, (7.4.15) can be proved by using (7.4.14)
and the Askey-Wilson g-beta integral (6.1.1); but here we shall give a direct
proof by using (7.4.2), (1.9.10) and (1.9.11), as in Gasper [1981b], to evaluate
the integral. Since the integrand in (7.4.15) is even in 6, it suffices to prove
that

hn(Blq) =

(7.4.16)

Cn(c036: Blg) Ci(cos 8: 1) Wi (cos Blq) db = 2o

. =l
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when 0 < m < n. We first show that, for any integer k,

T 0 if k£ is odd
k6 _ ) )
/7T "™ W3a(cosb|q) df = {Ck/g(mq), if k is even, (7.4.18)
where
27 (8, Bg; 9)o (B7'59);

(Pla) = (,0% 0~ (Bg; Q)

(14 ¢, (7.4.19)

By the ¢g-binomial theorem,

/ e™Ws(cos0)q) db

—T

T

o~ (87 8749 :
ZZ Sﬁ’r'-‘,—s/ ez(k-‘,—Qr—Zs)Gde7
== ) (q Qs

-7

which equals zero when k is odd and equals

2 Z 7q)5+jﬂ]+25
s=0

) (q Q)s+j

Mﬁj 201 (671,67 0750, 57)
(49);

when k =25, 5=0,1,.... By (1.4.5), the above 2¢; series equals
(B, B¢ 4) o R .
Pt " (¢, 875 Biq, 84 )

_ (B84 9 (4:9);

(4, 5% @)oo (Bg;q);

From this and the fact that Ws(cosf|q) is symmetric in 6, so that we can
handle negative k’s, we get (7.4.18). Hence, from (7.4.2),

=27

(1+¢%).

/ e, (cos 0; Blq)Wa(cos bq) db (7.4.20)

—T

equals zero when n — k is odd and equals

27(6, 84 0) oo (B;0)n (8715 9);
(,0% 000 (@ )(ﬂq,)

_ 1
X 4¢3 {5(]17?5 1 ljn _qq j7q q (7.4.21)

when n—k = 2j is even. From (1.9.11) it follows that this 4¢3 series and hence
the integral (7.4.20) are equal to zero when n > |k|. Hence (7.4.17) holds when
m #n. If k=4n # 0, then (1.9.10) gives

L1+ )3

/ 00, (cos 0; Blq) W (cos O]q) db

_ 27(8, B4 9)sc (8% @)
(4, 8% @)oo (B O

(7.4.22)
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from which it follows that (7.4.17) also holds when m = n.

7.5 The Askey-Wilson polynomials

In view of the 4¢3 series representation (7.4.14) for the continuous
g-ultraspherical polynomials it is natural to consider the more general polyno-
mials

—n qun ﬂew 5671'0

q
4¢3 v, 5, €

14, q (7.5.1)

which are of degree n in x = cosf, and to try to determine the values of
a, 3,7, 6, € for which these polynomials are orthogonal. Because terminating
balanced 4¢3 series can be transformed to other balanced 4¢3 series and to
VWP-balanced g¢7 series which satisfy three-term transformation formulas
(see, e.g., (7.2.13), (2.11.1), Exercise 2.15 and the three-term recurrence re-
lation for the g-Racah polynomials), one is led to consider balanced 4¢3 se-
ries. From Sears’ transformation formula (2.10.4) it follows that if we set
a = abedg™', 3 =a, y=ab,d = ac and € = ad, then the polynomials

pn(x) = pulz;a,b,c, dlq)
g™, abedq™ ', ae’, ae~"

= (abv ac, ad; q)na_ 4¢3 ab,ac, ad

14, q
(7.5.2)

are symmetric in a, b, ¢, d. In addition, for real 6 these polynomials are analytic
functions of a, b, ¢, d and are, in view of the coefficient (ab, ac, ad; q)n,a™", real-
valued when a, b, ¢, d are real or, if complex, occur in conjugate pairs.

Askey and Wilson [1985] introduced these polynomials as g-analogues of
the 4F5 polynomials of Wilson [1978, 1980]. Since they derived the orthogo-
nality relation, three-term recurrence relation, difference equation and other
properties of p,(x;a,b,c,d|q), these polynomials are now called the Askey-
Wilson polynomials.

Since the three-term recurrence relation (7.2.1) for the ¢-Racah polynomi-
als continues to hold without the restriction bdg = ¢~V by translating it into
the notation for p,(z;a,b, c,d|q) we find, as in Askey and Wilson [1985], that
the recurrence relation for these polynomials can be written in the form

2xpn () = Appnt1(z) + Bppn () + Crppp—1(x), n >0, (7.5.3)

with p_i(x) = 0,pg(z) = 1, where

1 — abedg™ !
Ap = : 7.5.4
(1 — abedg® 1) (1 — abedg®™) ( )
o - (1—q)(1—abg" V)1 — acg™1)(1 — adg™™1)

(1 — abedq®™2) (1 — abedg®—1)
x (1 —beq" 1) (1 — bdg™ ) (1 — edg™™ 1), (7.5.5)
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and

By,=a+a ' —Apa (1 —abg")(1 — acq™)(1 — adq™)
— Cha/(1—abg" 1)1 — acg" *)(1 — adg" ™). (7.5.6)

It is clear that A,,, B,, C, are real if a,b, ¢, d are real or, if complex, occur in
conjugate pairs. Also A,Cp+1 > 0,n = 0,1,..., if the pairwise products of
a, b, c,d are less than 1 in absolute value. So by Favard’s theorem, there exists
a measure da(x) with respect to which p,(z;a,b,c,d|q) are orthogonal. In
order to determine this measure let us assume that max(|al, |b|, |¢|, |d|, |¢]) < 1.
Then, by (2.5.1),

pn(cosb;a,b,c, d|q)
(ab, ac,be, de q)

n elnG

(abce?;q),,
x W (abcewq*l;aew, bew,ceie,abcdq”fl,qfn;q,qdflefw) , (7.5.7)
and, by (2.11.1),
sWr (abcewq_l; ae® be? ce abedg™t, g7 qd_le_ig)
B (abce™, bede® g™, be?qm L, ce®q" T ae be™ 0 ce™ " de=q"; q)
(ab, ac, be, g1, bdq™, cdq™, beqnt1e2if e=2i; )
x Wy (bcq"emg; beq™, be' ce® qa=te? qd e g, adq”)
(abce™, abce™ ™, bede™ ™, be ™0 q" 1 ce 0 gt q)oo
(g™t bdg™, edq™, abee® g™, beqte=219; q) o
(aew7 bet?, ce? de®?; q)
(ab, ac, ad, e*¥;q)
x W (bcq"e_%g; beq™, be™ ce ™ qate ™ qd e g, adq”) ,(7.5.8)

x

o

o) €—2in9

where 0 < 0§ < 7. Hence

pn(cost;a,b,c,dlq)
= (be, bd, cd; ) {@n (€5 a,b,¢,d]q) + Qn (€7*;a,b,¢,d|q) }, (7.5.9)
where
Qn(z;a,b,c,dlq)
B (abezq™, bedzq™, bzq™ c2q"a/z,b/z,¢/2,d/ % q)
(be,bd, cd, abg™, acq™, qntL, bez?qnt 2725 q)
x g Wy (bcq”zQ; beg™, bz, ez, qa 2, qd L z; q,adq") . (7.5.10)

n

It is clear from (7.5.10) that
Qn(z;a,b,c,d|q) ~ 2"B(z7 1) /(be, bd, cd; q) o, (7.5.11)

where
B(2) = (az,bz, cz,d2;q) oo / (2% @) oo (7.5.12)
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as n — oo, uniformly for z, a, b, ¢, d in compact sets avoiding the poles 22 = ¢~*,

k=0,1,.... Using (7.5.9) we find that
pn(cosb;a,b,c d|q)
~ ¢ B(e=) 4 ¢~ 0 B(eif)
= 2|B(e")| cos(nb — 3), (7.5.13)
where 3 = arg B(e'?) and 0 < § < 7 (see Rahman [1986¢]). Then
|B(ei9)|2 = [sin @ w(cos b;a,b,c,d|q)] ", (7.5.14)

where, in order to be consistent with the p,(z;a,b, ¢, d|q) notation, we have
used w(x;a,b,c,d|lq) to denote the weight function w(x;a,b,c,d) defined in
(6.3.1). It follows from Theorem 40 in Nevai [1979] that the polynomials
pn(x;a,b,¢,d|q) are orthogonal on [—1,1] with respect to the measure
w(z;a,b, ¢, d|q)dz when max(|al, [b], |c[, [d], |q|) < 1.

We shall now give a direct proof of the orthogonality relation

[ po@pa(@te) do = 22, (7.5.15)

where w(z) = w(z;a,b,c,d|qg) and
hn = hn(a, b, e, d|q)

(abcdq_l; q) (1 — abcdqQ”_l)

-1
= b,e,d z
K (a, b, e, dlg) (¢:9)n (1 — abedg=1) (ab, ac, ad, be, bd, cd; q),,”
(7.5.16)
with
1
abed) = [ wleiab.edo) ds
1
2m(abed; ¢) oo
_ m(abed: 9) (7.5.17)

(q,ab,ac,ad,be,bd, cd; @)oo’
by (6.1.1). First observe that, by (7.5.17),

1
/ (aew,ae_w;q)j (bew,be_ie;q)kw(:c; a,b,c,d|q) dx
-1

1
:/ w(a:;aqj,bqk,c,d|q) dx
1

= r(ag’, bqk,c,d|q). (7.5.18)

By using (7.5.2) and the fact that p,(z;a,b,c,d|q) = pn(x;b,a,c,d|q) we find
that the left side of (7.5.15) equals

m (g7, abedq™ Y q); g™, abedg™, abg’
J ’ . )
x jz_% (g, abed; ) ; ¢ 362 abedg?, ab

iq,q| . (7.5.19)
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Assuming that 0 < n < m and using the ¢-Saalschiitz formula to sum the 3¢-
series, the sum over j in (7.5.19) gives

(cd, abedg™ 1, g™ q)n

(¢'~"/ab; q),, (abed; q)on

(cd, abedg™ 1, g™ q)n (qH"*m; q
~ (¢'7/ab;q), (abed: q),,, (abedg®sq),, .,
(¢,cd;q),, (1 — abedg™) .
~ (abedg L, ab; q),, (1 — abedg®—1) (aB)" O, (7.520)

Combining (7.5.19) and (7.5.20) completes the proof of (7.5.15).

Askey and Wilson proved a more general orthogonality relation by using
contour integration. They showed that if |¢| < 1 and the pairwise products
and quotients of a, b, ¢, d are not of the form ¢=*, k= 0,1,..., then

/ Pa()pa()ula) de+ 27 3 p @) )

- k

q" 201 (¢" ™, abedg" T abedg®™; g, q)

Jm-n

6m n
[ L — 7.5.21
hn(a,b,c,d|q)’ ( )

where zj, are the points % (qu + f’lq’k) with f equal to any of the parame-
ters a, b, ¢, d whose absolute value is greater than 1, the sum is over the k with
|fq*| > 1, and
W = Wk (av b> c, d|q)
(@ q)oo
(g,ab,ac,ad,b/a,c/a,d/a;q) oo
(a®; @)x(1 — a*¢®*)(ab, ac, ad; )i ( q )’“
(¢; @)k (1 — a®)(aq/b,aq/c,aq/d; q)x \abed

when x; = % (aq’c + a’lq’k). For a proof and complete discussion, see Askey

and Wilson [1985]. Also, see Ex. 7.31.
In order to get a g-analogue of Jacobi polynomials, Askey and Wilson set

(7.5.22)

a=qRetD/4 p = gRatd)/4 o — @61/ g — _(26+3)/4 (7.5.23)
and defined the continuous g-Jacobi polynomials by
a+1.
P (alg) = 430
(45 9)n

ntatftl g(20+1)/4i6 q(2a+1)/4e—i9'q q}

a"q ; ;
X 403 [ gL —qlatBrD/2 _ (ot B42)/2 (7.5.24)

On the other hand, Rahman [1981] found it convenient to work with an ap-
parently different g-analogue, namely,

(>t =4 q)
(¢, =4 @
—n ntat+p+1 1 50 1 _—i0
q ,qze” qze
X 403 [ ’ ;q,q} .
gt —¢P 1 —q

PP (2;q) =

(7.5.25)
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However, as Askey and Wilson pointed out, these two g-analogues are not
really different since, by the quadratic transformation (3.10.13),

«a (_q7q)n an p(a

Note that
lim P{B) (z)q) = lim P{A) (x5 q) = PP (). (7.5.27)
q— q—

The orthogonality relations for these g-analogues are

™ 1 1)
PP (cos0lq) PP (cos Og)w 0;q2) df = ¢, 7.5.28
/O £ cos Ola) P cosBla)u(Big?) b = — s (7529
and
x 5
P,,(na7ﬁ) cos 97 P”(lavﬁ) COS 97 w 07 do = #7 7.5.29
| Pl cos 1) P cos i) do = (7520

where 0 < g<1,a>-1 3> -1

(ew’_ew;q)oo

(qa+%ei07 —q[’*%ew;q)m ’ (7.5.30)

w(0;q) =

(q,q%F1, qPHt, —qloth+)/2 | _glatBt2)/2, 4)

an<0z, 5|Q) = o (q(a+ﬁ+2)/2, q(a+ﬁ+3)/2; q)
oo
1)/2.
(L=t (g, g =g 020) ainy e
(1 _ qa+,8+1) (q(x+1,qﬂ+1’ _q((x+ﬂ+3)/2; q)n
(7.5.31)
and
a+l ,B+1 _ a+l _ B+l _ a+B+1 _ .
¢, ¢, ¢, =gt =P —q =4 q)
bn(a, B;q) = ( =

27 (qo+P+2:q) o

(1 — @?nFetht) (P g, —q,—q, —q;q) "
(1 - qa+ﬁ+1) (qoz+17 qﬂ+1v _qa+17 _qﬁ+17 _qa+ﬂ+l; Q)n .

(7.5.32)
From (7.4.14), (7.5.24) and (7.5.25) it is obvious that
Cr(cos 0; ¢*g)
0y oAb o gl (7.5.33)

(qk%;q)
by 1 1
(q ,—qQ;q2> L
g n q_n/4P7(L)\ ;7)\ é)(COSH7q%> (7534)
(q<2x+1>/4, —g(2A+1)/4, qé>

n



7.4 An absolutely continuous measure 193

It can also be shown that

A —g; 11
Con(z;4|q) = —(ql ks Vo ni2pP—+Doa? _1q),  (7535)
(qi ) *q§§Q>n
A
(¢* —1;q) (1L
Cona(w:4l0) = 07— g 2P (227 — 1),
(Cﬁ ) _(JE?Q)
n+1
(7.5.36)
which are g-analogues of the quadratic transformations
A 11
O () = W pit- g2y (7.5.37)
(E)n
and \
11
Coir(z) = <1)”“ P72 (942 1), (7.5.38)
(§)n+1
respectively. To prove (7.5.35), observe that from (7.4.2)
Can(cosb; ¢*|q)
A
q-;4 i _ a— N 9
_ ( ' )2n621n0 2¢1 (q 2n,q)\;q1 A 2n;q’q1 )\6 219) ,
(¢:9)2n
and hence, by the Sears-Carlitz formula (Ex. 2.26),
Can(cos ;¢ g)
Al
_ (2%:9)s, (qée—m’q%—ne—m;q) o2in0
(q; q)Zn n
-n _,—n _t-n i-A-n
X 4¢3 |:q?>\72nq,q%’n32i97 q’%*"e*%e 5 q, q:| . (7539)
Reversing the 4¢3 series, we obtain
Can(cos8;q*q)
A A+
B (q ,q 2] )n —ny2 qf'n7 qn+)\, q%€2i07 q%672i0 .
=71 N ¢ 403 A3 —q% —g ' Hq| -
(q7q2;q)n R
(7.5.40)

This, together with (7.5.25), yields (7.5.35). The proof of (7.5.36) is left as an
exercise.

Following Askey and Wilson [1985] we shall obtain what are now called
the continuous q-Hahn polynomials. First note that the orthogonality relation
(7.5.15) can be written in the form

/ pm(cosb;a,b, c,d|q)pn(cosb;a,b,c,d|lq)w(cosb;a,b,c, d|q)sinb db
20

~ ha(aboe,dlg)’ (7.5.41)
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Replace 6 by 6 + ¢, a by ae'®,b by ae™*® and then set ¢ = be'®,d = be™*® to
find by periodicity that if —1 < a,b <1 or if b = a and |a| < 1, then

/W Pm(cos(0 + ¢); a, blq)pn(cos(0 + ¢); a, blq) W (6) db

—T

1)
= — (7.5.42)
pn(a,blq)
where
pn(cos(0 4 ¢); a,blq) = (a?, ab, abe*?; q),, (ae'®) ™™
-n 212, n—1 2i¢p+10 —i0
q ", a°b*°q" ", ae yae "
X 4¢3 { aQ,ab, abe2i® 7Q7Q] ) (7.5.43)
(21059); ) 2
W(e) B (aew, b@ie, a,ei(9+2¢)7 bei(9+2¢); q) ~ ’ (7544)
and
5 (q7 a?,b?, ab, ab, abe*? abe=2'¢; q) -
pn(a7 ‘q) - 47r(a2b2;q)oo
(1 _ a2b2q2n71) (a2b2q*1;q)n
% (1 —a?b?q=1) (q,a?,b2, ab, ab, abe??, abe=2¢; q)
(7.5.45)
The recurrence relation for these polynomials is
2cos(0 + ¢)pn(cos(f + ¢); a,blq)
= Appnt1(cos(0 + @); a,blq) + Bppn(cos(0 + ¢); a,blq)
+ Cppn_1(cos(0 + ¢); a, blq) (7.5.46)
forn=0,1,..., where p_;(z;a,blq) =0,
1— 2b2 n—1
A, = ¢ (7.5.47)

(1 — a2b2¢27=1) (1 — a2b2¢2")’

(1—q")(1 —a?q" " ")(1 = b%¢" 1) (1 —abg"~)(1 — abg" ")
(1 — a2b2¢2"2) (1 — a2b2¢2n1)
X (1 — abe®™®q" 1) (1 — abe 2"%¢" 1) (7.5.48)

Cp =

and
B, =ae” +a"te™ — Aya e (1 — a®¢™)(1 — abg™)(1 — abe**q™)
— Chae® /(1 — a®¢"H)(1 — abe*Pq"1)(1 — abg"1). (7.5.49)

If we set a = ¢®,b = ¢”,0 = xlogq in (7.5.42) and then let ¢ — 1 we
obtain

/OO P (25 0, B)pn (3 0, B)|T (0 + i2)T(B + ix)|*dx = 0, m #n, (7.5.50)

— 00
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where

—n,n+2a+20—-1a—1ir

pn(x;a,ﬁ) =1i" 3k a+ 3, 2a ;

1|. (7.5.51)
For further details and an extension to one more parameter, see Askey [1985b],
Askey and Wilson [1982, 1985], Atakishiyev and Suslov [1985], and Suslov
(1982, 1987).

7.6 Connection coefficients

Suppose f(z) and g,(z),n = 0,1,..., are polynomials of exact degree n in
x. Sometimes it is of interest to express one of these sequences as a linear
combination of the polynomials in the other sequence, say,

gn(@) = chnf(2). (7.6.1)
k=0

The numbers ¢y, are called the connection coefficients. If the polynomials
fn(x) happen to be orthogonal on an interval I with respect to a measure
da(z), then ¢k, is the k-th Fourier coefficient of g,(x) with respect to the
orthogonal polynomials fi(x) and hence can be expressed as a multiple of the
integral [ fi(x)gn(x)da(z).

A particularly interesting problem is to determine the conditions under
which the connection coefficients are nonnegative for particular systems of
orthogonal polynomials. Formula (7.6.1) is sometimes called a projection for-
mula when all of the coefficients are nonnegative. See the applications to posi-
tive definite functions, isometric embeddings of metric spaces, and inequalities
in Askey [1970, 1975], Askey and Gasper [1971], Gangolli [1967] and Gasper
[1975a]. As an illustration we shall consider the coefficients ¢ ,, in the relation

n

pa(@ia, 8,7, dlq) = > crnpr(z;a,b,c,d|g). (7.6.2)
k=0

Askey and Wilson [1985] showed that
(ad, Bd,~vd, ¢;q),, (aBydg" " q), e

Clkn —
B (ad, Bd, yd, , abedgF =1 q),, (45 0)n—k
k—n7a d n—&-k—l’ad k,bd k,Cd k
X 5¢4 |:q abcﬁdf};Qg aqu ﬂdqqk ’)/ngk ? 34,94 (763)

To prove (7.6.3), temporarily assume that max (|al, ||, ||, |d|,|q]) < 1, and
observe that, by orthogonality,

1
bk j :/ w(z;a, b, c,d|q)pr(z;a,b, c7d|q)(dei9,de_w;q)j dx (7.6.4)

-1
vanishes if j < k, and that

br.; = k(a, b, c,d|q)(ab, ac, ad; q)ra™"
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(ad, bd, cd; q), q ", abcdql ,adg’
(abcd; q); 872 abcdg’ , ad 44
= k(a, b, c,d|q)(ab, ac,be, q77; q)x (ad, bd, cd; q) j(dg?)* / (abed; q) j 1 (7.6.5)
if 7 > k. Since
pn(; 0, 8,7, d|q)
= (Oéd7ﬁd7’)/d q nd nz

Jj=

OéﬁVd(]n 1 dez& desz7 )

J
¢, 7.6.6
(q,ad, Bd,~d;q); (7.6.6)

we find that
1

Ckn = h/k:(aa ba C, d|Q) / UJ(I7 a, b) c, d|‘])pk (:C7 a, b7 c, d|Q>pn(177 «, 67 v, d|Q) dx
-1

" afydg" 5 q), ;
(¢, ad, Bd,vd; q); ¢ %7

= hk(a,b, C7d|q)(adaﬂd77d q nd nz

(7.6.7)

and hence (7.6.3) follows from (7.5.16), (7.5.17) and (7.6.5).

The 5¢4 series in (7.6.3) is balanced but, in general, cannot be transformed
in a simple way, so one cannot hope to say much about the nonnegativity of
ck,n, unless the parameters are related in some way. One of the simplest cases is
when the 5¢4 series reduces to a 3¢o , which can be summed by the g-Saalschiitz
formula. Thus for g = b and v = ¢ we get

p’ﬂ(‘ra Oé, b» Cv d|Q) = Z Ck,’ﬂpk (37, CL, b7 C7 d|Q> (768)
k=0
with
(a/a;q),,_ (abedg™'; q)(q, be, bd, cd; q)na™ "

R = (g, be, bd, ed; q)r(abedg 5 q) (, abedq®®; q)n k- (7.6.9)

It is clear that c;, > 0 when 0 < @ < a < 1, 0 < ¢ < 1 and
max (be, bd, cd, abed) < 1.

Another simple case is when the 5¢4 series in (7.6.3) reduces to a summable
4¢3 series. For example, this happens when we set d = q%,c = —q% =v,b=
—a and 8 = —a. The 5¢4 series then reduces to

1 1
qk—n’ a2qn+k’ aqk"'i _aqk+—

403 aqk+% , —qukJr% a2q2k*1 y 4,4 (7'6'10)

which equals

(a2qn+k+1 k—n-‘rl a? k+n+2 qu—n+2/a2. 2

4q aq 7*) 2 ntky(—k)/2
=< (aq 7.6.11
(¢, a2q2F 1, a2q2k+2’ azqz/az; ) ( ) ( )
by Andrews’ formula (Ex. 2.8). Clearly, this vanishes when n — & is an odd
integer and equals
(a0® g*a®1q%), , (¢.0%/a®q®),
3 22 2 (a®q" 1Y) (7.6.12)
(90?,4%0%; ¢*)n—;
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when n —k = 25,5 =0,1,...,[5]. Since by (3.10.12) and (7.4.14)

2 2. 2
11 ¢, q0% ¢%),,
pn(x;a,—a, —qé,qé lq) = —< (@) ) C(z;a%|¢?), (7.6.13)

we obtain, after some simplification, Rogers’ formula

["z/é B ( 7/6 q s QOn—k(1 — Bg" k)

(Bq QDn—r(1—3)

(x;v|q) = Cr—ok(z;Blg)  (7.6.14)

after replacing a2, a?, ¢> by v, 3 and ¢, respectively.
It is left as an exercise (Ex. 7.15) to show that formulas (7.6.2) and (7.6.14)
are special cases of the g-analogue of the Fields-Wimp formula given in (3.7.9).

For other applications of the connection coefficient formula (7.6.2), see
Askey and Wilson [1985].

7.7 A difference equation and a Rodrigues-type formula for
the Askey-Wilson polynomials

The polynomials p, (x; a, b, ¢, d|q), unlike the Jacobi polynomials, do not satisfy
a differential equation; but, as Askey and Wilson [1985] showed, they satisfy a
second-order difference equation. Define

EXf(e) = f (qi%ew) : (7.7.1)
5.f (') = (B} — E;) f () (7.7.2)
and D, f(z) = 5‘1({15::), x = cos¥. (7.7.3)
Clearly,
dg(cosb) = % (q% - q_%) (eie - _’9) —iq? (1 —¢q)siné, (7.7.4)
and &, (aeie, ae™ ", q)n = 2az’q_% (1—¢")sinf (aq2e’9 aqie_w; Qn-1, (7.7.5)
so that
D, (aew, ae” ", q)n = W(aq%ew, aq%e_w; Qn—-1, (7.7.6)

which implies that the divided difference operator D, plays the same role for
(ae®, ae=; q)n as d/dx does for ™. When ¢ — 1, formula (7.7.6) becomes

d n
. (1-2az +a*)" = —2an(1 — 2az + a*)"" .
x

Generally, for a differentiable function f(z) we have
d

lim D, f(2) = - f(x).
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Following Askey and Wilson [1985], we shall now use the operator D, and the
recurrence relation (7.5.3) to derive a Rodrigues-type formula for p, (x; a, b, ¢, d|q).
First note that by (7.5.2) and (7.7.5)

dqpn (73 a,b, ¢, d|q)

= —Qiq%_" sinf (1 —q¢™)(1 — ¢" ‘abed)p,_1(; aq%,bq%,cq%,dq% lg)-

(7.7.7)
If we define
(1 — aeie) (1 - beie) (1 - cew) (1 — deie)
A(0) = - . 7.
( ) (]_ _ 6219) (1 _ qe27,0) (7 7 8)
and
N q ", abedg" Y, ae® ae~?
m(€) = 4¢3 ab. ac. ad 1 4,q] (7.7.9)

then the recurrence relation (7.5.3) can be written as

g "(1—¢")(1 — abedg" ") (e”)
= A(-0) [rn(qflew) - rn(ew)] + A(6) [rn(qew) - rn(ew)] . (7.7.10)
Also, setting
(2 q)
(ae, be®, ce?, de?; q)

and W (') = W(e;a,b,c d|q) = V(e)V(e ") (7.7.12)

V(e = (7.7.11)

we find that (7.7.10) can be expressed in the form
g " (1 —¢")(1 — abedg™ ")V (e)V (e )pn(z)
=0y [{E;V(ew)} {Eq_V(e_ie)} {5qpn(a:)}] ) (7.7.13)
Combining (7.7.7) and (7.7.13) we have
—q_”/ZV(ew) Vie™ )pn(:r'a b, c,d|q)
= g4 [{E;V(el )} {E V( 719)} (ew — eiio)
X Dp—1 (:L“;aqé bq2 cq2 dq2 |q)]
(7.7.14)

Since ' ‘ ‘ '
(619 _ 67l6) E;V(eze)E;V(eﬂe)

(e — e=i%) (ge%?, ge~

h(cos 0; aq? )h(cos 0; bq%)h(COSG cq

w (ew; aq?,b?, cq? , dq> Iq)
00 _ o—i0

) "),
)h(cos 0; dg? )

)
1
2

)
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(7.7.14) can be written in a slightly better form
g "PW (e a,b, ¢, d|g)pn(w; a,b, ¢, dg)
=0, (€ = e *) W (e agt bg? g, dg?g)
X pn_1(x;aq%,bq%,cq%,dqélq)} ~
(7.7.15)
Observing that, by (6.3.1),
V1 —22w(z;a,b,c,dlq) = W(e“;a,b,c, d|q)
we find by iterating (7.7.15) that
w(x;a, b, ¢, d|q)pn(x;a,b, ¢,d|q)

k
= (~1)* <1 ; q> g2k /4

x DY [w(x;aqg,bqg,cq§,dqgIq)pn-k(:v;aqg,bqg,cqgadq%\Q)]

n 1- q " n?—n n n n n n
=(-1) <T> g™ MDY lw(w;ag™?, bg" 2, eq™? dg /2|Q)} :
(7.7.16)
This gives a Rodrigues-type formula for the Askey-Wilson polynomials.
By combining (7.7.7) and (7.7.15) it can be easily seen that the polynomials
pn(x) = pn(x;a,b, ¢, d|q) satisfy the second-order difference equation

D, [w(x;aq%,bq%,cq?dqélq)Dan(x)}

+ Mow(z;a,b, ¢, d|q)pn(z) =0, (7.7.17)
where
A = —4q(1 — ¢ ™)(1 — abedg™)(1 — q) 2. (7.7.18)
Exercises

7.1 If {p,(z)} is an orthogonal system of polynomials on (—oo, 0o) with respect
to a positive measure da(z) that has infinitely many points of support,
prove that they satisfy a three-term recurrence relation of the form

zpp(x) = Appnt1(x) + Bppp(x) + Crpr—1(z), n >0,

with p_1(x) = 0, po(z) = 1, where A,, B,,C,, arereal and A,Cp11 >
0 for n > 0.

7.2 Let po(z),p1(x),...,pn(x) be a system of polynomials that satisfies a
three-term recurrence relation

l‘pn(l‘) = Anpn+1(x) + Bnpn(l') + Cnpnfl(x)a
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n = 0,1,...,N, where p_1(z) = 0,po(x) = 1. Prove the Christoffel-
Darboux formula

) ij(w)pj(y)vj = Apn [Prr1(2)pn(Y) — Pu(@)Pnr1(y)]

0 <n < N, where v9 = 1 and v,,C,, = v,_14,_1,1 < n < N. Deduce
that

Zp?(x)vj = Apvp g1 (2)pn (2) — P, (€)ppya ()]

and hence
N

Zp? (Jfk)vj = ANyvunpN (%)P?VH (mk)
=0

if . is a zero of pyy1(x).
7.3 Show that when n = N, the recurrence relation (7.2.1) reduces to
(1=¢77) (1 —cdg*") pn(2)) = Cn [pn(25) — py—1(2;)],
where p,,(x;) is given by (7.2.11), ; by (7.2.9), and A,, and C,, by (7.2.5)

and (7.2.6). Hence show that (7.2.1) holds with x = z;,j7 = 0,1,..., N.
(Askey and Wilson [1979])

7.4 If p,(x;), v, and w; are defined by (7.2.11), (7.2.3) and (7.2.15), respec-
tively, prove directly (i.e. without the use of Favard’s theorem) that

me%pn:vj = 1Zw_7 mn
and

an mg pn Ik an k-

[Hint: First transform one of the polynomials, say p,(x), to be a multiple
of the 4¢3 series on the left side of (7.2.14)].

7.5 Let one of a, b, c¢,d be a nonnegative integer power of ¢! and let

¢(a’b> = 4¢3 [aebfcgd7q7Q:|

where efg = abedq. Prove the Askey and Wilson [1979] contiguous relation

Ad(aqg™",bg) + Bo(a,b) + Chlag, bg~") =0,

where

A =b(1—0b)(ag —b)(a—e)(a— f)la—yg),

B = abla — ba)(b — a) aq — b)(1 — c)(1 - )
—b(1—b)(ag—d)(a—e)(a— f)(a—g)
+a(l —a)(a—0bg)(e—b)(f—b)(g—0b),

C = —a(l —a)(a—bg)(e—b)(f—b)(g—b),



Exercises 201

and derive the following limit case which was found independently by Las-

salle [1999]:
ab(l —c) ac(l—b) a,b,c.xy
((c—b)+ ; - . >3¢2<az,y’q’%>
_ (=9 —a)ly—b) é <a,b,qc. ﬁ)
B y(1—y) 592\ w,qy T abe
_(1—5)(93—61)(93—0) é a,qbc 1Y
z(1—x) 392\ qzy P abe )

7.6 Determine the conditions that a, b, c,d must satisfy so that A4,C41 > 0
for 0 <n < N —1, where A, and C,, are as defined in (7.2.5) and (7.2.6)
and one of aq, cq, bdq is ¢V, N a nonnegative integer.

7.7 Prove (7.2.22) directly by using the appropriate transformation and sum-
mation formulas derived in Chapters 1-3. Verify that

D (@ Wa(@; ) Waly; @) = 6.4/ p(239)

for z,y = 0,1,..., N, which is the dual of (7.2.18).
7.8 (i) Prove that the ¢-Krawtchouk polynomials

—n -1, n
y Ly, —a g

Ko (z;0,N;q) = 3¢ |

qu7 0 14,94
satisfy the orthogonality relation
N (=N
. Y aNia),, .,
> Km(g %50, N;q)Kn(q 0 N30) = ()
= T 9z

_ =y vy ()L +a M) (=a" g )
= (o) )(*0471;(])n(1+a71q2n)(q7N;q)n

m,n»

~ (7an+1)—nqn(n+1)5

and find their three-term recurrence relation. (Stanton [1980b])

(i) Let
Kn(.l’, a, N|Q) = 2¢1 (q*’ﬂ7 € q7N7 q, aq’ﬂ+1)

be another family of ¢-Krawtchouk polynomials. Prove that they satisfy
the orthogonality relation

(ag; @) N (—1)¥—2¢(2)
(¢ Qe (G Q)N -2

(g, aq(; Q)n(fJ); DN=n (_qyngN () nrnyg
0¢GN

N
Z Kn(q ";a,Nlq) Kn(q~";a,Nl|q)
=0

7.9 Prove that

zpn(z) = A [Pnt1(2) = pu(2)] = O [pn(2) — pp-1(z)], n >0,
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where p,(x) = pn(x; a,b; q) are the little g-Jacobi polynomials and

P (1—ag™™V) (1 — abg™*!) (1—q™) (1 —bg") (—aq™)

(1 — abg?n*1) (1 — abg?nt2) * ~" " (1 — abg?™) (1 — abg?"+1)’
7.10 Prove that
(z = 1)Pn(z) = An [Pry1(2) = Po(2)] + Cn [Po(z) — Poa(2)], 120,
where P,(z) = P,(x;a,b,c;q) are the big ¢-Jacobi polynomials and
—ag"™) (1 = cg™™) (1 — abg" ™)
(1 — abg?®™t1) (1 — abg?"+2) ’

(g (L bg") (1 abe ")
(1 —abg®") (1 — abg®™+1) T

7.11 The affine g-Krawtchouk polynomials are defined by

a, =1

Cp =

Aff q—n7 x, 0
K" (xa,N;q) = 302 ag. ¢ NT9 , 0<ag <1
b

Prove that they satisfy the orthogonality relation

= (ag,a7";q)
D KT (g% a, Nsq) KT (g7, N;q) ————=
=0 (4 9)a

N—-1\7 S
><<—q ) qf(g): et m,n=0,1,...,N,

where
B = (ag,qNsq),
(4 Dn

(Delsarte [1976a,b], Dunkl [1977])

(~1)"(ag)" =g (5).

7.12 The ¢-Meizner polynomials are defined by
M, (z;a,¢;q) = 261 (¢, x50q;q,—¢" " /c)

with 0 < ag < 1 and ¢ > 0. Show that they satisfy the orthogonality
relation

o0

_ _ ag; q
> Mg "5a,¢.9)Ma(g ’K;a,C;q)QC’;q(2 =
=0 (Q7 —acq,; q)x

where

_ (acq; @)oo (aq; @) 4,
hy, = — q".
(=€ @)oe (4, —qc™ 15 q)n

(When a = ¢~"~1, the ¢-Meixner polynomials reduce to the g-Krawtchouk
polynomials considered in Koornwinder [1989].)

7.13 The ¢-Charlier polynomials are defined by

cn(m3a3q) = 261 (¢, 2305, —¢" 1 /a) .
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Show that

§ , -z, )= ()
Cm yasq)cnlq a5 4 q\2

enl )(q;q)x

= (—a; Doo(q, =90 g "S-

7.14 Show that, for x = cos ¥,
sin(n + 1)8
) _ Y >
Cn(z;4qlq) Sind Un(x), n>0

and
n

}31311 %Cn(x;ﬁq) =cosnf =T,(z), n>1,

where T, (x) and U,(z) are the Tchebichef polynomials of the first and
second kind, respectively.

7.15 Verify that formulas (7.6.2) and (7.6.14) follow from the g-analogue of the
Fields-Wimp formula (3.7.9).

7.16 Let = cos,|t| < 1, and |g| < 1. Show that
n=0 (1 - q)Wﬁ(x\q) (%52; Q)oo

x/e v (quel ,que"e,)\tu; q)oo
cio (Bue?, Bue= tu;q)

and deduce that

ZC 2 l0) )\ q)n i 2isin 0 (B, 35 0) o0

dqu

: S . t”

= (te " ¢) 201 (6 Be 20 g% q,te') .
i 2 (5)_(BO)"
(ii) ;Cn( i Bla)g 0

= (—te " q)o 201 (B, Be*?; 5% q, —te 7).
7.17 Using (1.8.1), or otherwise, prove that
0, if n is odd,
Cn(0; Blg) (—1)”/2—< 5 2)n/2, if n is even.
(4:6%).,/2

718 If —1 < ¢, 8 < 1, show that
|Cn(; Blg)| < Cn(1;81g).

7.19 Derive the recurrence relations

_ qn+1 1— qun71

20Cp (3 B)q) = ﬁ0n+1(w;ﬂ\q) T Bq"

Cn-1(; Blq),
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and

Cuas Bla) = T Culs pala) ~ 1220 € ),

with C_s(z; 8lq) = C—1(x; Blq) = 0, Co(; 8lq) = 1, and n > 0.
(Ismail and Zhang [1994])

7.20 Prove that

(8, B4 4)
T (4.0% 0

n,k >0,

/ C',(cos 0; B|q) cos(n + 2k)0 Wg(cosb|q) df > g

X (B75 k(B On (G Q)ngr 1 — "2
(a; ) (4 D)n(Bg Qe 1 —gnth’

where Wg(z|q) is defined in (7.4.6).
7.21 Using (7.4.15) and (7.6.14) prove that

M) ¢ [CREETINGS
(=3 ) (774, 5% @)oo kz%dk" Cnr2i(23719),

where h(z;a) is as defined in (6.1.2) and

g = B0/ B Dk(G Dt 2 (5% @) (7 D (1 = 79" ")
o (4 D)k (7 D2k (@3 Dn (BG @t (L =)

(Askey and Ismail [1983])

Cn(x; Blq) =

7.22 Prove that the continuous ¢-Hermite polynomials defined in Ex. 1.28 sat-
isfy the orthogonality relation

/ﬂ H,,(cos6|q)H,(cos0|q) |(62w; q)oo|2 do = Mémn
0 4 q)so
7.23 Setting
2.
Cn(z;8lq) = (Z.’qq))"cn(x;ﬂﬁ

in Ex. 7.19, show that

22(1 = Bq")en (2 Bla) = (1= B2°¢")enta(x: 8lq) + (1 — ¢")en—1(x; Bla),

for n > 0, with c_1(z;8|q¢) = 0, co(z;8]|g) = 1. Now set 3 = s** and
q = swy, where wy, = exp(2mi/k) is a k-th root of unity, divide the above
recurrence relation by 1—sw;! and take the limit as s — 1 to show that the
limiting polynomials, c)\(z; k), called the sieved ultraspherical polynomials
of the first kind, satisfy the recurrence relation

2wep (k) = cpyq (w3 k) + en_i(2;k),  n#mk,
22(m + N)epp (@5 k) = (m 4+ 20) gy (25 k) + mep_ (23 )

where k,m,n =0,1,..., c}(x;k) = 1 and ¢ (2; k) = .
(Al-Salam, Allaway and Askey [1984b])
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Rewrite the orthogonality relation (7.4.15) in terms of the sieved orthogo-
nal polynomial ¢, (z; 8|q) defined in Ex. 7.23 and set 3 = s** and ¢ = swy,.
By carefully taking the limits of the g-shifted factorials prove that

1 S
| e @ k() o = 2,

—1 n

where

w(z) = 222D H\x — cos?(mj / k)|

7=0

and
TA+1) A+ Dinsi) A n/k)
CEHPA+35) (D) k) N nya

where the roof and floor functions are defined by

hp =

[a] = smallest integer greater than or equal to a,

la] = largest integer less than or equal to a.
(Al-Salam, Allaway and Askey [1984b])
The sieved ultraspherical polynomials of the second kind are defined by

BNz k) = lirri Co(z; M g |swy), wi = exp(2mi/k).

Show that B (z; k) satisfies the recurrence relation
2¢B)(v;k) = B, (w;k) + Bp_y(z3k), n+1%#mk,
21’(771 + A)Bmk 1(1'; k) = mk(x k) (m + 2>‘) mk— 2(1' k)

where By (x;k) = 1; B (z;k) = 22 if k > 2; B (2;1) = 2(\ + 1)2. Show
also that B)(x;k) satisfies the orthogonality relation

1
5m n
| BB @ () d = 22,
—1 n
where
k—1 N
w(z) = 222611 — :1:2)% H |2® — cos?(mj/k)|
j=0
and

oo+ WA D
" r(%)r(wré)(A+1)Ln/kj(2A+1)LnT+1j'

(Al-Salam, Allaway and Askey [1984b])
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7.26 Using (2.5.1) show that

7.27

(ab, ac,be, q;q)n
(abedq=15q)n
z": abcq™ 16 ,q) (1—abcel9 2k— 1) (aew,bew,ceia;q)k
1)k (1 — abeg=1e) (be, ac, ab; @),

pn(x;a,b,c,dlq) =

k_
) —i6.
(abedg™ ’q)n+k (de™5q),, i(n—2k)0
i0- . ¢ :
(abee'; q),, 1, (@ Qn—rk
Deduce that the polynomials

pu(a) = lim po(aia,b.c.dlg)

are given by

(93) (1—84)U1( )+ (s3 — s1)Uo(z),

p2(z) = Uz(z) — s1U1(2) + (s2 — 54)Up(2),
pu(@) =Y (~1)FsplUn k(x), n>3,
k=0

where
so=1,s1=a+b+c+d, so =ab+ ac+ ad+ bc+ bd + cd,
s3 = abc + abd + acd + bed, s4 = abed,

and Uy, (cos @) = sin(n+1)8/sin, U_1(z) = 0. When max(|al, |b], ||, |d|) <
1 show that these polynomials satisfy the orthogonality relation

g /1 P (2)pn () (1 — :L'2>% dx
_1 (1 =2ax 4+ a?)(1 — 2bx + b2)(1 — 2cx + ¢2)(1 — 2dz + d?)
07 b d m#”’
1 —abc
_) T —a(-ad)(l -0 b —ca)r m="=0
1 — abcd, m=n=1,
1, m=mn > 2.

(Askey and Wilson [1985])

Prove that

(i) palcostiq, —q,q%, —q*lg) = (4" q) W’
(i) p(cost;1,—1,q%, —q?|g) = 2(¢"; q)ncosnd, n > 1,
(iii) pn(cosb;q, ~1,q2, —q%|q) _ (qn+1;q)n %’
(iv) pn(cos0;1,—q,q2, —q7|q) = (¢"*5q), w

cos(6/2)



Exercises 207

7.28 Use the orthogonality relations (7.5.28) and (7.5.29) to prove the quadratic
transformation formula (7.5.26).

7.29 Verify the orthogonality relations (7.5.28) and (7.5.29).
7.30 Verify formula (7.5.36).

7.31 Suppose that a,b,c,d are complex parameters with max (||, |¢|, |d], |q]) <
1 < |a| such that |ag¥ | < 1 < |ag™|, where N is a nonnegative integer.
Use (6.6.12) to prove that

/ ) P (2)pn (2)w(x; a,b, ¢, d|q) de + 2w me (1) pn(zk)wg

- k=0
. 5m,n
N hn(a7 b7 c7 d|q)’
where p,(x) = pn(x;a,b,¢,d|q), v = % (aqk + aiquk) and wy, is given
by (7.5.22).
7.32 Prove that
(1) PP (—z;q) = (—1)" P (23q),
(ii) PP (—zlq) = (=1)"¢ =2 PP (z]g).

7.33 Using (7.4.1), (7.4.7) and (2.11.2) prove that

o > (). C(@; Bla)Cnly; Blg)t"

= (5% 0)n
. . . . 2
(12, 8;0)00 | (Bte®Hi, Btei®=i%:q)
(B2, 8% @)oo | (te?0Fi® tei0=id q)

X 8W7 (ﬁt2q71; B? tei0+i¢7 teiwiigb? tewii(ﬁa teid)iie; q, ﬂ) ’

G ((52;;113)7; 11_76271 Cn(x; Bla)Cr(ys Blg)t"

(t*,8:0) | (Bte’™*, qBte® "% q)
@B, Pi0) | (10070, 80 105g)
x Wy (5t2a B) qtei6+i¢a qte—ig_i¢7 tew_i¢7 tei¢_w; q, B) )

where —1 < ¢,0,t < 1 and z = cos 8, y = cos ¢.
(Gasper and Rahman [1983a], Rahman and Verma [1986a)

7.34 Show that
pn(cosb;a,b,c,dlq) = D(0)(ab, ac, be; q)y,

/Qe“’/d (dueie, dueiie,adeU/q; q)oo (q/usq),, (du)n d
X — U,
geivya  (dau/q,dbu/q,dcu/q;q) , (abedu/q;q)n \ ¢ I

n=0
2

0

where
—ig(1—¢q)

Do) = —%;

(g, ab, ac,bc; q)soh(cos 0; d)w(cos 0; a, b, ¢, d|q).
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Hence show that

i (a202;q)npn(co? 9;a,aq%1, ¢, cqz|q) o

o (@G Onla*q?,ac,acq?;q)n
(at,ac’t, —acte?®, —acte™"; q) o

- (—ct, —a2ct,te? te=; q) o

0

x §Wr (—azctq_l; —ac, —a/c, —ctq_%,ae ,ae_w; q, —ctq%> .

(Gasper and Rahman [1986])
7.35 Show that Ex. 6.9 is equivalent to

1
/ w(y; a,b, pe, pe="|q)pn(y; a, b, ¢, d|q) dy
—1

27 (abu?; @) 0o (ab;@)n
(q,ab, p?, ape®®, ape= buet, bue=; q) o (abu?; q)n
X pp(cos 0; ap, by, e~ du~q),

where max(|al, |b], |p]) < 1.
7.36 Show that if for |¢| < 1 we define
a;q)oo
(@) = s
where v is a complex number and the principal value of ¢¥ is taken, then
(7.7.6) extends to
~2a(1—-¢")

D, (ae® ae™", =" (a z¢t q %e_w; ) .
a ( a), Ty q q) .

7.37 Let n=1,2,...,r, x = cosf, and

Un(z) = Ay (@€, ¢ e 75 q)

o ¢ 'n,fr7 qn+r+2u+2)\+l’ qn+y+% , qn+2u) anrqule'iG7 qn+u+167i0 )
6%5 2n+2v+1  n+v+A+1  n+2v+1 _  nt+v+A+1 ’I’L+l/+% 34,4
q yd »d » —4q y —4q
with
. 2u4+2X+1. 22 n2v+3—
(¢ Dn (T2 @ pprgem T2 —T)
n,r

= I I
(@ @)r—n(q"th @ Hh, @A =gt =2, =" T2, =T i)y,
Show that U, (x) satisfies the g-differential equation

Dy(g" e, ¢t q) L Un(@)]

2
_ 1= (qn+v+%ei9 g, q)

1 —gnt! ’ ") —on—2v—1
x Dgl(g7" "€, a7 e " @) ng2u1Uns1 (7).

(Gasper [1989b])
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7.38 Show that the discrete g-Hermite polynomials

[n/2]

(4 9)n b K1) 2k
() ,;) (qQ;QQ)k(QQq)ank( )a

satisfy the recurrence relation
Hyp1(23q) = wHo(w:q) = ¢" (1 = ¢")Hp1(250), 021,

and the orthogonality relation

/IHm(w;q)Hn(I;q) dip(z) = q(2) (@ @) ndm.n;

where ¢(z) is a step function with jumps

2 (0, ¢ )
2 (¢%4¢%)w
at the points x = +¢7, j =0,1,2,
(Al-Salam and Carlitz [1965], Al-Salam and Ismail [1988])

7.39 Let a <0 and 0 < ¢ < 1. Show that
/ U (239U (259) da'® ()

= (1= 0)(=0)"(g:0)nq>) 31,
where
UL @30) = (—0)"q(2) 201 (47" 271 0: 4, q2/a)
and o(® (z) is a step function with jumps

qk

(aq;9)o0(q,q/a; )k

at the points = ¢*, k=0,1,..., and jumps

—agk

(a/a;9)o0(q, aq; @)k

at the points * = aq¢®, k = 0,1,... . Verify that when a = —1 this
orthogonality relation reduces to the orthogonality relation for the discrete
g-Hermite polynomials in Ex. 7.38.

(See Al-Salam and Carlitz [1957, 1965], Chihara [1978, (10.7)], and Ismail
[1985b, p.590])

7.40 Show that if

qq)

n
E: k

nxq .1’,
O
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then
h2(x5q) — hns1 (2 Q) hn—1 (73 q)
n ) qn—kmk
=1 =g )n- he o (z;q)——, n>1.
( (25 9) 1;::0 g )(q;q)nik

Deduce that the polynomials h,(z;q), which are called the Rogers-Szegd
polynomials, satisfy the Turan-type inequality

h2(x;q) — hns1(2;Q)hn—1(x59) > 0

forr >0when0<g<landn=1,2,....
(Carlitz [1957b])

7.41 Derive the addition formula

Pn(q®;1,1;q) py(4®; 4%, 0;q)
=pa(¢"1Y;1,1;9) pn(e¥;1,1;9) py(a*; 4%, 05q)
(k+y—n)

n k

(4 Daty+5(8 Dt kg
Y : —3
= (G Dory(@ Dn-r(a: 0,

X Pt (q"; 6%, "1 q) pr—i(q”;d", d"; q)

" (430)y (@3 Dk
X pytk(q®;q%,05q) +
v kz::l (¢ @)y—1 (@ Dn—r(a: 07,

k(z+y—n+1)

X po—k(qd" 6%, 6% @) po—k(¢V%; 4", 4% q) py—k(d7; 4%, 0;q)

where z,y,z,n = 0,1, ..., and p,(¢; a, b; q) is the little g-Jacobi polynomial
defined in Ex. 1.32.
(Koornwinder [1991al])

7.42 Derive the product formula

Po(g1,159) Pa(e?; 1, 150) = (1= q) Y pulq™; 1, 139) K (4%, 0%, 45 9) 4",
z2=0

where z,y,z,n = 0,1,..., pu(t;a,b;q) is the little g-Jacobi polynomial,
and
("¢ " g

(1-a)(q, 49
- -y —z. . 2
X {3¢2(q ,q ,q ,0,0,(1,(])} .

)OO Txy+rz+yz

K", ¢",q%:q) =

(Koornwinder [1991al)

7.43 The g¢-Laguerre polynomials are defined by

¢“tiq ~
@9 16107 ¢ g, —2(1 = q)g" Tt ).

Lala)= (¢ @D
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Show that if @ > —1 then these polynomials satisfy the orthogonality
relation

) X e o (g xdx
() | Ew o @

P(a+ DI(=a)(¢*F i q)n

Ly(—a)(g; a)ng” -
and the discrete orthogonality relation
00 k(a+1) a+1.
-- q (@5 @)n
ii L2 (eq®; q) L% (cq*; q =A Om.n,
) k;m m{ed’ ) Ln )(*C(lfq)q’“;q)oo (¢ Q)ng® "
where

4— @ =1 =)™, —1/cq(1 - q); g)oo
(¢t —c(1 = q), —aq/c(l = q);Q)os

(Moak [1981])

7.44 Let
v(y;alaa27a37a4ya5|q)
1 1
_ Dy 1,—1,47, —q2, a1aa30405) (1—¢%) %, y=coss.
h(y;a17a27a’37a4»a5)
and
1
g(alaa23a37a4ya5|q) = / U(y;alaa27a37a4va5|q) dy
-1
Show that

1 i0 —if
- s bepe', abepe™; q)
“a.b 0 i0 ((l _ 24
X pn(y;a,b,c,dlq) dy
(ab, ac, be; q)n
abu?, acp?, bep?; q)y,

X o (5 aps, by, e, dp ™t q), @ = cosb,

n

= g(a, b, c, pe', pe=|q) (

where p,(2; a, b, ¢,d|q) are the Askey-Wilson polynomials defined in (7.5.2)
and max(|al, |b], ||, |ul, q]) < 1.
(Rahman [1988al)

7.45 Defining the g-ultraspherical function of the second kind by

sin @ h(cos 26; 8

Dy (x;8]q) = 4 h(cos 20; 1)

) Z b(k,n; 8) cos(n + 2k + 1)6
k=0
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with b(k,n; 5) as in (7.4.9), prove that

C?(cos 8; Blq) + D;(cos 0; Blq)
(8, B4™FY; q)och(cos 20; ) ]
(¢, 3%q™; q)och(cos 20; 1)
(", B2q", qe*?  qe=%7; q) oo
(Bq™, Bgntl, Be??, Be=21; q)
/87 q/ﬂa —V4 —q .
X 5¢4 |:q1—n/ﬂ7 ﬂqn—i—l’\é;QiG’ eq—2i0 34,4
(B,q/B, Be? gL, Be= 210 g1 q)
(Bg™tt, g7/ B, Be*, Be=27; q)

gt B2qn, Bqn Y2, — B2 Bt
X 5¢)4 6qn+1 52q2n+1 BeZieqn—&-l ﬁ€_2i0qn+1 ;4,4 .
) ) )

= {4 sin @

(Rahman [1992a])

7.46 Let f(x) be continuous on [—1,1]. Show that

! f() —
D, [ / 1K<w7y>—mdy] = f(2),

where
(1 —q)(q. q.€**?,e7 2% q) o h(x; —q"/*, —¢3/%)
Anq /A h(y; —q /%, —g3/%, g2, g1 /2e—i0)

(q,q,€*?, €721 q) s
Amg (g2, 4372, q) o h(y; 4314, gPTE, —q1 /A, —g3/4)

K(az,y) =

with x = cosf, y = cos¢. Note that this defines a formal inverse of the
Askey-Wilson operator Dj.

(Ismail and Rahman [2002a,b])

7.47 Bustoz and Suslov’s g-trigonometric functions are defined by

C (2:w) — (*W25q2)oo 246 —2i0. . 2 2
o(T3w) = W 2¢1(—qe”"”, —qe (g, —w),
b o0
2w/ (—w?; ¢ ‘ L
Se(ziw) = ( )oo 201(—q*e*, =77 % P —w?),

(1 - q)(—qw?¢*)
where x = cos 6.
(1) Show that

lim Cy(z; (1 —q)w/2) = coswz and lim Sy(z; (1 — ¢)w/2) = sinwz.
q—1- q—1-
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(ii) Prove the orthogonality relations
1
/ Wi 2(]q) Cq (25 wm ) Cg (a5 wn ) (1 = 2?) 2 dy
~1

1
:/ Wi 2(2]q) S (3 wim ) Sq (2 wy ) (1 — 22)"V2dy
-1

1/2.

(@Y% 92 ., ) _
_ﬂmcq (777 Wn) [%SqQ], (AJ)] oo 5””(’“

where n = (ql/4 + q_1/4)/2, and w,,, w, are two distinct roots of the equation
S (i) = 0.
(Bustoz and Suslov [1998], Suslov [2003])

Notes

§7.1 See also Atakishiyev and Suslov [1988a,b], Atakishiyev, Rahman and
Suslov [1995], Nikiforov and Uvarov [1988], Nikiforov, Suslov and Uvarov
[1991], and Szegé [1968, 1982]. For a classical polynomial system with complex
weight function see Ismail, Masson and Rahman [1991]. The familiar connec-
tion between continued fractions and orthogonality was extended by Ismail
and Masson [1995] to what they call R-fractions of type I and II, which lead
to biorthogonal rational functions. See further work on continued fractions
related to elliptic functions in Ismail and Masson [1999], Ismail, Valent and
Yoon [2001], and Milne [2002]. In T.S. Chihara and Ismail [1993] extremal
measures for a system of orthogonal polynomials in an indeterminate moment
problem are examined. For orthogonal polynomials on the unit circle see Is-
mail and Ruedemann [1992]. Some classical orthogonal polynomials that can
be represented by moments are discussed in Ismail and Stanton [1997, 1998].

§7.2  Andrews and Bressoud [1984] used the concept of a crossing number
to provide a combinatorial interpretation of the ¢-Hahn polynomials. Koelink
and Koornwinder [1989] showed that the ¢-Hahn and dual ¢-Hahn polynomials
admit a quantum group theoretic interpretation, analogous to an interpreta-
tion of (dual) Hahn polynomials in terms of Clebsch-Gordan coefficients for
SU(2). For how Clebsch-Gordan coefficients arise in quantum mechanics, see
Biedenharn and Louck [1981a,b]. L. Chihara [1987] considered the locations of
zeros of g-Racah polynomials and employed her results to prove non-existence
of perfect codes and tight designs in the classical association schemes. The
correspondence between g-Racah polynomials and Leonard pairs is outlined
in Terwilliger [2003]. For the relationship between orthogonal polynomials
and association schemes, see Bannai and Ito [1984], L. Chihara and Stanton
[1986], Delsarte [1976b], and Leonard [1982]. A multivariable extension of the
g-Racah polynomials is considered in Gasper and Rahman [2003c], while a sys-
tem of multivariable biorthogonal polynomials is given in Gasper and Rahman
[2003a], which are g-analogues of those found in Tratnik [1991b] and [1989],
respectively.
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§7.3 Al-Salam and Ismail [1977] constructed a family of reproducing ker-
nels (bilinear formulas) for the little g-Jacobi polynomials. In Al-Salam and
Ismail [1983] they considered a related family of orthogonal polynomials associ-
ated with the Rogers—Ramanujan continued fraction. A biorthogonal extension
of the little g-Jacobi polynomials is studied in Al-Salam and Verma [1983a].
When b = 0 the little g-Jacobi polynomials reduce (after changing variables
and renormalizing) to the Wall polynomials

" n+1 n n-
Wi (25b,q) = (—1)" (b q)ngl 2 ) > [ .
— L] ]
7=0
and to the generalized Stieltjes—Wigert polynomials
HE (~gtay
. .

=L (p;q);

Sn(z3p,q) = (=1)"q "D 2(p: g),,

)

which are g-analogues of the Laguerre polynomials that are different from those
considered in Ex. 7.43. Since the Hamburger and Stieltjes moment problems
corresponding to these polynomials are both indeterminate, there are infinitely
many nonequivalent measures on [0, 00) for which these polynomials are or-
thogonal. See Chihara [1978, Chapter VI], [1968b, 1971, 1979, 1982, 1985],
Al-Salam and Verma [1982b], L. Chihara and T.S. Chihara [1987], and Shohat
and Tamarkin [1950].

§7.4  An integral of the product of two continuous g-ultraspherical polyno-
mials and a g-ultraspherical function of the second kind is evaluated in Askey,
Koornwinder and Rahman [1986]. Al-Salam, Allaway and Askey [1984a] gave
a characterization of the continuous g-ultraspherical polynomials as orthogo-
nal polynomial solutions of certain integral equations. Askey [1989b] showed
that the polynomials C,(iz;8|q), 0 < n < N, are orthogonal on the real
line with respect to a positive measure when 0 < ¢ < 1 and 8 > ¢~ V. Is-
mail and Rahman [1991] showed that the associated Askey-Wilson polynomials
r&(z;a,b, c,d|q) defined in Ex. 8.26 have an orthogonality property on [—1,1].
A survey of classical associated orthogonal polynomials is in Rahman [2001],
and an integral representation is given in Rahman [1996b]. A projection for-
mula and a reproducing kernel for r%(x;a,b,c,d|q) is given in Rahman and
Tariq Qazi [1997b]. Berg and Ismail [1996] showed how to generate one to four
parameter orthogonal polynomials in the Askey-Wilson family by starting from
the continuous ¢-Hermite polynomials. Also see Koelink [1995b] and Rahman
and Verma [1987].

§7.5  Asymptotic formulas and generating functions for the Askey-Wilson
polynomials and their special cases are derived in Ismail and Wilson [1982]
and Ismail [1986¢]. Kalnins and Miller [1989] employed symmetry techniques
to give an elementary proof of the orthogonality relation for the Askey-Wilson
polynomials. Following Hahn’s approach to the classification of classical or-
thogonal polynomials N.M. Atakishiyev and Suslov [1992b] gave a generalized
moment representation for the Askey-Wilson polynomials. Brown, Evans and
Ismail [1996] showed that the Askey-Wilson polynomials are solutions of a



Notes 215

g-Sturm-Liouville problem and gave an operator theoretic description of the
Askey-Wilson operator Dy. L. Chihara [1993] extended her work on ¢-Racah
polynomials [1987] to the Askey-Wilson polynomials. Floreanini, LeTourneux
and Vinet [1999] also employed symmetry techniques to study systems of con-
tinuous g-orthogonal polynomials. A multivariable extension of Askey-Wilson
polynomials is given in Gasper and Rahman [2003b] as a g-analogue of Tratnik
[1991a], see Ex. 8.29. Also see Gasper, Ismail, Koornwinder, Nevai and Stanton
[2000], Spiridonov and Zhedanov [1995-1997], Stokman [1997a-2003a], Stok-
man and Koornwinder [1998], Vinet and Zhedanov [2001], and Wilson [1991].

§7.6 For additional results on connection coefficients (and the correspond-
ing projection formulas), see Andrews [1979a], Gasper [1974, 1975a].

Ex.7.5 A contiguous relation satisfied by a WP-balanced, generally non-
terminating g¢7 series is given in Ismail and Rahman [1991]. For more results
on contiguous relations and orthogonal polynomials, see Gupta, Ismail and
Masson [1992, 1996], Gupta and Masson [1998] and Ismail and Libis [1989)].

Ex.7.7 Ismail [1995] gave a simple proof of (1.7.2) by making use of
iterations of (7.7.6) and evaluating them at z; = $(ag’ + ¢~/ /a). An operator
calculus for D, is developed in Ismail [2001a].

Ex.7.8 Stanton [1981b] showed that the g¢-Krawtchouk polynomials
K, (x;a,N;q) are spherical functions for three different Chevalley groups over
finite fields and derived three addition theorems for these polynomials by de-
composing the irreducible representations with respect to maximal parabolic
subgroups. In Koornwinder [1989] it is shown that the orthogonality relation
for the g-Krawtchouk polynomials K, (z;a, N|q) expresses the fact that the
matrix representations of the quantum group S,U(2) are unitary.

Ex.7.11 The affine g-Krawtchouk polynomials are the eigenvalues of the
association schemes of bilinear, alternating, symmetric and hermitian forms
over a finite field (see Carlitz and Hodges [1955], Delsarte [1978], Delsarte and
Goethals [1975], and Stanton [1981a,b, 1984]). L. Chihara and Stanton [1987]
showed that the zeros of the affine g-Krawtchouk polynomials are never zero
at integral values of x, and they gave some interlacing theorems for the zeros
of ¢-Krawtchouk polynomials.

Ex.7.12 and 7.43 N.M. Atakishiyev, M.N. Atakishiyev and Klimyk [2003]
found the connection between big ¢g-Laguerre and g-Meixner polynomials and
representations of the group U,(suii). Ciccoli, Koelink and Koornwinder
[1999] extended Moak’s g-Laguerre polynomials to an orthogonal system for
a doubly infinite Jacobi matrix originating from analysis on SU,(1,1), and
found the orthogonality and dual orthogonality relations for ¢-Bessel functions
originating in E,(2).

Ex.7.22 Askey [1989b] proved that the polynomials H, (iz|q) are orthog-
onal on the real line with respect to a positive measure when ¢ > 1.

Exercises 7.23-7.25 Other sieved orthogonal polynomials are considered
in Al-Salam and Chihara [1987], Askey [1984b], Charris and Ismail [1986, 1987,
1993], Charris, Ismail and Monslave [1994], Ismail [1985a, 1986a,b], and Ismail
and Li [1992].

Exercises 7.38-7.40 For additional material on ¢-analogues of Hermite
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polynomials, see Allaway [1980], Al-Salam and Chihara [1976], Al-Salam and
Tsmail [1988], Carlitz [1963b, 1972], Chihara [1968a, 1982, 1985], Dehesa [1979],
Désarménien [1982], Hou, Lascoux and Mu [2003], Ismail [1985b], Ismail, Stan-
ton and Viennot [1987], Lubinsky and Saff [1987], and Szegd [1926].

Ex.7.41 Rahman [1989a] gave a simple proof for this addition formula.
For derivations of the addition formula for Jacobi polynomials, see Koorn-
winder [1974a,b] and Laine [1982].

Ex.7.43 See also Cigler [1981] and Pastro [1985]. In view of the two
different orthogonality relations for the g-Laguerre polynomials, it follows that
there are infinitely many measures for which these polynomials are orthogonal.
The Stieltjes—Wigert polynomials (see Chihara [1978, pp. 172-174], Szegd [1975,
p. 33] and the above Notes for §7.3)

1 - n ) 1 :
sn(@) = (=1)"q® 4 (g:0)n* > [3] ¢ (—q?z),
§=0 q

which are orthogonal with respect to the log normal weight function
w(z) = km 3 exp(—k?log® z), 0 <z < oo,

where ¢ = exp[—(2k2)~!] and k > 0, are a limit case of the g-Laguerre poly-
nomials. Askey [1986] gave the orthogonality relation for these polynomials
(with a slightly different definition) that follows as a limit case of the first
orthogonality relation in this exercise. Al-Salam and Verma [1983b,c| studied
a pair of biorthogonal sets of polynomials, called the g-Konhauser polynomi-
als, which were suggested by the g-Laguerre polynomials. Ismail and Rahman
[1998] studied two indeterminate Hamburger moment problems associated with
L% (x; q), thus completing earlier work of Moak [1981]. For asymptotics of basic
Bessel functions and g-Laguerre polynomials, see Chen, Ismail and Muttalib
[1994].

Ex.7.46 A right inverse of the Askey-Wilson operator is derived in Brown
and Ismail [1995].

Ex.7.47 The question of completeness of the g-trigonometric functions
for use in a g-Fourier type analysis is dealt with in Ismail [2001b] and Suslov
[2001¢, 2003].



8

FURTHER APPLICATIONS

8.1 Introduction

In this chapter we derive some formulas that are related to products of the
g-orthogonal polynomials introduced in the previous chapter and use these
formulas to obtain g-analogues of various product formulas, Poisson kernels and
linearization formulas for ultraspherical and Jacobi polynomials. The method
in Gasper and Rahman [1984] originates with the observation that since

j—1

(" aq%q), = [T (1= d"(a7" + ag”) + ag™)

k=0
is a polynomial of degree j in powers of ¢~*4aqg”, there must exist an expansion
of the form

Jj+k
(4" aq%;q); (47" aq"5q), = Y An(jikaq) (477 aq%5q),, . (8.1.1)

Since, for k > 7,

(a7, aq";q),

k _14+k—j
(¢, aqg¥;q);

302 (¢77,4" ", ag" "5 aq", q $q,q) =

by the g-Saalschiitz formula (1.7.2), it is easy to verify that
(a7 aq"50); (¢ " aq"q), = (45 0);(¢: Di(a; @)+
. i\ |k 1 , A
FAsy (qfx,aqm;q)mq(%)+(2)+(m; )*m(ﬁ+k)(_1)J+k+m

<D

m=max(j,k)

(@5 QG Dm—i (6 Drm— (G @) j+h—m (8.1.2)

This linearizes the product on the left side and forms the basis for the product
formulas derived in the following section.

Suppose {B;}32, and {C;}32, are arbitrary complex sequences and b, c
are complex numbers such that (b )k, (¢;q)x do not vanish for k = 1,2,.
Then, setting

n

(a7" aq";q); ", aq";q)
F, = R Rk N1 N A 8.1.3
]Z_% (¢,659); & Z (@oe (8.1.3)
we find by using (8.1.2) that

n m k2 —mk
Fo= Y i), 3 G
k=0

q,C; q)k(qa ba q)m—k
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k
XZ
Jj=

forn = 0,1,2,.... Thls formula does not extend to noninteger values of n
because, in general, the triple sum on the right side does not converge.

(a7 a9™:q);
B 8.1.4
(q.bgmF5q), " (8.1.4)

8.2 A product formula for balanced 4¢3 polynomials

Since we are mainly interested in g-orthogonal polynomials which are express-
ible as balanced 4¢3 series or their limit cases, we shall now specialize (8.1.4)
to such cases. Set

(b1,b259); i~ (c1,¢2:9)5 j (8.2.1)
(b, qabiba/bbsiq); 17 (es qaerea/ecsiq); o
where it is assumed that the parameters are such that no zero factors appear
in the denominators. Then formula (8.1.4) gives

n m

B, =

(7" aq";q),, (c1, 25 Q)m—k i
— (4,5:9)k(q, ¢, ¢35, qacica/ces; Q)m—k

y (b1, ba; q)x 5 [ g*=™, ag™, b1k, bag"

4¢3

(bs, qabiba /bbs; q)k bq®, b3g*, abybaghtt /bbs

fn:

74,91

(8.2.2)

where f;, is the right side of (8.1.3) with B; and C; as defined in (8.2.1). The
crucial step in the next round of calculations is to convert the 4¢3 series in
(8.2.2) into a very-well-poised g7 series by Watson’s formula (2.5.1), i.e

¢ |: qkimaaqmvblququk 5 :|

bq", b3qk,ab152qk+l/bb3’q 1
B (bbsg =™ Jaby, bbsg" =™ [aba; q)
~ (bbsg®R ™ [a, bbsq—™ /abiba; q)

m—k

m—k

bb3q2k7m71 bqufm bqkfm B bb3qm7k
X8W7 < a ; 9 7b1qk7b2quqk m;q)i

a a b1by
(8.2.3)
Substituting this into (8.2.2) gives

P z": (a~",aq", qaby /bbs, gabs /bb3: 4),, 1,
" = (a,c,qa/bbs, qabiby /bbs; q),,
. Em:m F (bbsg™™ 1 /a; q)%ﬂ, (1 = bbgg®T2k=m=1 Ja) (c1, 25 @) m—k
0 = (g;9); (1 — bbsq=™=1/a) (c3, qacica/ces; Dt
(¢ ™ /e q), (b1,b2,bg™™ [a,bsq™™ [a, g5 q) ;44
(q,bg=™/a,bsqg=™/a; q),, (b, b, bbs/a,bbzq=™ [aby, bb3q=™ [aba; q)j v

ky [ bbse \* [ bbsg™ R \?
—1)kgmE=(2) 3 3 . 24
% ( ) q qablbg b1b2 (8 )
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Then, replacing j by j — k in the sum on the right side of (8.2.4), we obtain

77’74

) a’qn7 b17 b2 q7n7 aqn7 C1, C2
103 { 10,9| 493 . ;
)

b, bs, qab1bz/bb3 c3, qacicyfecy’ ¢4
Xn: ", aq", c1, c2, qaby /bbz, qaba /bbs; q),, .
m—0 qv ¢, C3, qa/bbi’n qacy 02/6037 qabl b2/bb37 )

m

3 (bbsg=™" 1 /a;q);(1 — bb3g® ~™~1 Ja) (b1, b, bg™™ Ja,bsqg™ ™ [a,q¢™;q);
= (¢;9);(1 — bbgg=™=1/a)(bb3q—™ /aby, bb3q~—™ /aba, b3, b, bbs/a; q),;

bb3g™ J a7, 7™ e, q 7™ e, bb3g? "™ a, ce3qT™ Jacy ca
X 5¢4 1 —m 1 —m m m 7Q?q
[e1,q" 7™ ca, bg™ ™ a,bzg™™ [a

(8.2.5)

Note that the 5¢4 series in (8.2.5) is balanced and, in the special case ¢ = aq/b
and c3 = aq/bs, becomes a 3¢2 which is summable by (1.7.2). Thus, we obtain
the formula

¢ |: qin? aqn7 b17b2 . :| d) |: qin7 Clq , C1, C2 :|
5 b, b, qab1b2/bb37q’q 7 Lag/b, ag/bs, bb30102/a(f 1
_ zn: (¢~™, aq™, c1,c2,qaby /bbs, gaby /bbs3; q),, m
— (¢,aq/b,aq/bs, aq/bbs, qabibz [bbs, bbscica /ag; q),,
)‘, q>‘§a —q)\§7 b17 b2, bbBCl/aq7
X 1009 1 1 _ _ 1—
Az, =Xz, bbzq™/aby, bbzqT™/aby, ¢ ""/ci,
bbyca/aq, bg~™/a, bsg""[a, ¢  ag’ (8.2.6)
q'" e, bs, b, bbsfa,’ T bibscrcs ) o

where A\ = bb3q~ ™! /a. This formula is a g-analogue of Bailey’s [1933] product
formula

2F1(—=n,a+n;b;x) o F1(—n,a+n;1 +a — by)
— Fi(—matmb1+a—ba(l—y)y(l - ), (3.2.7)
where

Fy(a,b;e,d;z,y) = Z Z m%xmy" (8.2.8)

However, even though (8.2.6) is valid only when the series on both sides ter-
minate, (8.2.7) holds whether or not n is a nonnegative integer, subject to the
absolute convergence of the two o F; series on the left and the F} series on the
right.

Application of Sears’ transformation formula (2.10.4) enables us to trans-
form one or both of the 4¢3 series on the left side of (8.2.6) and derive a number
of equivalent forms. Two particularly interesting ones are

—n

¢ ", aq”, by, by g ", ag", bbsci/aq, bbsca/aq
403 10, q| 493 ;

b, bs, qabibs/bbs 1 b, b3, bbscica/aq T
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_ (ag/b,aq/bs; q)n <@>"

(b bs; ) aq
- ", aq", cy,c2,qaby /bbz, qabs /bb3; q),, m
DY
= q,aq/b aq/bs, aq/bbs, qabyba /bbs, bbscica/ag; q),,
/\7 q/\§7 _CI)\i, b17 b27 bbBCl/a(b bb362/G/Q7
X 1009 1 1 i —m 1-m 1—m
)‘27 _>\2a bbBQ /abla bb3q /ab27 q /Cla q /627
b —-m ; b —m ; —m 2
bs, b, bbs /a bibacica
and
q ", aq", qaby/bbs, qaby/bbs q ", aq”, c1, ¢
493 34,4 493 4, q
aq/b, aq/bs, qabybs/bb3 aq/b, aq/bs, bbzcicz/aq

", c1, c2,qaby /bbs, qabs /bbs; q),, -

x Z

Q7GQ/b GQ/b&GQ/bb?) qabiby /bbs, bbscica/ag; q),,

/\a q/\Ea 7q>\§7 b17 b2a bbBCl/aq7 bb362/G'Q7
X 1009 1 1 m —m 1-m 1-m

)‘27 _>‘23 bb3q /abla bb3q /ab27 q /Cla q /027
bg~™/a, bzq~"/a, -m 2
bs, b, bbs/a bibacico

where A\ = bbsq~ ™1 /a.
Either of the formulas (8.2.9) and (8.2.10) may be regarded as a
g-analogue of Watson’s [1922] product formula for the Jacobi polynomials
oF 1 (—n,a+n;b;x) o F1(—n,a + n; b; y)
1 -b
= (—1)”% Fy(—n,a+mn;b,14+a—byzy, (1 —2)(1—vy)),

(8.2.11)

where n =0,1,....

The special case in which the 10¢9 series in (8.2.6), (8.2.9) or (8.2.10)
become balanced is also of interest in some applications. Thus, if we set
co = aq/bibacy, then by using Bailey’s transformation formula (2.10.8) we
may express (8.2.9) in the form

" {qny aq”, by, ba q} [qn7 aq™, bbsci/ag, bbs/bibaci

b, bs, qabibs/bbs b, bs, bbs/bibs 44
_ (aq/b,aq/bs; @)n aq/bs, (bb3)n = ", aq", bici, bact, aq/bibaciiq),,
(b,b3;5q) = qaaQ/b aq/bs, bibaci, bbs/biba; q),,

W=

1y QM% —quz, by, by bibaci /b, bibacy/bs,
X 1009 1
w2, —Hz, bQCla blcl7 b7 b37
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bbsci/aq, aq™, g™
qabiba /bbs,  bibacig™™/a, bibaciq

-1

A (8.2.12)

where u = b1bsciq
product formula

. This provides a g-analogue of Bateman’s [1932, p. 392]

2F1(—=n,a+n;b;x) 2 F1(—n,a+n;b;y)

W4+ a—0b)y = (—n)i(a+n
~ (! ®)n : kz_o(k!(l)i(a—b):(l_x_y)k

)
X oF1 (—k,a+ kb —xy/(1 — 2 — y)

). (8.2.13)

8.3 Product formulas for ¢-Racah and Askey-Wilson polynomials

Let us replace the parameters a,b, by, bs, b3, c1,c2 in (8.2.9) by abg,aq,q™ 7,
cq® N beq,c g7V, q? N, respectively, to obtain the following product formula
for the ¢-Racah polynomials introduced in §7.2:

Wi (z;a,b,¢,N;q) Wi(y;a,b,¢,N;q)
_ (bg,qac” @) z": (¢ abg" "N, N el e g Y5q),

" q
(ag,beqiq)n 2= (¢,bq,qac™t, et g N, g N q)m
_ _ 1 1 _ _ _ _ _
% ¢ cq m,q(Cq m)z,_q(cq m)2aca lq m b 1 m’q qu xv
10¥9
(cg~™)%,~(cqg™™)%, aq, bcq,ccwf”r1 m,
qa Y cq" N eqv™N N3
cqutlmm gN—atl-m qunym;q,abq (8.3.1)
where
Wh(z;a,b,¢,N;q)
—n7abqn+1 q—m cqr—N
= 103 v ;q,q] (8.3.2)
aq,q ", beq

is the ¢-Racah polynomial defined in (7.2.17). This is a Watson-type formula.
Two additional Watson-type formulas are given in Ex. 8.1.

Letting ¢ — 0 in (8.3.1) gives a product formula for the ¢g-Hahn polyno-
mials defined in (7.2.21):

Qn(x; a’ b’ N’ ) Qn(y? a’? b? N? q)

—N —N.
= (—aq)"q(@ (bg; ¢)n i (q bg" ™ q:c 4 ’q)m (aqz-i-y)_m
(ag; @)n = (q, ba,a N, 4N q)m

I N R N

Neag+l-m ,N—y+i-m @
agq, g TrHmm gN-yrlom

X 4¢3 [ abg*N 3| . (8.3.3)
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To obtain a Watson-type product formula for the Askey-Wilson polyno-
mials defined in (7.5.2) we replace a, b, by, ba, b3, c1, ¢ in (8.2.9) by abedq™?, ab,
ae’, ae™ ac,de’®, de™'?, respectively, where x = cosf, y = cos ¢. This gives

pn(z;a,b,¢,dlq) pn(y;a,b,c, dlq)
= (ab, ac, ad ad,bd, cd; q)p(ad)™"
" (¢, abedg™ 1, de'?  de0  de'?, de?; )m .
. Z (¢, ad, ad, bd, cd, da=1; q).. a

ag~™/d,q(ag"™/d)?, —q(ag™™/d)Z,q* =™ [bd, q* =" Jed, g™,

X 109
o (ag~™/d)%,—(ag~™/d)? ,ab, ac,aq/d,
0 =il . ib . ,—id
ae””, ae ,ae’, ae bC
1-m —19 1-m 19 1—m —zqﬁ 1—m l¢ 34, —q:| (834)
q /d,q /d.q /d,q /d’" ad

When b = aq? and d = cq?, the 19¢g series in (8.3.4) becomes balanced and
hence can be transformed to another balanced 19¢9 via (2.9.1). This leads to
a Bateman-type product formula

1 1 1 1
pn(¥;a,a97, ¢, cq?|q) pn(y;a,aq?,c,cq|q)
9 1 1 1 9 1 1\ "
= (a q%,ac,acq?,acq?, acq,c q?;q) (acq2)
n

1 4 1o 1 .
n7 a202qn, acq5629+z¢7 acqfe“b_’e, cqfe_“b; q>

mo.m
q
2% z 2% i
q,c"q2,acqz,acq,acq2e "5 q
m

3 3 i 3¢l io i0

X 106 qu2, —quz, ae'®, aq2e?, ce'?, ae’,
10979 vi Uy acod 2,3 1 ip—ib
) b q b ac’ a q27 acq26 )

—if 2.2 -
ae™", a*c*q™, " (8.3.5)
acqz el qrmmeid jo o q2ceitgmta 6 e

where v = a2cei¢q_% . In fact, if we replace a and ¢ by q2eth/4 angd —g(26+1)/4,
respectively, then this gives a Bateman-type product formula for the continuous
g-Jacobi polynomials (7.5.24) which, on letting ¢ — 1, gives Bateman’s [1932]
product formula for the Jacobi polynomials:

(a,p) (o, ) n
Rzﬁuﬂmﬁ<w_%_DAﬂ+nn§:«ﬂnm+a+ﬁ+1n<x+y)k

Py(la’ﬁ)(l)PT(Laﬁ)<1) o (Oé + l)n =0 kj'(ﬂ + l)k 2
(@) (Lt 2y (,8)
P, P, 1 3.
< PP (LE2) frie ), (8:3.6)

which is equivalent to (8.2.13).

For terminating series there is really no difference between the Watson
formula (8.2.11) and the Bailey formula (8.2.7) since one can be transformed
into the other in a trivial way. However, for the continuous g-ultraspherical
polynomials given in (7.4.14), there is an interesting Bailey-type product for-
mula that can be obtained from (8.2.6) by replacing a,b, by, ba, b3, c1,ca by
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. . . . .
4 a%2qz,ae” ae % —a%q7,ae’® and ae~'?, respectively:

a-,a~q
qfn’ a4qn 2'07 aefie 7717 (14qn7 aei¢, aefi(b
4¢3 2 1 1 o 14:9 4¢3 a? 1 2 1 2 34,4
a*q?, —a*q?, —a a~q=, —a“gz, —a

i0

z”: (g7 a*q", ae™, ae™, —ae®®, —ae=*;q)
= q

m=0 <Q7a2q§a_a2q§a_17_a27_a2;q>
m

oo |77 a(—¢ ™%, —q(—g"™)3, q2"/a®, —qz "/d®, ¢,
X 1099 oL L 1 1
(7(] m)27 7(7q m)za 70,2(]2, a2q27 —q,
ae’ﬂ7 ae*w, —aew, —qe”
(8.3.7)

gt e g, —g M Ja, qimme=i% ja, gmeid /g 14,47

For further information about product formulas see Rahman [1982] and Gasper
and Rahman [1984].

8.4 A product formula in integral form for the continuous
g-ultraspherical polynomials

As an application of the Bateman-type product formula (8.3.5) for the Askey-
Wilson polynomials we shall now derive a product formula for the continuous
g-ultraspherical polynomials in the integral form

Cn(z; Blq)Cn(y; Blq)

_ (#%49), ) ny2
" K 8.4.1
e / (2.9, % Bla)Cu(z: Blg) d2 (8.4.1)
where
o (@8, B5q)s (877, Be* 5 q) I
K(177317275|‘1)— 271_(527(1)00
X w (z; Brel0tid Bze=if=it g3eif—id ﬁ%ei(z’_ie) (8.4.2)

with w(z;a,b,c,d) defined as in (6.3.1) and = = cos 6,y = cos ¢.
First, we set ¢ = —a in (8.3.5) and rewrite it in the form

1 1 1 1 1+a _1\"
rn(x;a,aq2,—a, —aq? |q)Tn(y;aaaq2,_a, —aq? |q) = W <_q 2)

1 g 1 a4 1 ;
_n7 a4qn’ _a2q§ez€+1¢’ _a2q§ez¢—297 —aqie_“b; q)

n (q
x 2 S —
m=0 (q, aqz, —a’qz, —a’q, —a*qze'; q)
m
X 10W9 (_a397%€i¢§ a/ei¢7 _aei¢7 aq%€i¢7 aeioa aeiiea a’4qma qima q, Q) )
(8.4.3)

where
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rn(z;a,b, ¢, d|q)

q ™, abedg™ ', ae’, ae="
= 4¢3 14, q (8.4.4)
ab, ac, ad
The key step now is to use the d = —(aq)% case of Bailey’s transformation

formula (2.8.3) to transform the balanced j9¢g series in (8.4.3) to a balanced
4¢3 series:

1 . . 1 . . _
10Wy <_a3q zeub;aew’_ael¢7aq261¢7a6197a6 zé)’a4qm7q m;%Q)
(a2672i¢’ —a3qh et q)
m

(a‘*, —agze~i%; q)
m

2621‘¢>, _q%ew-i-i(é’ —q%ew—w, g™ } (8 A 5)

X 4¢3 |:_a2q%ei¢i€7 _a2qheittio qlome2io /g2 44
So (8.4.3) reduces to

1 1 1 1 1+ a?q” _1\"
(250,092, —a, —aq?|q) rn(y; a,aq?, —a, —aq?|q) = Tra (*q 2)

iy 1 o4 1 ik
ngdqn a2e2 _g2q3eiftis o203 cid ze;q)
m m

q

n (qi
x 2.
m=0 (Qa a4,02q%7_a2q%7_02qm)
m

(8.4.6)

a e?wﬁ *q2610+l¢ *q261¢ 0 qu ‘
X 4¢3 9 74,4

—a q2ez¢ 7,97_a q2629+z¢7q1 me2i¢/a

Transforming this 4¢3 series by Sears’ transformation formula (2.10.4), we
obtain a further reduction

’I"n(l', a, aq%a —a, 7aq% |q) Tn(yv a, aq%a —a, 7aq% ‘q)

1+ g o ( 7a4qn7_q%€i6’7i¢7_a2q%ei¢7i9;q)m )
:1—|—a2(_ 2>Z 9 1 o 1 5 q
m=0 (q,a q2,—a“q2,—a q7q)
m
q- a2 a2621¢ a2e—219
X 403 ad —a q2€l¢ qifm ip—ig 4| - (8.4.7)

Now observe that, by (6.1.1),

1
/ w (Z; aeuﬂ)—ze’ ael@—w)’ aezG-{-ub’ ae—19—1¢) (aeuﬁ—z@-f-up’ aeup—w-w; q)j dz
-1

1
:/ w (z;aqjew_w,aeia_w,aei9+i¢,a6_w_i¢) dz
—1

21¢ 2 —219
2m(a?: a?,a’e 3 q) .
UCRTIES (e )J, (8.4.8)

 (g,0%, 0% )| (a2e?%, a2, ) oo |2 (a*;q);
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where |a| < 1 and z = cos . Hence

q CL2 a262z¢ 2 722’0
4¢3 a4,_a qzewS —(]E_m ip— zQ’q q
_ (g.0%.a%q) [ (a®e?, a’e"*%:q) |

27 (a%; q) 0o
% / w (Z; aezqﬁ—ze’ aeze—m’ aezt9+zq$7 ae—zG—zzj))
—1

qg ™ qet—i0+iY pio—if—iy
X 302 |:_a2q%ei¢i0 _gh-meio—io 14, (I] d

‘ ((1262i¢, a2672i9.

1) P

_ (¢:0%,0%q)

2m(a*; @)oo
1
X/ w(Z;aei(bfi@’aei97i¢7aei0+i¢’a67i07i¢)
-1
iy L i,
( agze', —aqze ,q)
X — — N —dz. (8.4.9)
(_a2qgez¢—19’ —qz ez@—zqﬁ; q>
m

Substituting (8.4.9) into (8.4.7) and using (2.10.4) we finally obtain

1 1 1 1
(@5 a,aq?, —a, —aq?|q) ra(y; a, aq?, —a, —aq?|q)
1
1 1
= / K(z,y, z;0%|q) rn(2;a,aq7% , —a, —aq? |q) dz. (8.4.10)
-1

This yields (8.4.1) if we replace a by 32 and use (7.4.14). By setting 8 = ¢*
in (8.4.1) and taking the limit ¢ — 1, Rahman and Verma [1986b] showed that
(8.4.1) tends to Gegenbauer S [1874 product formula

CA e
/ K@y, 2) ax)y @ (8.4.11)
where
z, F()”L 1) (1—a? —y?— 22 4 2zy2) or

according as 1 — 22 — y? — 22 + 2xyz is positive or negative.

Rahman and Verma [1986b] were also able to derive an addition formula
for the continuous g-ultraspherical polynomials corresponding to the product
formula (8.4.1). This is left as an exercise (Ex. 8.11).
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8.5 Rogers’ linearization formula for the continuous
g-ultraspherical polynomials

Rogers [1895] used an induction argument to prove the linearization formula

Cm(z; Blg)Cn(z; Blq)

min(m,n

_ " (@5 @)t 20035 D (85 @) (B5 ) (B% @i
= (B Dmin—2k(G Dm—k (@ Do (G Dk (BG ODmtn—

_ m+n—2k
) o 10 (351)

Different proofs of (8.5.1) have been given by Bressoud [1981d], Rahman [1981]
and Gasper [1985]. We shall give Gasper’s proof since it appears to be the
simplest.

We use (7.4.2) for C,(z;8|q) and, via Heine’s transformation formula
(1.4.3),

(Be™%q) . (B50)m _im
O (3 lq) = (gB~te=28;q) ((q;g))me ’
x o1 (g8, B2 ™ B g T q, Bem 20 (8.5.2)

where = cos . Then, temporarily assuming that |¢| < |3] < 1, we have

Cm(7;81q)Cn(z; 8lq) = Amn (q(ﬁ?’#?) (qﬁfle—zie)T

2 (@87 872 ™), L gipns
8 (¢, 871 =™ q) )( (5e72)
s=0 1 4/s

LBTRTG),
- m"Z q511mq)k (5620)k
k=0

kg, B, Bgm "
X 49 34,4 8.5.3
4%3 |:62 m— k75q7k76 1 1 n ( )

where

A _ (66—21'9;(])00 (6 )m(ﬁa )n z’rn-‘r’n)
T (gB e 25 q) o (4 Om (43 0)n '

The crucial point here is that the 4¢3 series in (8.5.3) is balanced and so, by
(2.5.1),

(8.5.4)

Mg B, Bgm R (B72¢" =, 87 ™ q),
493 2mk: —k p=11-n | = T 1—m—n T—m
B2 g™ , B , b7 q (B~1q ,B72¢ ™ q),

x sWr (B Y™™ 8,87 2" T g™ g g q,987h) . (8.5.5)
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Substituting this into (8.5.3) and interchanging the order of summation, we
obtain

Cm(x;ﬁ|Q>Cn(x§ ﬁ‘Q) =Amn

Xmin(z’%:”) (6 1, —m— n’ ) (1_5 1, 2k—m— n) (ﬁ7q—m7q—n;q)k
= (@ )k(l—ﬂ* g (BT B BT ),

(5 2t nvq)zk —1_—2i\k
(6 ql m—n. q)2k: (qﬁ e )

% 2¢1 (Qﬂ ,ﬁ 2 1+2k m— n’ﬁ 1 1+2k m— n’q’ﬁe 229) (856)

which gives (8.5.1) by using (8.5.2) and observing that both sides of (8.5.1)
are polynomials in z. Notice that the linearization coefficients in (8.5.1) are
nonnegative when —1 < f < 1land -1 <qg < 1.

For an extension of the linearization formula to the continuous ¢-Jacobi
polynomials, see Ex. 8.24.

8.6 The Poisson kernel for C),(z; 5|q)

For a system of orthogonal polynomials {p,,(z)} which satisfies an orthogonal-
ity relation of the form (7.1.6), the bilinear generating function

=D hapa(@)pa(y)t” (8.6.1)

is called a Poisson kernel for these polynomials provided that h, = cv, for
some constant ¢ > 0. The Poisson kernel for the continuous g-ultraspherical
polynomials is defined by

Ki(z,y;8lg) = (¢:0)n(1 — Bg™)

2 (g1 ) O A A, (362)

where |t| < 1.
Gasper and Rahman [1983a] used (8.5.1) to show that

(5,12 0)0e | (BT qpBte’®=1%:q)
(B2,a8t% q)oc | (te?T10,tei0=i%: q)
ﬂtQa qtﬁ% ) 7qtﬂ% 9 qt6i9+i¢7 qte_ia_i¢7
Bz, —tf3, Pte 0P Peid+io,
teie—i(b, t€i¢_i67 ﬁ
o o ;q,ﬂ} ,
qBte’?=0,  qBte®='?,  qt?

where © = cosf,y = cos¢ and max(|q|, |t|,|08]) < 1. They also computed a
closely related kernel

o0

2

o

Kt('rvy;ﬁm) -

X g7

(8.6.3)

(z,y;Blq) = (z; Bla)Cr(y; Bla)t"

n:O
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2

x

(6’ t2; q)oo (ﬁteie—&-i(ﬁ’ Btem_i‘f’; q)
(B2, 8125 q)o | (tei0T9 tei0=i0: q)
_ 1 1
ﬁtQQ la t(qﬂ)2a _t(QB 2,
tBg Nz, —t(Bg )z, Pte 0, Breid+io,
teif=io  peio—if g3
i¢—i0 0—id 42 10,0
(Ote , Pte , t

teib+io po—it—id.
X g7

(8.6.4)

Alternative derivations of (8.6.3) and (8.6.4) were given by Rahman and Verma
[1986a]. In view of the product formula (8.4.1), however, one can now give a

simpler proof. Let us assume, for the moment, that |tﬂ_%| < 1land || < 1.
Then, by (7.4.1) and (8.4.1), we find that, with z = cos 1,

(5t 183 emiv;q)
i . 1 - N dz
13- e, 13- bemiv1q)
oo

(4,8, 8; @)ool (B, Be*%; q) |2
27(8%; @)oo

x h(cosw;l,—l,q%,*q%,tﬁ%)
<,
0 h(

1
Lt(%y;ﬁq)—/1K(ﬂc,y,z;ﬁIQ><

.
cosb; BEeit+io 3% e—it—it g} eib—is 3 eis—i0 43~ %)

(8.6.5)
By (6.3.9),

x h(cosw;l,—Lq%,fq%’w%)
/ 1 - 1 . . 1. A T ; 1 dw
’ h<C°S¢;556’0+’¢,656*’9”¢,ﬁfe’9*1¢,ﬁfel¢*19,tﬂ—§)
_ om (B3,1%q) _ | (Bte!”+4, Bte’®=19;q) _
(¢, 8, B, Bt%; @)oo | (8210, Be2i®  teit+id teit=is; q) |

x sWr (ﬂth_l;tew+i¢,te_w_w’,tew_w,tew_ie,/j; q,ﬁ) . (8.6.6)

‘ 2

Formula (8.6.4) follows immediately from (8.6.5) and (8.6.6).

It is slightly more complicated to compute (8.6.1). Consider the generating
function

o

Gi(2) = Y T8 ol Blaye”
n=0

(Bte pte=3q) . B (Bate™, Bate™";q)
(1 =B)(te,tem:q)0s  1— B (qle?,qte=";q)
(1B (Bate™, Bqte™ ;5 q)

a (te'¥,te=;q)

(8.6.7)
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Then
Ki(x,y;8lq)

1
~ [ K@ublo G, (o) d:
_ (=), 8, 8; 9)oo [ (B>, Be?*: )

| 2

27(8%; ¢) oo
x h(COSlﬁ;l,—l’q%’—q%’qtﬂ%)
X / 1 1 1 1 1 dl/)
’ h(COW;&ewﬂ'%ﬁae—w—i%Baew—i%ﬂaew—w,tﬂﬁ)
(8.6.8)

This gives (8.6.3) via (7.4.1) and an application of (2.10.1).

By analytic continuation, formulas (8.6.3) and (8.6.4) hold when
max(lal, t),8]) < 1.

Even though it is clear from (8.6.3) and (8.6.4) that these kernels are
positive when —1 < ¢,t < 1 and -1 < z,y < 1if 0 < 8 < 1, it is not
clear what happens when —1 < 8 < 0 since both g¢7 series in (8.6.3) and
(8.6.4) become alternating series. It is shown in Gasper and Rahman [1983a)]
that the Poisson kernel Ki(x,y;0|q) is also positive for —1 < ¢ < 1 when
—1<g<fB<0and when?2¥2 -3<p8<0, —1<qg<0.

For the nonnegativity of the Poisson kernel for the continuous g-Jacobi
polynomials, see Gasper and Rahman [1986].

8.7 Poisson kernels for the g-Racah polynomials
For the ¢g-Racah polynomials
W (2;q) = Wa(w;a,b,¢,N;q)
we shall give conditions under which the Poisson kernel

Z ho (W (x; )W (y; @)t", 0<t <1, (8.7.1)

and the so-called discrete Poisson kernel

~ (4% 9)n ' .
N AL b ()W (. 0) W (35 0). (8.7.2)
z=0,1,..., N, are nonnegative for z,y =0,1,..., N.

Let us first consider a more general bilinear sum

Pz(x,y)ZP(x y;a,b,c,a,v, K, M, N; q)
_Z ’th (a,b,e, N; )Wy (z;a,b, ¢, N;q)

X Wn(y;a,aba Ly, M q), (8.7.3)
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where z=0,1,..., min(K,N) and N < M. If « = a,y=cand M = N, then
(8.7.3) reduces to (8.7.2) when K = N, and it has the Poisson kernel (8.7.1)
as a limit case.

From the product formula (8.2.5) it follows that

W (z;a,b,¢, N; @)W (y; o, aba™ v, M q)

_ (bg,aq/c; q)n ni”zf " abg"5q), (q—w’cqa:—N ¢ 9q" Vs q),
(aq,bc On r=0 s=0 7‘1)74—5 (¢, q,a= M, abyga=1, cq'=%; q),
z—N —1.1— _
,C } 1— T—S
(q : q)s “ qr+s_TsAr,sv (8.7.4)

(¢,bq,actq;q)s 1 —cq=®

where
q—qur—y,,yqr-i-y—M aq r+1 bcqr—l-l
Ar,s = 5¢4 _ 34,41 - (875)
aqr+1’qr M CLb’}/OZ r+1 cq1+r s
Using (8.7.5) in (8.7.4) and changing the order of summation, we find that
(bg,ac™'q = ‘Z, D), (abg?; q)2r 425
P,(z,y) = N H's
(abg?, ¢~ l,q TZ;Z) K, abg" 125 q),
(q‘g”ch””‘N Vv Miq) ("N, gq) 1 —eqne
(¢,0q,¢7 M, abyga™t, cq*~#:q), (¢, bq,ac™'q;q), 1 —cq™*
> (_1)r+sq(r+s)(2N7rfs+1)/27rsAT .B, 5 (876)

where

by )\ _ )\ r+s—N _r+s—z
7% maAt 4 N-r=s (8.7.7)

Br,s: 5¢4 )\_7—>\2,aqu+T+s+2 qTJrS K7q q )

with A = abg?"T25*1. We shall now show that when K = N,

N—z
(@ %a), .
B'r‘ _ Z—T—S8 ¢ qr+s—z,q1+r+s—z ql+N z. :q, aqu+z+2 )
,8 (aqu+r+s+2;q)z_T_s 2 1( )
(8.7.8)
To prove (8.7.8) it suffices to show that
qaz, _qa%a b w
193 1 1 14
az, —a2, w aq
wb/aq, w/b; q)so
_ (wh/ag,w/biq) 2¢1(b, bg; wb/a; g, w/b) (8.7.9)

(w/ag, w; q)o
whether or not b is a negative integer power of ¢, provided the series on both
sides converge. Since 1 — ag®* =1 — ¢* + ¢*(1 — aq"), the left side of (8.7.9)
equals

1-b
2¢1(ag, b;w; g, w/a) + % 2¢1(ag, bg; wg; g, w/aq)
b b; Q) oo
= % 2¢1(b, bg; wb/a; ¢, w/b)
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w(l = b)(wb/a, w/b; ¢)o
aq(w/aq, w; q)o
(wb/aq, w/b; )
= b, bq; wb/a; b 8.7.10
(w/aq7w7q)oo 2¢1( , 0q; W /a7Qaw/ ) ( )
by (1.4.5). Also, for & = a the 5¢4 series in (8.7.5) reduces to a 4¢3 series
which, by (2.10.4), equals

(qMJrl y— sb 1 71

+ 201(b, bg; wb/a; q,w/b)

V%),

brvg"tsTy—MY?®
(q"~ M,bw“;Q)s (b2 )

q757qrfy b*qus C,YflqMJrlfyfs

x q.q| . 8.7.11
4¢3 cq1+r—s qM+1 Yy—s b 1 —1q—y—s 49 ( )

From (8.7.6), (8.7.8) and (8.7.11) it follows that
Pz(ac,y;a,b,c,a,'y,N,M,N;q)ZO (8712)

forz=0,1,...,N, y=0,1,... .M, 2=0,1,..., Nwhen 0 < ¢ < 1,0< ag <
1,0<bg<1,0<c<ag and cqg < v < ¢™~1 < ¢V~!. Hence the discrete
Poisson kernel (8.7.2) is nonnegative for x,y,z =0,1,..., N when 0 < ¢ < 1,
0<ag<1l,0<bg<land0<c<agV
If in (8.7.3) we write the sum with N as the upper limit of summation,
replace (¢7%;q)n by (tg~%;¢q), and let K — oo, it follows from (8.7.6) that
Lt(xvy;aaba C,Oé,’}/,M,N; q)
N
=3 t"hn(a,b,c, N;q)Wn(x;a,b,c, N5 q) Wi (y; a, aba ™", v, M; q)
n=0

_ (bgaq/ciq)n i:Nz:z (abg®; @)ar+as (4 mchI’N q Y, vq" M q),
(abq c™ 17Q)N

= = (abgN "2 q), 1 (¢, aq, ¢ M, abygat, cq' %5 q),
(@, e la"q), (L—cg"*)
(Q7 bCL CL071 q; ).5(1 - qus)

A, ‘SCT’,S(_t)T+Sq(r+s)(2N77‘75+1)/27T5’

(8.7.13)
forx=0,1,...,N,y=0,1,..., M with A, ; defined in (8.7.5) and
A Az, —gAz gt
CT,S = 4¢3 |:)\2 7)\2 aqu+T+S+2’Q7tq ) (8714)
where A = abg? 1251, However, by Ex. 2.2,
A aAr —gAr, b }
1 ; ;b
193 { ML oAb g
6, A @)
— N (0.t 50,00 (5715

for max(|tb|,|Aq|) < 1. Use of this in (8.7.14) yields
CT’S = (tvabq2T+28+2,Q)N s 2¢1 ( N— rfs7th7rfs;tq;q7abq2r+25+2) )
(8.7.16)
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from which it is obvious that C. s > 0 for 0 < ¢t < 1, r+ s < N when
0 < abg? < 1. Combining this with our previous observation that A, s equals
the expression in (8.7.11) when « = q, it follows from (8.7.13) that

Li(x,y;a,b,¢c,a,7, M,N;q) >0 (8.7.17)

forx=0,1,....N, y=0,1,.... M, 0<t<lwhen0<g<1, 0<aq<]1,
0<bg <1 0<c<agV and cg < v < g™~ < ¢N~!. In particular,
the Poisson kernel (8.7.1) is positive for z,y = 0,1,...,N, 0 < t < 1 when
0<g<1l,0<ag<1,0<bg<land0<c<agh.

For further details on the nonnegative bilinear sums of discrete orthogonal
polynomials, see Gasper and Rahman [1984] and Rahman [1982].

8.8 g-analogues of Clausen’s formula

Clausen’s [1828] formula

2
(l,b . _ 2G,Qb,a+b .
{2F1 {a+b+§’z}} - 3F2[2a+2b,a+b+§’z ’ (8.8.1)

where |z| < 1, provides a rare example of the square of a hypergeometric series
that is expressible as a hypergeometric series. Ramanujan’s [1927, pp. 23—
39] rapidly convergent series representations of 1/, which have been used to
compute 7 to millions of decimal digits, are based on special cases of (8.8.1); see
the Chudnovskys’ [1988] survey paper. Clausen’s formula was used in Askey
and Gasper [1976] to prove that

—n,n+a+2,3(a+l) 1-x

F
82 at+1l,i(a+3) 2

>0 (8.8.2)
when a > -2, -1 <x <1, n=0,1,..., which was then used to prove the
positivity of certain important kernels involving sums of Jacobi polynomials;
see Askey [1975] and the extensions in Gasper [1975a, 1977]. The special cases
a = 2,4,6,... of (8.8.2) turned out to be the inequalities de Branges [1985]
needed to complete the last step in his celebrated proof of the Bieberbach
conjecture. In this section we consider g-analogues of (8.8.1).

Jackson [1940, 1941] derived the product formula given in Ex. 3.11 and
additional proofs of it have been given by Singh [1959], Nassrallah [1982], and
Jain and Srivastava [1986]. But, unfortunately, the left side of it is not a square
and so Jackson’s formula cannot be used to write certain basic hypergeometric
series as sums of squares as was done with Clausen’s formula in Askey and
Gasper [1976] to prove (8.8.2).

In order to obtain a g-analogue of Clausen’s formula which expressed the
square of a basic hypergeometric series as a basic hypergeometric series, the
authors derived the formula

{ 5 { a,b,abz,ab/z ]}2 5 { a?,b?,ab, abz,ab/z
e abq%,—abq%,—ab’q’q oo a2b2,abq%,—abq%,—ab7q’q ’
(8.8.3)
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which holds when the series terminate. See Gasper [1989b], where it was
pointed out that there are several ways of proving (8.8.3), such as using the
Rogers’ linearization formula (8.5.1), the product formula in §8.2, or the Rah-
man and Verma integral (8.4.10).

In this section we derive a nonterminating g-analogue of Clausen’s formula
which reduces to (8.8.3) when it terminates. The key to the discovery of this
formula is the observation that the proof of Rogers’ linearization formula given
in §8.5 is independent of the fact that the parameter n in the o¢; series in
(7.4.2) is a nonnegative integer. In view of (7.4.2) let

f(2) = 201, B9/ 85 q, 24/ B), (8.84)

which reduces to the ¢, series in (7.4.2) when o = ¢™™ and z = e~ 2. Tem-
porarily assume that |¢| < |8] < 1 and |z| < 1. From Heine’s transformation
(1.4.3),
(B2 q) 0 2
f(2) = ——=—="— 2¢1(q/ B, ¢/ B; q/ B; 4, B2). 8.8.5
() = (o sin(aa/ P o) Brca 0. 5). (385)
Hence, if we multiply the two o2¢; series in (8.8.4) and (8.8.5) and collect the
coefficients of 27, we get

2y~ (B0 5 (00/B%0/Bi0)k o
Fe= (24/5;4)oo kzzo (¢, 2q/5; @) (=)', (8:8.6)
where Ny
N g%, 8,8¢7"/a,a
A= a0 [Bq‘k,ﬁQq‘k/a,aq/ﬁ’q’q (8.87)

is a terminating balanced series. As in (8.5.5) we now apply (2.5.1) to the 4¢3
series in (8.8.7) to obtain that

(cq/B,0%a/B% 4) 2 o kil

Wr(a® /B, 0, B,0%¢" /6%, 47 i q,9/8). (8.8.8
(0%a/B.00/Frq) > / /B)- (8:83)
Using (8.8.8) in (8.8.6) and changing the order of summation we get the formula

(82 ¢) i (1—a?¢®/B)(e?/B, o, o, B5 @)k

(24/08; oo =5 (1 — a2/B)(q; 2q/ B, aq/ B, a*q/ 5% @)

y (QQQ/62§Q)% <ﬂ)k d) {a2q2k+1/627q/6.
(2q/B;q)x \ B) 2 a?g?r/g 7

Observe that since the o¢1 series in (8.8.9) is well-poised we may transform
it by applying the quadratic transformation formula (3.4.7) to express it as an
g7 series and then apply (2.10.10) to get the transformation formula

Q2?32 q/8 (02q/B; @)oo(—a/ B2)Fql
a2 t/g 7 (Bz/a; q) oo (0q/ Bz, a2q/B; q)k

1
ag®, aqbt3 /B, —ag"t3 /B, —ag" /B
a?g?* /B, azg" /B, ag B T

k=

f2z) =

q,Bz| . (8.8.9)

k+1
2)

2¢1 |: qaﬁz:| =

><4¢3{
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N (2q,a,a2q,0%q/B* Q) (q/B, /B2 q)k(0®q/B; @)k
(Bz,aq/B,a/Bz,02q/B; @) (a, azq; @)k (a?q/B?; q)2k
X o [ Bz,2q%, —2q%,—2q }
493 qz27azqk+1’ﬁzq17k/a’q q

We can now substitute (8.8.10) into (8.8.9) and change the orders of summation
to find that

(Bz, azq/B;q) )m(a®q/B% q)am
e = (2q/B, Bz/c; )0 Z q,aer/ﬂ,aq/ﬁz a?q/B,aq/B; q)m
™ sWs(? /s, 8,475 ¢, 0™/ 57)
(o, 0%q/B, 24, 02 @) i (82,207, —2¢%, —24; Qm_m
(aq/B,0q/B,2q/B, 0/ Bz q)oc S= (4,427, 024, B2q/ 0 )m
x ¢Ws(a?/B;a, 8,09 /B2 ¢, 24"+ B). (8.8.11)
Summing the above ¢W5 series by means of (2.7.1), we obtain the formula
) e e e
a,aq/32,aq% /B, —aq? /B, —aq/B ]
aq/B,a*q/5?, aq/Bz,azq/8
N (@, aq/B% 24, 2q,02q/B; @) oo
(aq/B,aq/B,2q/B,2q/B, o/ Bz @)oo
e [ﬁz,zqm,zq%,—zq%,—zq
2q,2°q, Bzq/a, azq/ B

which gives the square of a well-poised 5¢; series as the sum of the two balanced
5¢4 series. By analytic continuation, (8.8.12) holds whenever |g| < 1 and

|2q/8] < 1.
To derive (8.8.3) from (8.8.12), observe that if « = ¢~", n =0,1,..., then
(a;¢)0o = 0 and (8.8.12) gives
F2(2)
_ (82247 B0 {qn,q%"/ﬁvql”/ﬁz, ~q27"/B,~q" "/ ]
(B, 2a/Bi0)0e *' L B0 2 B2 g B g BT
_ (8% 8% ) <3)” 5 {q‘”,ﬂz q", B, Bz, ﬁ/z }
(8,8:0)n \B 32,847, —Bqz,—5
by reversing the order of summation. Since
2. n - 32q % i
o B () [T ]
by (7.4.14), it follows from (8.8.13) that

{mg lq—" (32 QH
Bq?,—Bq?, — Y

(8.8.10)

m=0

X5¢4{

i q] , (8.8.12)

(8.8.13)
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q ", B%q", 8,8z, /=
4
52,892, —Bq>,—
for n =0,1,..., which is formula (8.8.3) written in an equivalent form.
Now note that

201(a, B;aq/B; 9,29/ B)
 (2(aq)?, —2(aq)?, zqa? /B, —2qa% /55 q) o
- (2q%, —2q%, 2q/B, —azq/B; @)oo
x sWr(—az/Ba,—a?,(aq)? /3, ~(aq)? /B, 2 ¢, —2q), (8.8.16)

by (3.4.7) and (2.10.1), and set a = a%,b = (aq)z/f to obtain from (8.8.12)
the following g-analogue of Clausen’s formula:

(a®22¢,0*2%¢;¢*) _
Wo(—ab
{(2261,@2622“261;(12)00 sWi(—abzg

= 50 1 ¢, q (8.8.15)

[N

2
a4, —a, ba _b7 —z54, _ZQ)}

_ (an%/b, bzq%/a, Q)oo (b a27 b27 abv —CLb, _abq% . :|
(2q7 Jab, abzq?; q) oo v a2b2,abq%,abzq%,abq%/z7q’q
(2q,2q,0%, 0% @)oo
(abg?,abq?, ab/zq? , abzq?; q)s

1 1 1 1
azq? /b,bzq? Ja,2q2, —2q%, —zq
X 504 l ¢ q|, (8.8.17)

2q,22q, abzq? , 2q? [ab

where |¢| < 1 and |zq| < 1.

To see that (8.8.17) is a nonterminating g-analogue of Clausen’s formula,
it suffices to replace a by ¢%, b by ¢® and let ¢ — 17; then the left side and
the first term on the right side of (8.8.17) tend to the left and right sides of
(8.8.1) with 2 replaced by —4z(1 — 2z)~2 and so, by (8.8.1), the second term on
the right side of (8.8.17) must tend to zero.

It is shown in Gasper and Rahman [1989] that the nonterminating exten-
sion (3.4.1) of the Sears-Carlitz quadratic transformation can be used in place
of (8.8.10) to derive the product formula

(az,abz/c; q) oo
(2,b2/¢;q)s0

a, ¢/b, (ac/b)%, —(ac/b)%, (acq/b)%, —(acq/b)* }
aq/b, ¢, ac/b, az, cq/bz i

201(a,b;¢;q,2) 201(a, aq/c;aq/b; q, 2) =

X6¢5{

(a;¢/b,az, bz, azq/c; @)oo
(c,aq/b,z,z,¢/bz;q) o
z, abz/c, z(ab/c)z, —z(ab/c)?, z(abq/c)z, —z(abq/c)? }

x ;
o5 { az, bz, azq/c, bzq/c, abz?/c +4

(8.8.18)

where |z| < 1 and |¢| < 1. This formula reduces to (8.8.12) when a = «, b =
B, ¢=aq/B and z is replaced by zq/[.
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By applying various transformation formulas to the o¢; series in (8.8.12)
and (8.8.18), these formulas can be written in many equivalent forms. For
instance, by replacing b in (8.8.18) by ¢/b and applying (1.5.4) we obtain

2¢2(a, b; ¢, az; q,cz/b) 2¢2(a, byabg/c, az; q,azq/c)
_ (Zaaz/b; Q)oo ¢ |:aab7 (ab)%7_(ab)%a(abq)%7_(abq)% . :|
(az,2/b;q) o 0re abq/c,c,ab,az,bq/z 4
(a,b,cz/b,azq/c; q)o
(c;abg/c,az,b/2:q) o
z,abz, z(a/b)%,—z(a/b)%,z(aq/b)%, —z(aq/b)%
az,cz/b,aqz/c, zq/b,az?/b

><6¢5{ iq ,q} (8.8.19)

where max(|q|, lazq/c|, |cz/b]) < 1. If we replace a,b,z in (8.8.19) by ¢%,b°,
z/(z — 1), respectively, and let ¢ — 17, we obtain the Ramanujan [1957, Vol.
2] and Bailey [1933, 1935a] product formula

oF1(a,b;¢2) oFy(a,b;a+b—c+1;2)
= 4F5(a,b,(a+0)/2,(a+b+1)/2;¢c,a+b,a+b—c+ 1;42(1 — 2)),
(8.8.20)
where |z| < 1 and |[4z(1 — z)| < 1. This is an extension of Clausen’s formula in

the sense that by replacing a, b, ¢,4z(1 — z) in (8.8.20) by 2a,2b,a + b + %, Z,
respectively, and using the quadratic transformation (Erdélyi [1953, 2.11 (2)])

1 1
oF1(2a,2b;a+ b+ =;2) = oF1(a,b;a+ b+ 5;4z(1 —2)), (8.8.21)

2
we get (8.8.1). See Askey [1989d].

8.9 Nonnegative basic hypergeometric series

Our main aim in this section is to show how the terminating ¢-Clausen for-
mula (8.8.3) can be used to derive g-analogues of the Askey-Gasper inequalities
(8.8.2) and of the nonnegative hypergeometric series in Gasper [1975a, Equa-
tions (8.19), (8.20), (8.22)].

As in Gasper [1989b], let us set

2b b b _160 b_—i0 2b b
Yy=q",a1=q",a2 =¢q€e", a3 =¢q¢e ", by =q7, by = —q",
b+

Nl=

a=q " e=q""d =2 = —dy ey = "7 = —es,x = qw =1,

in the r =3,s =t =wu =k =2 case of (3.7.9) to obtain the expansion
T e gbem
594 g2, qhlatD) _ghlat) b 14,4

—n

n

1 1
gt g —gP e g);

]z: q qQ(aJrl) _q2(a+1) q]+2b Q)]

—l)jqj+(é)
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><4¢3[

. . gl gl
qg n7qj+n+a7qj+ +27_qj+ +3 » q]
j 1 j+3(atl i+3(at+1)’

q2j+2b+ 7qJ+2(a-&- )7_qj+2(a+ )

—j j+2b b b0 b, —if

a7, ¢, ¢ %, ¢’
><5¢54 2 34,41

1 1 (8.9.1)
¢, "5, —g", —¢b
where, as throughout this section, n = 0,1,... . By Ex. 2.8 the 4¢3 series in
(8.9.1) equals zero when n — j is odd and equals

b
(0, 4° " ¢* e 2k(n—2k+b+1/2)
(@2n—kFatl g2n—ak+26+2, g2),

when n—j =2k and k =0,1,.... Hence, using (8.8.3) to write the 5¢4 as the
square of a 4¢3 series, we have
qfn7 anra7 qb’ qbeiG’7 qbefiH
504 [q2b g3 lat), _q%(a+1)7_qb;q’q

[n/2] _ 1 1
— Z n naqn+a7qb+27_qb+2;q)n72k
q.q2 (a+1) %(a+1) ,qn—2kH2b; )

n—2k

( a—2b. ) . .
4.9 4 2k (n—2k+b+ 1)+ (n—2k) (n—2k+1)
(qQTL—élk-l—a-‘,-l7 an 4k+2b+2; q2)k

X

2

2k—n ,n—2k+2b ib 1ip _Lb_ —Llig
q »q ,qz ez, qz2 e 2
X 4¢3 |: 1 1 7QaQ:|} . (892)
{ ¢t ="t ¢

Since (—1)"(¢™";q)n—2x > 0, it is clear from (8.9.2) that

-n 0
q »q 4,9 €¢7,q°¢€
; > 9.
5¢4 |:q2b7 q%(a—&-l —q2(a+1) qb 34, Q:| >0 (8 9 3)

when ¢ > 2b > —1 and 0 < ¢ < 1. By setting « = cosf and letting ¢ — 17, it
follows from (8.9.3) that
{—n,n—i—a,b. 1—=z
2o, La+1)" 2
when a > 2b > —1 which shows that (8.9.3) is a g-analogue of (8.9.4). When
a=a+2and b= 1(a+1), (8.9.4) reduces to (8.8.2). Special cases of (8.9.4)

were used by de Branges [1986] in his work on coefficient estimates for Riemann
mapping functions.

Another g-analogue of (8.9.4) can be derived by using (8.9.1), (8.8.3) and
Ex. 2.8 to obtain
q—n’ qn—l-a7 qb7 _qb7 q%aezﬂ’ q%ae—w
6¢5 |: 2b i(a+1) 1(a+1) Lla lu,;q q:|
q,492 ) —q* y —q27, —q2

] >0, —1<z<]1, (8.9.4)

n (q—n’ qn-‘ra, q%a7 q%aew, q%ae—w; Q)j ( 1)]‘ j+(%)
= 1 1 Ta o ta_ —4)°q
= (q,q2tD), —g2(atl) —gz gita=lq);

><5¢4{

qun7 qn+j+a’ qj+%a7 qur%aeiQ’ qur%aein
g2i+a @it _gitdarn) _gitia DY
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g ¢t b =
><4¢3{ 2 gbe, b 14,4
2 .
- %] g g2 g2 g2 e q)o,

q q2(a+1) 7q2(a+1) 7q2a q2k+a 1. q)%

—%.
(@02 k ks nrom

(g%, ¢®+5 ¢

g2k—n gnt2kta ghtiagzif gktiag—3ib 2
{4¢3[ g2 3(atl) _2ktd(atl) _p2k+da ;q,q}} , (8.9.5)

which shows that

695 {

— b p 1 1 i —10
a0 —qb g2 gzle

g2, qat) _ghle+) _ e _q%av‘bq] =0 (8.9.6)
when a >2b> —1and 0 < g < 1.

The expansions (8.12) and (8.17) in Gasper [1975a] are special cases of
the ¢ — 1~ limit cases of (8.9.2) and (8.9.5), respectively, when (7.4.14) and
Gasper [1975a, (8.10)] are used. A g-analogue of the expansion (Gasper [1975a,
1989b])

—n,n+a+2,3(a+1)
a+1 F(a+3)

i +a+2)( )j 0
Z]' N(e52), (G +a+1); 1=y

J

(=21 =)

=0
2
(n —j)! L(a+1) J+ 4 (at2)
C? clt> 8.9.7
{a+1 1,2 Fat 2, (2)C;, -3 (y)} (8.9.7)

is easily derived by employing (3.7.9), (8.8.3) and (7.4.14) to obtain

", qn+a+2’ q%(aJrl)’ q%(a+1)62i0, q%(aﬂ)eﬂw’
7¢6 qa+17 q%(a+3)7 _q%(a+3)v _q%(0¢+2)7
q%(onrZ)e%T7 q%(a+2)€72i7 .
_gilar2) _ghavny DA
— 1 —94 .
En: n gntat? qz(a+2) qz(a+2)e ,q2 3(at2), QZT'Q)j(_l)jqur(%)
T (0,q20F), —ga (0t g3(etD) gitatl;g),
i@ @)n—j q%(j—i-a—i-%)
a+l 2]+a+2 q) .
2
x Cj(cos b q2(°‘“’|61) ~j(cosT; q”%(“”)lq)} ) (8.9.8)

which is obviously nonnegative for real § and 7 when o > —2.
If we proceed as in (8.9.5), but use the g-Saalschiitz summation formula
(1.7.2) instead of Ex. 2.8, we find that
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-n n+a

.q q%a q q2a6L0 q%ae 6
(a+1) .qC, anrb € —qz2 L(a+1) _qQa 4,9
Z": g5, q7¢, b g5 et? ge i ),

%(14—1 _qQ((H-l) _q2a qura 1 ,q°, qa+b c. q)

j= J

j ji—n g Litlyg 10 1iil, 1, 2
% (71)j j(b-'rl)-‘r(%) " ¢’ n7qj+n+a7q2]+4a6219’q2j+4ae 219.
q 493 qj—i-%(a—i-l)’7qj+%(a+1)7iqj+%a 14,9
(8.9.9)
and hence
q ", q ql q q2a620 q2a6719
695 [qa(‘“‘l) qc, qa+b c _qz(a-‘rl) o 44 :| >0 (8.9.10)

forreal@whenaZch,a+b>c>0and0<q<1. By letting ¢ — 17 in
(8.9.10) it follows that

—n,n-i-a,%a,b 11—z

p—
4F3[%(a+1),c,a—|—b—c’ 2 =0
for =1 <z <1whena > c¢>band a+b > ¢ > 0, which gives the nonnegativity
of the 3F, series in Gasper [1975a, (8.22)] when a = a + 2,b = 2a + 2 and
c¢=a+ 1. Also see Gasper [1989d].

(8.9.11)

8.10 Applications in the theory of partitions of positive integers

In the applications given so far we have dealt almost exclusively with orthogo-
nal polynomials which are representable as basic hypergeometric series. These
are important results and most of them have appeared in print during the
last thirty years. They constitute the main bulk of applications as far as this
book is concerned. However, our task would remain incomplete if we failed
to mention some of the earliest examples where basic hypergeometric series
played crucial roles. The simplest among these examples is Euler’s [1748] enu-
meration p(n) of the partitions of a positive integer n, where a partition of a
positive integer n is a finite monotone decreasing sequence of positive integers
(called the parts of the partition) whose sum is n. To illustrate how p(n) arises
in a g-series let us consider a formal series expansion of the infinite product
(¢;9)=t in powers of g:

o

O H(l -
Z Z k1 1+ko-2+4--

k1>0k22>0

> p(n)g" (8.10.1)
n=0

where
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n=k -14+k-24---+k, n, (8.10.2)

p(0) = 1 and, for a positive integer n, p(n) is the number of partitions of n
into parts < n. In the partition (8.10.2) of n there are k,, m’s and hence
0 <kpn<n/m,1 <m <n. For small values of n, p(n) can be calculated quite
easily, but the number increases very rapidly. For example, p(3) = 3, p(4) =
5, p(5) = 7, but p(243) = 133978259344888. Hardy and Ramanujan [1918]
found the following asymptotic formula for large n:

p(n) ~ Fl\/ﬁ exp [w (2%) 5] . (8.10.3)

Also of interest are the enumerations of partitions of a positive integer n into
parts restricted in certain ways such as:

(i) pv(n), the number of partitions of n into parts < N, which is given by
the generating function

()N =D pn(n)g", (8.10.4)
n=0
wheren=Fk;-14+ky-2+---+ky-N has k,, m’s;

(ii) pe(n), the number of partitions of an even integer n into even parts,
generated by

(%) = [[a -
k=0
= pe(n)g™; (8.10.5)
n=0

(iii) paist(n), the number of partitions of n into distinct positive integers,
generated by

1 1
(G Qoo = D 3 -e-ghitRe2te
k1=0 ko=0
o0
= paist(n)g", (8.10.6)
n=0

wheren=Fk;-14+ky-2+---+k, n,0<k; <1,1<7<n,and
(iv) po(n), the number of partitions of n into odd parts, generated by

(66 = ﬁ(l — g
k=0
- Zp()(n)qn. (8.10.7)
n=0

Euler’s partition identity
Paist (1) = po(n) (8.10.8)
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follows from (8.10.6), (8.10.7) and the fact that

-1
(¢ @)o0 = (q%,—q%;q)m = (g:¢*) (8.10.9)

Other combinatorial identities of this type can be discovered from
g-series identities similar to, but perhaps somewhat more complicated than,
(8.10.9). For example, let us consider Euler’s [1748] identity involving the
pentagonal numbers n(3n £ 1)/2:

[oe]
(q;CI)oo — Z (_1)nqn(3n+1)/2
o [ee] [ee]
n=1

which is given in Ex. 2.18. A formal power series expansion gives

(1 _ qk+1)

’,:]8

(G900 =

=~
Il
=

1
Z k1+k2+ qk1~1+k2'2+”" (8.10.11)

|
i M~

which differs from the multlple series in (8.10.6) only in the factor
(—1)krtkzt = This factor is +1 according as the partition has an even or
odd number of parts. Denoting these numbers by peven(n) and pogda(n), re-
spectively, we find that

=1+ Z [peven podd( )] qn. (81012)

From (8.10.10) and (8.10.12) it follows that

(=1)F for n = k(3k +1)/2,
peven(”) - podd(n) = { (81013)

0 otherwise.

Thus Euler’s identity (8.10.10) expresses the important property that a positive
integer n which is not a pentagonal number of the form k(3k +1)/2 can be
partitioned as often into an even number of parts as into an odd number of
parts. However, if n = k(3k+£1)/2, k = 1,2, ..., then peven(n) exceeds poaq(n)
by (—=1)k. See Hardy and Wright [1979], Rademacher [1973] and Andrews
[1976, 1983] for related results.

Two of the most celebrated identities in combinatorial analysis are the so-
called Rogers—Ramanujan identities (2.7.3) and (2.7.4) which, for the purposes
of the present discussion, we rewrite in the following form:

oo qn2 1
1+ GO.= = , (8.10.14)
n=1 ’

@ H (1— q5k+1) (1— q5k+4)
k=0
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x _n(n+1) 1
1+Zq. = — (8.10.15)
o (@ D)n [T (1 — ¢®++2) (1 — go++3)
k=0

It is clear that the infinite product on the right side of (8.10.14) enumerates
the partitions of a positive integer n into parts of the form 5k + 1 and 5k + 4,
while that on the right side of (8.10.15) enumerates partitions of n into parts
of the form 5k + 2 and 5k + 3,k =0,1,....

Following Hardy and Wright [1979] we shall now give combinatorial inter-
pretations of the left sides of the above identities. Since

P =14345+4 -+ (2k—1),

we can exhibit this square in a graph of k rows of dots, each row having two
more dots than the lower one. We then take any partition of n—k? into at most
k parts with the parts in descending order, marked with x’s and placed at the
ends of the rows of dots to obtain a partition of n into parts with minimal
difference 2. For example, when k = 5 and n = 32 = 52 + 7 we add 4 x’s to
the top row, 1 each to the 2nd, 3rd and 4th rows, counted from above. This
gives the partition 32 = 13 + 8 4+ 6 + 4 + 1 displayed in the graph below.

(] ] . . . . ] [ . X X X b 4

[} ° ° ° . L] . X
L] ° ° ° ° X
. ° [ X

The identity (8.10.14) states that the number of partitions of n in which the
differences between parts are at least 2 is equal to the number of partitions of
n into parts congruent to 1 or 4 (mod 5).

Observing that

k(k+1)=2+4+6+---+ 2k,

a similar interpretation can be given to the left side of (8.10.15). Since the
first number in the above sum is 2, one deduces that the partitions of n into
parts not less than 2 and with minimal difference 2 are equinumerous with the
partitions of n into parts congruent to 2 or 3 (mod 5).

For more applications of basic hypergeometric series to partition the-
ory, see Andrews [1976-1988], Fine [1948, 1988], Andrews and Askey [1977],
and Andrews, Dyson and Hickerson [1988]. Additional results on Rogers—
Ramanujan type identities are given in Slater [1951, 1952a], Jain and Verma
[1980-1982] and Andrews [1975a, 1984a,b,c,d].

8.11 Representations of positive integers as sums of squares

One of the most interesting problems in number theory is the representations
of positive integers as sums of squares of integers. Fermat proved that all
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primes of the form 4n+1 can be uniquely expressed as the sum of two squares.
Lagrange showed in 1770 that all positive integers can be represented by sums
of four squares and that this number is minimal. Earlier in the same year
Waring posed the general problem of representing a positive integer as a sum
of a fixed number of nonnegative k-th powers of integers (positive, negative, or
zero) with order taken into account and stated without proof that every integer
is the sum of 4 squares, of 9 cubes, of 19 biquadrates, ‘and so on’. More than
100 years later Hilbert [1909] proved that all positive integers are representable
by s kth powers where s = s(k) depends only on k. For an historical account
of the Waring problem, see Dickson [1920], Grosswald [1985], and Hua [1982].

To illustrate the usefulness of basic hypergeometric series in the study
of such representations we shall restrict ourselves to the simplest cases: sums
of two and sums of four squares, where it is understood, for example, that
n = z? + 23 = y} + y3 are two different representations of n as a sum of two
squares if 1 # y1 or xo # Yo.

Let rog(n) be the number of different representations of n as a sum of 2k
squares, k = 1,2, ... . We will show by basic hypergeometric series techniques
that, for n > 1,

ro(n) = 4(dy(n) — ds(n)), (8.11.1)
(n)=8 > d, (8.11.2)
d|n,4td

where d;(n), i = 1,3, is the number of (positive) divisors of n congruent to i
(mod 4) and the summation in (8.11.2) indicates the sum over all divisors of n
not divisible by 4. The numbers 4 and 8 in (8.11.1) and (8.11.2), respectively,
reflect the fact that ro(1) = 4 since 1 = 024 (£1)? = (£1)?+0%, and r4(1) = 8
since 1 =02 4+024+ 02+ (£1)2 =02+ 02+ (£1)2 4+ 0% = 0% + (£1)2 + 02+ 0% =
(£1)? + 0% + 02 + 0. Both of these results were proved by Jacobi by means of
the theory of elliptic functions, but the proofs below are based, as in Andrews
[1974a], on the formulas stated in Ex. 5.1, 5.2, and 5.3. Combining Ex. 5.1
and 5.2 we have

n n(n+1)/2

[ > (—1)nqn2l — 1+4Z 1+q . (8.11.3)

n—=—oo
However, the bilateral sum on the left 51de is clearly a generating function of
(=1)™r2(n) and so it suffices to prove that

© - © (_1)nqn(n+1)/2
;[dl(n) —ds(n)](—q)" = 7; S T (8.11.4)

By splitting into odd and even parts and then by formal series manipulations,
we find that
n n(n+1)/

Z 1+q

r(2r+1) ° _(m+1)(2m+1)

+ 1 + q2m+1

m=0

q
1

10

i(f m+rq(2m+1)r+ Z Z m+r (2m+1)r

1 m=r m=0r=m+1

T
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= - m+7’ (2m+1)
2.2 )¢

=r r=1m=0

NE
INE

(

1

ﬂ
Il
3

(_1)m+rq(2m+1)r

e 10
M i

<71)7 <q(4m+l)r . q(4m+3)7')

3
]
o
3
l
L

M

(=9)"(di(n) — ds(n)),

3
Il
-

which completes the proof of (8.11.4).

(8.11.5)

To prove (8.11.2) we first replace g by —¢ in Ex. 5.1 and 5.3 and find that

where the last line is obtained from the previous one by

(1 + (—q)™)~2 and interchanging the order of summation. Now,
>t
n=1 1+ (—q)”
nqn nqn
S
odd n>1 1- q" even n>2 1+ qn
XM Y ()
n=1 even n>2
x ng" 2nq2n
B RUANN S Tk
n=1 even n>2
- —gn !
n=1 1 q” n=1 1 q "
I
4fn 1-¢
Thus,
oo - qun
Zm(n)q = 1+8Z g
n=0 44n

(8.11.6)

expanding

(8.11.7)

(8.11.8)
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Since r4(0) = 1, this immediately leads to (8.11.2). For a direct proof of
(8.11.8) based only on Jacobi’s triple product identity (1.6.1), see Hirschhorn
[1987).

Ex. 5.1 and 5.4 can be employed in a similar manner to show that

rs(n) =16(-1)" > (-1)%*, n>1. (8.11.9)
d|n

See Andrews [1974a]. Some remarks on other applications are given in Notes
§8.11.

Exercises

8.1 Prove for the little g-Jacobi polynomials p,(x;a,b;q) defined in (7.3.1)
that

(i)
pu(; a,b;¢)pn(y; a, b5 q)
n -n_ab n+1 33_1 —1. ) 1—m\ ™
()(bq,) Z(q ,abg" " xT Ny ’qm<:ryq )

(aq; @)n (4:0¢; @) m a

= (—aq)"q\2

m=0

- g™ b_lq_m;q)k E K242k
X E (abzy)®q ,
gt q,aq,ﬁcq1 Y T Q) )

(i)
Pn(z;30a,b;q)p (y; a,b; Q)

bq )n ~w (47" abg" i q) 2 m
= (—bq = ™ (—byg?)"ql’2)
(=)™ (ag; q)n ,nz::o q,bq, @m ( )
Thabd™ )y
X 2q)* 261(¢" 7™, bq; 054,07y ™).
Z qvaq,q) (20)" 26 )

8.2 Derive the following product formula for the big ¢-Jacobi polynomials
defined in (7.3.10):

Po(;0,b,¢;.9)Pa(y; a0, ¢ )
(2 (bg; ) 2": (a7 abg"* cqz™" cqy"5a) (ﬁ)m

(aq; q)n (¢,bq, cq, ¢q; @)m a

= (—aq)"q
m=0
-m 1,—m z,y

X abge™?| .
1 Lqﬁw‘lq‘m,yc 1g-m’ D ]
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8.3 Prove that
i (abq, ag; q)n (1 — abg®" ) ( t

(0,00 Q) (1 — abq) —) Pn(q®; a,b;9)pn(g”; a, b q)
n=0 ? ’ n

aq
oo min(z,y)

1 —s
St ) Y (et e

=0 s=0 q’bq 0)s(q; aq; q)r
x 261 (0,0; gt; g, abg® T2+2) IS,

and that this gives the positivity of the Poisson kernel for the little g-Jacobi

polynomials for xz,y =0,1,..., 0 <t <1when0<¢<1,0<aq<1and
0<bg<1.

8.4 Prove for the ¢-Hahn polynomials that
(i)
(bg, abg" 2 q)n
Q x7aab7Nan ;aabaN;q = T N. N
! Al )= a0 V0
n n+1 qu x+1 qu—y+1.

Q)m
X ! m
Z q,bq abg™ 2, gV 4L g q

(qu-i-l) —-n

y Z b 1 —N m—1. q)k(l—b_1q2k_N_m_1)(a_lb_lq_N_m_l,b_lq_m;q)k
(¢ k(1 = b"1g= V=" (aq, ¢ N; q)x

(q7m7 q7m7 qu, Q)k (ab)kq(x-i-y—‘er—k)k’
(b=tq=N,b=tgz—N-m p=lgy=N=-m.q);,

(i)

(bg, abg™+2:q)

Qn(w;a,b,N;q)Qn(y;a,b,N;q) = bgN )"
" " (aq,aNsq), ( )
n n+1 b N4+1—z—y
e e
(q,bq, abgN+2;q)m
in: 7m aqu+17q4”7q*y§q)k (qu—z+2)k
= (q,aq,q7 N, bgNt1=7v5q),
qk7m7 qkfr) quJrlf:L‘
X 3¢2 |: 0’ qu+1_x_y+k 5 q,4q| -

8.5 Prove for the g-Racah polynomials that
(i)
Wn(xu a, b7 c, N7 Q)Wn(yv a, b7 c, N? Q) =

DI

m=0

(bq, aqu *2q) “n
(U/Q7 q Q)n (bQNJrl)

N—y+1.

777, n+1 : q)m

qu JL’Jrl7 bq

(q,bq, abgN+2,beq; q)m
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(beg™ ™!, beg" 1 q)
(beg, bgN+1iq),,

% 10w9 (b_ q—N—m—l —lb q—N m—1 b 1 —m7

qu,qu’cquN,q*y7cq - ;q,abi c q),

m . Mm

(age™!, abgN 2

(beq, a5 q),,
—n bqn+1 ac—qu—:c-&-l’ ac—qu—y+1; q)m

(q,abgN*2, agc= ac1gN* i q),,

Wh(z;a,b,¢, N;q)Wh(y;a,b,¢, N;q) =

aq““, ag’t'; q)

(aq,aq; @)m

-1 —N—-m-—1, -1 -m _—13—-1 —N—-m-—1
><10Wg(ca q jea” g ™" aT b g

" g " eq" N, g7, eq" N q,qba )

m 1

)

8.6 Show that
(i)
Wi(z;a,b,¢, N;q)Wa(y; a,b, c, M;q)
(bg,aqe™";q) " (g abgt gt N g M)

-~ (aqbeqiq)n A (abg aget i),

(' c'a%4), .
(¢, M:q),

X 10Wo (cqg™™5ca™ ¢ ™ 07 g g7 g7 eq N g7V, eV M, abg
where n =0,1,...,min(M,N), x=0,1,...,N,and y =0,1,..., M,
(i)

Wy(z;a,a,¢, N; )Wy (y; a,a, ¢, N; q)

M+N+3) ,

1 2 N+2 n 1 1.
+ n+ aqur q)m

:(aqc a?q"tq) (ac1g¥+1) nz a’q
(accz,q Niq)n — qa2 N*2, aq;q),,,

(aqlerfJ:7 acfqufmfszl; q)
(age™t,aq*=%;q),,

x 10Wo (ag™";a%q™ g7 ag™" Tt e g g7 g7V, e N q,q) -

m 1

q

X

8.7 For the ¢-Hahn polynomials prove that
(i)
4 *1q), (1 - abg®*)

Z (abQ> aq,
= (q,bq,abgN "2 q), (1 — abq)
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X Qn(w;0a,b, N;q)Qn(y;a,b, M;q)

Zi - HS (abq®; Q)2rt2s(q™ ", a7 Y5 q)r ("N, ¥ M5 q)s

== M q=N,abgN*2;q), . (¢,a9;9):(q,bg; q)s

(" )HS

X
(abgN* 7"“*27 q)

(_1)r+sa—sq(r+s)(2N—r—s+1)/2—(m+y+1)s

Z—Tr—s

% 2¢ ( r+s—z ql+r+s—z q1+N z7q’aqu+z+2) Z 0.

forx =0,1,...,N, y =0,1,... .M, 2 =0,1,..
0<ag<1,0<bg<1and N < M;

(i)
ZN: (abg,aq, =™ q)n(1 — abg®" 1) (_i)nan(g)

= (q,bq,abg"t2;q)n(1 — abq) aq

X Qn(x,a,b,N,q)Qn(y,a,b,M, Q)

., N, when 0 < ¢ < 1,

xNac

-y Y abq q 2425 (077,07 q), (6" N, ¢ M5 q),

r=0 s=0 aqu+2 q)TJrS (Q7 aq; Q)r(q, b(L q)s

% (t,abq2r+23+2,q)N s 2¢1( N—r—s th r—s. - qt; q’abq2r+23+2)

% a—sq(r+s)(2N—r—s+1)/2—(x+y+1)s(_t)r—i-s >0,

forx=0,1,...,N, y=0,1,..
1,0<bg<1land N < M.
(Gasper and Rahman [1984])

oM, 0<t<1lwhen0<g<1, 0<ag<

8.8 Prove that

(aq, abq, beq; q)n(—c)™" ™
A
— (q,bq, aqc™; q)n(abg; q)2n
=0

x Wy (z;a,b, ¢, N; )W, (y; a,aba™ v, M; q)

z z—-r —z x—N

—ZZ 1 Qrgs (e N a7V, M59),
—N

== (N3q), 4 (0, ag, ¢ M, abyga g %5 q),
("N, e tq "), (1 - cqr‘s)q_mA
(¢,bq, age=t;.q)s(1 — cq=*) re firtss
where z =0,1,...,N, N <M,

7 q n+k Pn+k
(4, aqu”* L’

M

k=0

and {u,} is an arbitrary complex sequence, A, being the same as in
(8.7.5).
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8.9 Deduce from Ex. 8.8 that

i (abq, aq,d, e, beq, q~%;q),, (1 — abg®" 1) abg* 2\ "
< (¢,bq, abg?/d, abg? /e, aq/c, abq*?; q)n(1 — abq) \ cde

x Wi (z;a,b,¢, N; )Wy, (y; o, aba ™", v, M; q)

_ (abq2 aqu/de q izzf “Fd,e;q), (qff”,cqz N,q)
(abg?/d,abq?/e;q), ‘= = (¢~ N, deq=>" 1 /ab;q),.,, (a4 M5 q),

y (¢ vq" M;q), (qx‘N,C‘lq"”;Q)s (1—cq")
(g, abyqga=t, cq'=%;q),(q,bq, aq/c; q)s(1 — cq—*)
8.10 Use (7.4.14) to show that (8.8.3) is equivalent to the formula
{C,(cosb; Blq)}°
_ (52 52 ) ﬁ " ¢ qfn,ﬂQq”,ﬂ,ﬂe%H,ﬁe*Qw
32, 8q%, —Pq*, -

r+sfrsA
7,8

1q,q/
(4,4 )

where n =0,1,... .

8.11 In view of the product formula (8.4.10) and Gegenbauer’s [1874, 1893)
addition formula for ultraspherical polynomials (see also Erdélyi [1953,
10.9 (34)] and Szegd [1975, p. 98]) it is natural to look for an expansion
of the form

1 1

pn(Z'a aq?,—a,—aq?|q)

_ Z Apn(8,0) Do(z; ae®Ti qe™ =19 qeif=it 4eid=i0|).
where pn(z; a7b7 ¢,d|q) is the Askey-Wilson polynomial. By multiplying
both sides by

w(z; ae? P qe=10=19 qeif=id qeid—it)
X P (z; a€i0Hi® qe=10-19 qei0=id 4id=i0)|g)

and then integrating over z from —1 to 1, show that

(q)n (a%q", a'q7t, a2q7, —a?q?, —a%q) a™
q 4 n 4 1 2 2 2 n—m
Amn(0,0) = - =

(@ D (@ Dn—m (a*q @) gy, (aQ(ﬁ,—aQq? —a?; q)

n

m/2’ aq(m+1)/2’

X Pn—m (JI, aq —aq

m2 g (m+1 /2|q)

m/2 aq (m+1) /2|q>

X Pr—m (y; ag™'?, agmt /2]

(Rahman and Verma [1986b])

—aq

8.12 Prove the inverse of the linearization formula (8.5.1), namely,

min(m,n)

Conin(@; Blg) = > bk, m,n)Crni(w; Bq) Cri(; Blq),

k=0
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where
(¢ D (% Dn (B; Drmin
b(k,m,n) =
( ) (8; Q)m (35 ) (@5 Dmtn
% (ﬂ—2q—m—n’ﬂ—1’ )k (1 76—2q2k}—m—n) (62q,1)k
(¢, 87 ¢ =™ q), (1 = B72¢7™77")
8.13 Give alternate derivations of (8.6.3) and (8.6.4) by using the g-integral

representation (7.4.7) of C,(x;3|q) and the g-integral formula (2.10.19)
for an g¢7 series.

8.14 By equating the coefficients of e(™+7=2k)¢ on hoth sides of the lineariza-
tion formula (8.5.1) show that

(i)

B B8R @1 (@B ),
4¢3 g1 1 kog-lgl-m gltn- k’q’ﬁ T (g, B g g),
K b
D [ﬂ, q*, qam, g, BreTmT,
B 1 1 k7 ﬁ 1 1 m7 ,3 1 1 n’ B 2 1 m— n
qk—m—n: 6 2 1 m— n7 ﬂ 2 2 m— n’ ﬂ 2 m—n . 5 q
ﬁ—1q1+k—m—n: ql m—n7 q—m—n’ ,8 1 —m—n 1459 ’B ’

for k=0,1,...,n, and
(ii)

¢ g, B, B 7
493 [5 Lyl g-lgitk—m-n q1+lcfn;q’ﬁ
_ (™1, B 1q1~ k,q) B
(7%, Bg™;q),,
D [/6’, q ", qam, g, BT,
671q17k’ ﬁflqlfm’ Bflqlfn7 ﬂ 2 1 m— n7
qk—m—n: B—qu—m—n’ B 2 2 m— n’ ﬁ 1 2 m—n q
pigithmmen s glomen, ¢ BT 1q’m LR

for k=n,n+1,...,n+ m, where ® is the bibasic series defined in §3.9.
(Gasper [1985])

8.15 Show that, by analytic continuation, it follows from Ex. 8.14 that
a, b, c, d q°
bg/a, cq/a, dq/a;q’ a?
_ (a/d,bq/d, cq/d, abe/d; q)
(¢/d,ab/d,ac/d,beq/d; q) o
x 12Whi(be/d: (beg/ad)*, —(beq/ad)?  q(be/ad)*, —q(be/ad)?,
ab/d,ac/d,a,b,c;q,q/a),

403

=
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8.17

8.18

8.19
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where at least one of a, b, ¢ is of the form ¢7",n=0,1,....
(Gasper [1985])

From Ex. 8.15 deduce that
10W9 (a; qéa _q% y —q, az/bv a2/c, ba ¢ dq, q/a)
B (ag,a?/b,a*/c,aq/bc; q) 5 [a, b, c, be/a
~ (a2,aq/b,aq/c,a/bc; @)oo s bq/a, cq/a, beq/a?

where one of a, b, ¢ is of the form ¢, n =0,1,....

Prove that 2 42 2by ab )
{4¢3 [;Z;Qq,’ja?i:;;qz,f] }
a?, b2, ab,abz,ab/z
B 5¢4{ abq2 —abq2 —ab’q q]
and

a?,b% abz,ab/z 2
4¢3 1 1 2b2 74,4

abq?,—abq?,—a
a*, b*, a%b?, a?b%a?, a?b? /22 ]

= 5¢4[ apt 22 (0%, q

a abq,—abq,—a

when the series terminate.
(Gasper [1989b])

With the notation of Ex. 7.37 prove that
Dy [(¢" 7€, q' e ":q),, Un(cos)] <0

when v > —%,)\20, O<g<lfisrealandn=1,...,r
(Gasper [1989b])

Prove the expansion formulas
: , (¢ 9)ocw ™"
i) & (xyiw) =
) Eolai i) (q”'q) (4w %) oo
x Z ¢ I (2w ) Con (20" g),

.. . (_w 5 q )OO > n(n—2a— . n
(11) 5q($; zw) = W Z q (n—2 1)/4(zw)

5 )

(_q(a+ﬁ+1)/2; q1/2)n(qa+ﬁ+1; Q)n

(g P+ q)an
y {q(ﬁ+n+1)/2, _q(a+n+1)/2
2¢1

X

251

g(oH8+2n+2)/2 1'% iw| PP (z]q).

(See Ismail and Zhang [1994]) for (i), and Ismail, Rahman and Zhang

[1996] for (ii).)
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8.20 Prove the following linearization formula
pm<$, a, Q/a’7 _ba —q/b|q)pn(:r, a, Q/aa _b7 _q/b|q)

2 min(m,n)

= Z Ckpm-i—n—k(x; a, Q/av _b7 _Q/b|Q)7

k=0
where
Ck o (Q7 Q)Qm (Q7 q)Qn(Qa q)m+n b_kq(3m+3n+1)k_3(g) 1-— q2m+2n+172k
(¢ Dm (@ On(e5 @)2m+2n 1 — g2mt2nti=k
% (q—m’ q—m’ q—n, q—n, q—27n—2n7 _bq—m—n/a, _abq—m—n—l; q)k
(¢, g™, g 2", ¢ ™ " q)k
-k ,—m ,—n m+n+1—k
e *q™ g —bg /a.
X 4¢3 |: ql-&jm—k7’q1+n’—k7 _bq—m—n/a 4, q]
-k —m ,,—n m4+n—=k
q ", ™ g ", —abg
X 4¢3 {qu-m_k q1+n_k —abq_m_"_1 ;q7q} s
b) b)
with a,b > 0.

(Koelink and Van der Jeugt [1998], after transforming their formula to a
symmetric form in m and n)

8.21 Prove the following convolution identity for the Askey-Wilson polynomi-
als:

mf:"bmfk m+n] (%) (a0 q)n (25 )k
ko], (c2,02c¢2q" 1 q) k(0224 @) men—r

-k 12 .2 k—1 ,—n 272 n—1
q ", 0% q" ", q7 ", a”b%yg
X4¢3|: b2 a2b202qm+n—l q—m—n 7Q7Q:|
; ;

k=0

1 -1

X pk<w2+Tw2;bwl,b/wl,cs,c/8|q)pm+n,k<W1+Tw1;at,a/t,bcsqk, bch/s|q>
—1 —1

= pn(lerTwl;at, a/t,bwz,b/w2|q>pm(w2+Tw2;abtq",abqn/t,cs,C/S\q)

(Koelink and Van der Jeugt [1998])

8.22 Show that
sWr (7&55/ ¢ az,a/z,va,vb, e q,q/ 7J>

(yabé, be, bq/d, cq/d; )
(abeq/d, q/vd, qazy/d, qary/zd; q) o

oo (1 — abch”/d) (abc/d, ab, ac; q)n

= (1 abe/d)(g.co/d bajdi )
><rn(y+2771;EL,B,E,q/ci|q)rn<z—i_2i;a,b,c,q/d|q>,

where a = /abed/q, ab = ab, a¢ = ac, ad = ad.

X
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(Stokman [2002])

8.23 Prove the following product formula for the continuous g-Jacobi polyno-
mials:

Tn (.’E, a,aq, —cC, _CQ|q2)rn (3/7 a,aq, —cC, _CQ|q2)

1
- / K(x7y7z)rn(z;a7GQ7 —C, _CQ|q2)dzy
—1

where z = cosf, y =cos¢, 0< 0, ¢ <71, 0<q¢g<1,0<a<ec<1, and

(q2a CL2, 02; Q)OO((L ac, Cl/C, a6i07 a'eiiea a6i¢7 aeiiqb; Q)oo

K(z,y,z) =
( 'Y, ) 4772(612;q)oo(a202;q2)00
(2, 2% %),
(aet0Tiotiv, qelfTio=it, qeiv=i0=id qe=i0=id=iv; ¢2)  siny)
X ' h(Ti1?—1,(11/2,—(]1/27—\/acei(9+¢)/27—,/ace—i(9+¢)/2)
_1 k(T et /2 \Jee— /2 —\Jce /2 —\Jce—i¥ /2, \/gei(97¢)/27 \/gei@)f@)/z)
dr
X ——.
Vv1-—712

(Rahman [1986d))

8.24 Let m,n be non-negative integers with n > m. Prove the following lin-
earization formula:
Tn(l'7 91/2, a, _ba _q1/2|Q)rn—m(I; 91/27 a, _b7 _91/2|Q)
2(n—m)
- 1/2

Z CkTm+k(x; ql/Qa a, _ba —q |q>a
k=0

where
(ab; @)2m (ab; @) 2n—2m (g, —aq"/?,bg"/?, —ab; q),
(abq; q)2n(q, —aq*/2,bq" /2, —ab; q)m(—q, aq'/2, —bg'/2, ab; q)r—m
(1 — abg?™+2k)(abg?™, —g™H1, —bg™ /2 /b, a?b2¢?", g2 ), SIS —
(1 —ab)(g, —abq™, —agm+1/2,b2q>m+1, g2m =20t Jab, abg® T q)k

% 10Wo (b2q2m; b2, bzqznﬂ7 q2m72n+1/a2’ aquerk’abq2m+k+17 qlfk’ qfk; qz,q2>.

(Rahman [1981])
8.25 Let the little q-Legendre function be defined by

—v ab v+1
pl/(qm;a7b; Q) = 2¢1 q 7aqq ;Q7qw+1 I (S Ca
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for x a nonnegative integer. Derive the following addition formula:

(¢ 1,159) Wy(q™; 4%, q)
=Wy(¢*:¢".q) p.(¢”,1,1;9) pu(¢"¥;1,1;q)

o —v v+l x+y+1.
+ Z (¢".q ;
k=1

% pu—k(a”;¢", 4" @) po—(d* 50", " q) Wyik(d®3 0%, q)
Y _
3 (6@, "5 @) (—1)*qle+utDr—(5)

= (0 Or(¢ Dy—r

g

Dk & yk+(*31)
(44 )k (=17

X Do—i(@¥ % d", ¢ @) Pu—i (" 65, d" @) Wytr(a®5 4%, q),

where W, (x; a, q) is the Wall polynomial, defined in Notes §7.3. (Rahman
and Tariq M. Qazi [1999])

8.26 The associated Askey-Wilson polynomials r&(x) = r&(x;a, b, ¢, d|q) satisly
the 3-term recurrence relation

(2 —a— a4+ Anta + Cnya) T ()
= An+a7”ﬁ+1($) + Cn-‘rarg—l(x)’

where n =0,1,2,..., 7%, (x) =0, r§(x) = 1, v is the association parame-
ter, and
A = a (1 —abg*)(1 — acg™)(1 — adg™)(1 — abedg™~1)
(1 — abedg? 1) (1 — abedg?™) ’
a(l = beg* ™) (1 = bdg* ") (1 = edg*)(1 = ¢*)
(1 — abedg?*=2)(1 — abedg?*—1)

Cy =

Verify that, with x = cos 6,

noo_ - 16 —if.
r(z) = Z (q7™, abedg?* ™1 abedg** =1, ae? ae™; @)
" = (¢, abq®, acq®, adq®, abedq®~'; q)s,

% 10Wo (abcdq2a+k—2;qa,bcqa—l,bdqa—l’quoa—17qk+17abcdq2a+n+k—l’qk—n; q7a2>'

(Ismail and Rahman [1991], Rahman [2001])

8.27 By applying Ex. 2.20 to the 19Wy series in Ex. 8.26, show that

a( ) _ (abcdq%‘*l, qa+1; Q)n e 2”: (qfn7 a,bcdq2o¢+nfl7 aqo‘ew, aqaefw; q>k A

T) =
" (g, abedq®=1; q)n (qo*1, abg®, acq®, adq®; q)k

r
k=0

3 (g%, abg*~*, acg**, adg™*; q); é
= (g, abedg?* 2, g, aqe™"; q); "

a—1 a—1
) )
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Hence show that

() = (abedg®* ', ¢ Q)
(q,abedg™1; q)y,

1
></ K (z,y)rn(y; ag®?,bg™/?, cq®/?, dg®/?|q)dy,
—1
where

K(z,y) = (q,q7q,abq‘”"l,acq“’l,adq“’l,bcq“’_l,bdq“’l,cdqo"l,qa;Q)w
T2 (g abed™ % g
(e2z'q>7 eziqﬁ; q)oo(l _ y2)—1/2
h(y; q*/2e', q*/2e=19)
x /ﬂ (€Y, €2; g)ooh(cos Yiq e g e )
0 h(cosv;aq T T, bg T 7cq&Tfl,dq&Tfl,(11/261‘15,ql/ze—i‘f’)
xr=cosfh, y=cosp, 0<O<7m, 0<¢p<m 0<qg<]l,

dip,

a—1

max(|ag™= |, [bg™> |, |eg ™= |, |dg "7 [) < 1, Re(a) > 0.
(Rahman [1996Db, 2001])

8.28 The associated q-ultraspherical polynomials satisfy the 3-term recurrence

relation
1— aq’”l 1— 05,32(]7171
22 O (; Blg) = 1= abq n+1($55|Q)+W03—1(95;5|Q)a n 20,
with C’fl(:n;ﬂq) =0, C§(x;6|q) = 1. Prove the following linearization
formula
mln m, TL
Con (5 Bla) i (w; Blq) = Z AT O o (3 Bl9)
where

Alm) _ (6 O m (@5 On (G O mtn—26(B; Q) m—r(aB; @) n—r(aB; )k
(aq; @) m(aq; Q)n (8% @) mtn—2k(G ODm—k (G ODn—k(¢; Ok
(B2 Qman—i (@™ Q) N afgmtn2k)
(@B Q) mtn—1(@F™ @)k (1—-ap)
x 10Wy (qkfmfnfl;qkfmfn/aﬁa

¢ B, 0% /q,¢" T " a7 g, 9).
(Qazi and Rahman [2003])

8.29 A multivariable extension of the Askey-Wilson polynomials in (7.5.2) is

given by
P, (x|q) = Pu(x;0a,b,¢,d,a2,as, ..., as|q)
s—1
H Dny, (iUk; aA27quk71 ) bA27quk71 , ak+1619k+1 , (I]H_le_w’“rl |q)
k=1

X P, (Ts;aA2 5¢™ " bA2 s¢™ 1, ¢, d|g),
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k
where zj, = cosO, x = (z1,...,Z5), n = (N1,...,ns), N = Z n
k
Ajp= Hai,AkH,k =1, Ap =414, 1 <j<k<s.
i=j

Prove that these polynomials satisfy the orthogonality relation
[ [ Patsla) Btadotlad v, = A

S
with max(|q, lal, bl lel, ], lasl. .. ., |as]) < 1, Snm = T 8uym,.
j=1

p(X‘q) = p(X7 a, ba C, da a2,as, ..., 0’8|q)

— (aeiel ae—i61 , bei91 , be—ial , q);ol

8.30

8.31

| 01

ak+lelek+1+29k ak+1€l€k+1 sz ak+1619k 19k+1 ak+1€ 10k+1 Zak q)

(62i95,e 5§Q)oo(1“'$s) 1/2
(cetfs ce10s dei?s de="0=;q)0

)‘H(Q) = >‘n<a7b7 ¢, d) a2, a3z, .. '7as‘q)

ﬁ (g, A7 g N1 ) (AR 1Y ) oo
P (q, ARg™ N1 af 4™ @)oo

x (acAs sq"*, adAs g™ beAs g bdAs sq™N* 5 q) o

[o ol]

= (27)°

where af = ab and a2, = cd.
(Gasper and Rahman [2003b])

Prove that

(qk+1

6 2 / Usn (cos 0) (Hy,(cos 0]q))* (€%, e7%; q) o d.

pn(d"1q,159) = 5
™ 0

(Koelink [1996])

Let max(|al,|b], ||, |d]) < 1, | f| < min(|al,|b], |c],|d|) and let N be a non-
negative integer such that |f¢g~™| < 1 < |f¢~N~!|. Prove the biorthogo-
nality relation

! gol(a,b,c,d, f)
/_1Rm(a:)S (x)v(x;a,b,c,d, f)dx mém’"

for m = 0,1,..., n = 0,1,...,N, where v(z;a,b,c,d, f) is the weight
function defined in (6.4.3), go(a,b,c,d, f) is the normalization constant
given by (6.4.1),

2m(1 — abedf ¢~ 1) (abed/q, ab, ac,ad, 1/af, bedf /q; q)n
(1 - ade/q) (q’ Cd’ bda bC, aszdfv GQ/f, q)n

n
)

hn(a7 b? C’ d? f) =

|
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and R,,(x), Sp(x) are the biorthogonal rational functions defined by
Rm(x) = Rm(ﬂ’}, CL, b7 Cv d7 f)
(a®bedf, be, df, de?® , de=; q)
 (ad,d/a, abcdf et abedfe=19; q),
x 10Wo(ag™ ™ /d; "™ [bd, q' ™™ [ed, 1/df  abef,ae” ae™" .47 ™; ¢, q),
Sn(ﬁC) = Sn(.T, a, ba c, d7 f)
_ (ag/f,q/af de” de”";q),
(ad,d/a,qe®/f,qe=/f;q)n
x 10Wo(aq™" /d;q" 7" /bd, q" " [ed, q/df ,abef [q,ae”  ae™ g7 ¢, q)

with z = cos 6.
(Rahman [1991])

Notes

§8.5 For additional nonnegativity results for the coefficients in the lineariza-
tion of the product of orthogonal polynomials and their applications to convo-
lution structures, Banach algebras, multiplier theory, heat and diffusion equa-
tions, maximal principles, stochastic processes, etc., see Askey and Gasper
[1977], Gasper [1970, 1971, 1972, 1975a,b, 1976, 1983], Gasper and Rahman
[1983b], Gasper and Trebels [1977-2000], Ismail and Mulla [1987], Koornwinder
and Schwartz [1997], and Rahman [1986d].

68.6 and 8.7 The nonnegativity of other Poisson kernels and their ap-
plications to probability theory and other fields are considered in Beckmann
[1973] and Gasper [1973, 1975a,b, 1976, 1977]. A complicated formula for
the Poisson kernel for the Askey-Wilson polynomials p,(z;a,b,c,d|q) in the
most general case is given in Rahman and Verma [1991] (a typo is corrected
in Rahman and Suslov [1996b]; also see Askey, Rahman and Suslov [1996] for
a nonsymmetric extension of this kernel). Rahman and Tariq M. Qazi [1997a]
contains a Poisson kernel for the associated g-ultraspherical polynomials.

68.8 and 8.9 A historical summary of related inequalities is given in the
survey paper Askey and Gasper [1986]. For additional material related to de
Branges’ proof of the Bieberbach conjecture, see de Branges [1968, 1985, 1986],
and de Branges and Trutt [1978], Duren [1983], Gasper [1986], Koornwinder
[1984, 1986], and Milin [1977]. Sums of squares are also used in Gasper [1994]
to prove that certain entire functions have only real zeros.

§8.10 Additional applications of g¢-series are given in A.K. Agarwal,
Kalnins and Miller [1987], Alder [1969], Andrews, Dyson and Hickerson [1988],
Andrews and Forrester [1986], Andrews and Onofri [1984], Askey [1984a,b,
1988a, 1989a,e, 1992-1996], Askey, Koornwinder and Schempp [1984], Askey,
Rahman and Suslov [1996], Askey and Suslov [1993a,b], M. N. Atakishiyev,
N. M. Atakishiyev and Klimyk [2003], Berndt [1988, 1989], Bhatnagar [1998,
1999], Bhatnagar and Milne [1997], Bhatnagar and Schlosser [1998], Bressoud
and Goulden [1985, 1987], W. Chu [1998b], Chung, Kalnins and Miller [1999],
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Cohen [1988], Comtet [1974], Frenkel and Turaev [1995], Geronimo [1994], Ges-
sel and Krattenthaler [1997], Gustafson [1989-1994b], Gustafson and Kratten-
thaler [1997], Gustafson and Milne [1986], Gustafson and Rakha [2000], Ismail
[1990-2003Db], Kadell [1987a-1998], Kirillov [1995], Kirillov and Noumi [1999],
Kirillov and Reshetikhin [1989], Koelink [1994-2003], Koelink and Rosengren
[2001], Koelink and Stokman [2001a-2003], Koelink and Swarttouw [1994],
Koelink and Van der Jeugt [1998, 1999], Koornwinder [1989-1991a, 1992-
2003], Koornwinder and Swarttouw [1992], Koornwinder and Touhami [2003],
Krattenthaler [1984-2001], Krattenthaler and Rosengren [2003], Krattenthaler
and Schlosser [1999], Leininger and Milne [1999a,b], Lilly and Milne [1993],
Milne [1980a—2002], Milne and Bhatnagar [1998], Milne and Lilly [1992, 1995],
Milne and Newcomb [1996], Milne and Schlosser [2002], Rahman and Suslov
[1996b], Rota and Goldman [1969], Rota and Mullin [1970], and Stokman
2002-2003¢].

§8.11 Mordell [1917] considered the representation of numbers as the sum
of 2r squares. Milne [1996, 2002] derived many infinite families of explicit exact
formulas for sums of squares. Another proof of (8.11.1) is given in Hirschhorn
[1985]. Also see Cooper [2001], Cooper and Lam [2002], and Liu [2001].

Ex.8.3 For more on classical biorthogonal rational functions, see Rah-
man and Suslov [1993] and Ismail and Rahman [1996].

Ex.8.11 A second addition formula for continuous g-ultraspherical poly-
nomials is given by Koornwinder [2003]. Addition formulas for ¢-Bessel func-
tions are given in Rahman [1988c] and Swarttouw [1992]. For other addition
formulas, see Floris [1999], Koelink [1994, 1995a, 1997], Koelink and Swart-
touw [1995], and Van Assche and Koornwinder [1991].

Ex.8.19 A short elementary proof of the formula in (i) was found by
Ismail and Stanton [2000], and is reproduced in Suslov [2003]. Other proofs of
(ii) are given in Ismail, Rahman and Stanton [1999] and Suslov [2003, §4.8].

Ex.8.20 The expression given for Cj, is symmetric in m and n, but is
equal to the one given in Koelink and Van der Jeugt [1998].

Ex.8.29 This is a g-analogue of the orthogonality relation for the mul-
tivariable Wilson polynomials in Tratnik [1989]. Also see the multivariable
orthogonal or biorthogonal systems in van Diejen [1996, 1997a, 1999], van
Diejen and Stokman [1998, 1999], Gasper and Rahman [2003a,b,c], Rosengren
[1999, 2001b], Stokman [1997a,b, 2000, 2001], and Tratnik [1991a,b).
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LINEAR AND BILINEAR GENERATING FUNCTIONS FOR
BASIC ORTHOGONAL POLYNOMIALS

9.1 Introduction

Suppose that a function F(x,t) has a (formal) power series expansion in ¢ of
the form

Fz,t) =Y fal)t". (9.1.1)

Then F(z,t) is called a generating function for the functions f,(x). A useful
extension of (9.1.1) is the bilinear generating function

H(z,y,t) = Zanfn(x)gn(y)tn' (9.1.2)

We saw some examples of generating functions in Chapters 7 and 8. Some im-
portant linear generating functions for the classical orthogonal polynomials are
listed in Koekoek and Swarttouw [1998]. In this chapter we restrict ourselves
entirely to generating and bilinear generating functions for basic hypergeo-
metric orthogonal polynomials. Of the many uses of generating functions the
one that is most commonly applied is Darboux’s method to find the asymp-
totic properties of the corresponding orthogonal polynomials which, in turn,
are essential to determining their orthogonality measures. Darboux’s method,
as described in Ismail and Wilson [1982], is as follows: If f(t) = Y 00 ) fut™
and g(t) = Y. gnt™ are analytic in |t| < r and f(t) — g(t) is continuous
in [¢| < r, then f,, = g» + O(r~™). In a slight generalization of this theorem
Ismail and Wilson state, further, that if f(¢) and g(¢) depend on parameters
ai,...,an, and f(t) — g(t) is a continuous function of ¢, aq,...,a,, for [t| <r
and aq, ..., a,, restricted to compact sets, then the conclusion holds uniformly
with respect to the parameters. As far as the bilinear generating functions
are concerned one of the most useful is the Poisson kernel K;(x,y) defined in
(8.6.1). A related kernel, the so-called Christoffel-Darboux kernel, is defined
for orthonormal polynomials p,(z) by

z":pk (@)pey) = kkn Pr1(@)Pn(Y) = Pu(®)Pnr1(y) (9.1.3)

=0 n+1 r—y

where k,, is the coefficient of 2™ in p,(z). (9.1.3) is a fundamental identity in
the theory of general orthogonal polynomials, see Szegd [1975], Chihara [1978],
Dunkl and Xu [2001], Nevai [1979], and Temme [1996]. Some evaluations of
Poisson kernels were given in Chapter 8. Here we shall derive some important

259
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bilinear generating functions for basic orthogonal polynomials and give some
significant applications.

9.2 The little g-Jacobi polynomials

For the little ¢-Jacobi polynomials, defined in (7.3.1), we shall first prove that

> 0G5 D 5) (5.0, )

= (G
:ﬁm[ ”Jto%q, q, —aqt| . (9.2.1)

Let G(z,t) denote the sum of the series in (9.2.1). Using (1.4.5) and (7.3.1)
we have

xil; d)n n, — n —n —n n

pn(z50,b;q) = @) . ) (—2)"q~(2) 561 (¢7", bag; 2¢" " ¢, ag™ ), (9.2.2)
(aq: q)n

which, when substituted into the left hand side of (9.2.1), gives

G(z,t) ZZ bxq q ;q)n_k(—xt)"(aq”/x)k

(45 @)

:Z(bxq )k Z xtq )

= (G -

 (brgi @)k (—ta"iq 2
:Z( : ) ( = )oo (—at)qu
= (Gr (—7tg";q)s
from which (9.2.1) follows immediately. Note that while the ¢ — 1~ limit of

: (9.2.3)

o a+1.

4“5 q n -z
> @Dy )tq(Z)pn< 5 ia ,qﬁ;q)
= (G0

is Y07, P8 (z)t", which has the value 297 R™1(1 —t + R)"*(1+t+ R)~"
with R = (1 — 22t + t2)2, see Szeg [1975, (4.4.5)], the last expression on the
right side of (9.2.3) does not give this limit directly. Nevertheless, it can be
used to derive an asymptotic formula for p,(z;a,b; q) by applying Darboux’s
method. Observe that, as a function of ¢, the pole of G(x,t) that is closest to
the origin is at —2z~!, the next one at —(gx)~!, the next at —(¢?z)~!, and so
on. Clearly,
, K brg; Dk (™ @)oo, )k
H_l(lgql,c),l(l +atg)Gla,t) (@G Dk (69 (/)"
and so a suitable comparison function for asymptotic purposes is

i (bxq; @)k (2745 9)0 (a/z)"

(k. (@) 1+ atgh

k=0
m+1

(x~ ,q 0 (abgq
= —zt)™. 9.2.4
} N T () (9.24)
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Combining (9.2.4) and the left side of (9.2.1) we find, by Darboux’s theorem,
as extended by Ismail and Wilson [1982], that

~1. n
% _x)nq_(Z)a .’E#O,l,q,QQ,.-.,

uniformly for z, a and b in compact sets.

Now we shall reconsider the Poisson kernel for the little g-Jacobi poly-
nomials given in Ex. 8.3, which has the right positivity properties but suffers
from the flaw that it does not directly lead to the known ¢ — 1~ limit:

Pn(z50,b5q) ~

oo

Z 2n+a+8+1)(a+ 8+ 1),n!
(a+ 8+ D) (a+1),(B+1),

1—t a+pB+2 a+B+3 a® b?
; 1 1, —,— 9.2.5
(1+t)a+6+2 4|: 9 ) 2 7O(+ 76+ ,K)27/€2 ) ( )

" P{B) (cos 20) PLP) (cos 2¢)

n=0

where a = sinfsin ¢, b = cosf cos ¢, k = %(t% —I—t_%), 0<h,p<m0O<t<l,
see Bailey [1935, p. 102]. First, use the product formula Ex. 8.1(i) to obtain
the following expression

>© 11— abg abq, aq; q)n
K g
t(z,y) Z 1—ab (2,0¢;9)n

oo min(z,y)

= Z (aqu; q)2r+25 (q—m7 q—y)s tr+sa75q(z+y)(r+s)fsz727*5
— = (¢:aq;0)r (4, bq; q)s
s 1— aqu(n+r+s)+1 (abq2r+25+1; q)s

- ,; 1 — abg?(r+=)+1 (¢:@)n

2n+1 (

(t/aq)" pn(x;a,b;q) pa(y; a,b; q)

n=0

a(2) (—t)m. (9.2.6)

What is needed to compute now is a series of the form

> % EZ Z;: ¢(2)(—1)" = hi(a), say. (9.2.7)

n
Without the q(2) factor the computation is trivial via the g-binomial theorem
(1.3.2). But with this factor the best one can do seems to be to consider this
as the b — oo limit of the very-well-poised series

aW3(a;b;q,t/b)
which, by (3.4.8), transforms to
(t,aq?t?; q) oo
(qt?, atq?; q) o
_ (1 - ploatat, ~tatad tag) /bitgal /b )u
(—tq=,—tq,t/b,atq? /b; q)s
x gWr (atq%/b; tq?, (aq)?,qa®, —a? /b, —(aq)* /b;q, tq%)7

sWr (aqt; (aq)?,—(aq)?, qa®, —qa?,bgt; q, t/b)

(9.2.8)
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from (2.10.1). Since 0 < ¢t < 1, it follows by letting b — oo that

) (—tqa?,—tq?a?;q)w

h =(1—-t
o= (= tq% 16 0)ee
X az tg2
X 3¢2 ( q) ¢ ql 7qatq (929)
qtaz —tqzaz

So, if we replace a and b in (9.2.6) by ¢* and ¢°, respectively, and use (I.6)
and (1.25), then Ky(z,y) of (9.2.6) can be written in a more suggestive form

1-—t
Kt(xny) = l( 1 )
(—tq7;q2 )atp+2

1 1 1
co min(z,y) ( (O‘+5+2),q2(0‘+6+3),—q2(“+ﬁ+2),—q2(a+6+3);q)r+s

X Z Z ( _ tq%(a+5+3), _tq%(a+5+4); q)

r+s

- -y. t T+y\r+s —s2—2rs—2s
L ,g)jl(q ) Bfl
(2,9°"59)r (0, 4% )s
rsty(atB2) grasti(atBes) yo5
X 3¢2 _tgrtets L(atB+3) _tgrsth L(atptd) [, tg? (9.2.10)

It is obvious that the ¢ — 1~ limit of (9.2.10) is indeed (9.2.5) and that the
expression on the right side of (9.2.10) is nonnegative when 0 < ¢ < 1 and
a, > —1.

9.3 A generating function for Askey-Wilson polynomials

There are many different generating functions for the Askey-Wilson polynomi-
als r,,(z;a,b, c,d|q) defined in (8.4.4), of which

=, (abed/q; q)n
Gilziab,e,dlg) =Y (/G Dy, 0 b cdlg), [t <1, (9.3.1)
= (@D
is one of the simplest. By Ex. 7.34,

ge”"/d (due®®, due=" abedu/q; q) oo
ciosa  (dau/q,dbu/q,deu/q; q)oo
abed/q,be, q/u
X 3¢2 { ad, abedu/q ;q, adut/q| dyu, (9.3.2)
where D(#) is defined in Ex. 7.34. However, by (3.4.1),

abed/q, be, q/u (adet/Q§Q)oo
3¢2[ ad, abedu/q g, adut/q (t; @)oo

X 50 (abed/q)2, —(abed/q) 2, (abed)? , —(abed) 2, adu/q
i ad, abedu/q, abedt/q, q/t 44
(abed/q, adt, abedut/q, adu/q; q) oo

(ad, abedu/q, adut/q,1/t;q) oo

Gu(w;a,b,c,d|q) = D~ (6) /
q
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X 50 t(abed/q) 2, —t(abed/q) 2, t(abed), —t(abed)? , adut/q .
o adt, abedut /q, abedt? / q, qt 4

(9.3.3)
Substituting this into (9.3.2), using (2.10.18) and simplifying the coefficients,
we find that
(abedt/q; 4)so
(t; @)oc

(abed/q)z, —(abed/q)?, (abed)?, —(abed)?, ae®  ae™"
X605 [ ab, ac, OLd7 abedt/q, q/t 28,4

(abed/q, abt, act, adt, ae’, ae™"; q) oo
(ab,ac,ad,ate’? ate="0 t=1; q)

% 66 t(abed/q)z, —t(abed/q)? , t(abed)? , —t(abed) , ate® | ate .
675 abt, act, adt, abedt? /q, qt 44

Gi(z;a,b,¢,d|q) =

(9.3.4)
The generating function given in Ex. 7.34 is a special case of (9.3.4).
A more difficult problem is to evaluate the sum of the series
o (@39)
Hi(z;a,b,c,d|q) = Z A& G)n yn rn(z;a,b, ¢, d|q), (9.3.5)

(¢ 0)n

where « is an arbitrary parameter. For a = ab this would, in particular, give
a g-analogue of the generating function of Jacobi polynomials given in the
previous section. Note that

Ht(m) = Ht(l‘v a, ba C,d‘q

(49w (abcd/ag; q)
7(ab0d/qQQ)ooZ (4 Qm

So, use of (9.3.4) in (9.3.6) gives

L Gigm (730,b, ¢, d|q). (9.3.6)

m=0

a, abedt . (t,abcd/ m m
Ht(:L'):( /qq Z /QQ> a

(t,abed/q; q) (g, abedt/q; Q)m
(abcd/q)§7—(abcd/q) . (abed)z , —(abed)? | ae'® ae™
X 695 { ab, ac, ad, abcdtqm Lgt=m/t 4

(o, abt, act, adt, ae® ae )oo Z (abed/ag; q)m
(ab, ac, ad, ate?  ate=0 ¢~ 1,q (@ Q)m

m=0
. . m+1
(ate’?, ate=; q)ug" 2 ) (—at)™

(abt, act, adt, qt; q)m
X 60 tq™(abed/q)z, —tq™ (abed/q) 2 , tq™ (abed)? , —tq™ (abed)?
675 abtq™, actq™, adtq™, tg™ 1,
atq™e atqme

i0
abcdt2q2m+1 4,41 - (937)
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Since, by (1.4.5)

2¢1(abed/aq, tq~"; abedtq™ ' q, aq™)
_ (atgq",abedg" "1 q) oo
(agq™, abedtq™ 15 q) oo

201(q™ ", abed/ ag; abedg™ 1 q, atq™), (9.3.8)

the first term on the right side of (9.3.7) becomes

. n
Oﬂf q Z (a abcd/aq, ae’ ae; q)nq(Z)
Q7 a/b, ac, ad7 (lt, Q/t’ Q)n

(—at)"

n=0
% ¢ q (ade/q) %a 7qn (ade/q)% 9 qn (ade)% , —q (abcd)% a
e abg™, acq™, adq™, abedg®™ 1,
—1i0
aqe? aqme
atq qn—i-l/t 14, Q:| (939)

Interchange of the order of summation followed by the use of (1.4.5) and sim-
plification in the second term of (9.3.7) gives

(o, at?, abedt/q, abt, act, adt, ae’, ae™"; q) oo

(ab, ac, ad,at,abedt? /q,t=1, ate?? ate=; q) oo

> (abed/aq, t™Yq)n , n
t
X; (g, abedt/q; q)n (et

X 7 at, t(abed/q)T, —t(abed/q) 2, t(abed)z, —t(abed)? , ate™®  ate=
! abt, act, adt, at?, abedtq™ L, tg' ™ 4,9 -

(9.3.10)

In the special case b = aq%, d= cq%, ¢c— —cand a = ab = CLQQ%, both 7¢g
series above become balanced 4¢3’s, which along with their coefficients, can
be combined via (2.10.10). Denoting the sum of (9.3.9) and (9.3.10) in this
combination by G¢(z;a,c|q), we get

Gt(‘r7 a, C|Q)

i . o
(a®t, a’tqz, a’cte’, a’cte="

$q)
(actq?,a3ctq? , ate?® ate=1; q) e

2L (ac,acq?, g7, ae’ ae ™5 ), (aPctq? ; q)an
< (

— (q,a2t,a%tq? , a%ctqz e actqz e~ ; q), (a%¢%; q)an

(a®t2q>)"

x gWr (a?’ctq%*% ; atq% /e, acq™, acq’”% caq™e age ¥ g, act) .
(9.3.11)

Unfortunately, neither the §W7 series inside nor the outside series over n can

be summed exactly except in the limit ¢ — 17. If we replace a and ¢ by
1 1 1 1

qz(@*t3) and ¢2(B+2)  respectively, in (9.3.11), then

lim Gy(z;q>(F2) g2 0+2)|g)
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a1 N (B)n 122(1 — )
=(-tR 1n:0 n! [ R? }
1 1 2t(1 —
x o Fy [n+ 2@ +j:ﬁ11’rqi§£la+ﬁ+2);—t(m x)] . (9.3.12)

By the summation formula Erdélyi [1953 Vol. 1. 2.8(6)] we can evaluate the
above oF} series, and then do the summation over n in (9.3.12) by the bino-
mial theorem (1.3.1) to obtain the well-known generating function Szeg¢ [1975,
(4.4.5)] for the Jacobi polynomials.

9.4 A bilinear sum for the Askey-Wilson polynomials I

We shall now compute the sum

& (f,9;Dn
F(z,ylq) = (abed/ f, abed/g; q)n

n=0
where r,(z) is the Askey-Wilson polynomial given in (8.4.4),
1

kn = K(a, b, c7d|q)< [ l[rn(x)]Zw(:v)dx)_l, (9.4.2)

and f and g are arbitrary parameters such that the series in (9.4.1) has a
convergent sum. By Ex. 7.34,

ru(cost) = B76) [ I (buet® bue, abedu/g: g)oo (cds /15 )
n = qeif /b (bau/q,beu/q, bdu/q; q) oo (ab, abedu/q; q)r
x (abu/q)"dqu, (9.4.3)

n(cos @) = C71(e) /ZZei¢/C (cve®, cve™ abedv /q; q)os (bd, ¢/ V5 q)n
n - qeid Jc (cav/q,cbv/q, cdv/q; q) oo (ac, abedv/q; q)n
x (acv/q)"dqv, (9.4.4)

(abed/ fg) knrn(x)ra(y), (9.4.1)

ig(1—gq) sac, ad, cd; q)soh(cos 0; b)w(cos 8; a, b, ¢, d|q), 9.4.5
o q 4

C(¢) = fww,ab, ad, bd; q)soh(cos ¢; c)w(cos ¢; a, b, ¢, d|q).  (9.4.6)

Hence
ae™""/b (bue  bue=%  abedu/q; q)
F(z,ylq =B_100_1¢/ ’ : 12720
( | ) ( ) ( ) qet? /b (bau/Q7bcu/Q7bdu/Qaq)oo

" /qei¢/c (cve'® cve™® abedv/q; q)oo
get¢/c (cav/q, va/‘]a Cdv/q; Q)oo
x sWr(abed/q; ad, f, g,q/u, q/v; q, ab*c*duv/ fgq*)d u dgv.
(9.4.7)
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However, by (2.10.10) the above §W; equals
(abed, be/ f, be/g, abed/ fg; ) oo
(be, abed/ f, abed/ g, be/ fg; q)oo

X s [ ad, f, g, abcduv /¢* ]

abedu/q, abedv/q, qu/bc;q’ q
(abed, ad, f, g, abeduv/q*, ab*c*du/ fgq, ab*dv/ f9q; ) o
(be, abed/ f, abed/ g, abedu/q, abedv/q, ab?c?duv/ fgq?, fg/b¢; ¢) oo

X 1 be/ f,be/g,abed/ fg, ab*c?duv/ fgq*
195 | ab?Adu/ fgq, ab®Pdv/ fgq,bcq/fg T 1]

which, when substituted into (9.4.7), leads to the sum of two terms, say, F' =
F1 + FQ, where

abed,be/ f,bec/g,abcd/ fg;q) oo _ _
Filw,yla) = gbc, abcd;}[, abii]l/g,bc;jzg;gooB (OCT9)
o (ad, f.g; )0,
> (¢,af9/bc; q)n

" /qew/b (bue®, bue™"  abeduq™'; q) oo

ei® /b (baw/q,beu/q, bdu/q; q) oo
" /qeid)/c (cve'® cve™ " abedvg™ !, abeduvg~?; q)

qeit e (cav/q,cbv/q, cdv/q, abeduvg™ 2; ¢) o

(9.4.8)

n=0

oo
dqv dqu,

(9.4.9)
and

_ (abed, ad, f, 9 q) o _ _
P, yla) = (be, abed/ f,abed/ g, fg9/b¢; @)oo (6)C (@)

[ee)

(be/ f,be/g,abed] fg; q)n "
" Z:;) (¢,bcq/fg; @)n

" /qe_w/b (bue  bue™", ab®>cduq” '/ f9: q) oo
qei® /b (bau/q,beu/q,bdu/q; q) oo
" /qeid’/c (cve'®, cve™® ab’cldvg™ 1/ fg, abcduv/q?; @)oo
ge? /c (CCLU/q, va/qv Cdv/Q7 abQCQduvq“_Q/fg; Q)oo
X dgv dgu (9.4.10)
with x = cosf, y = cos@. The g-integral over v on the right side of (9.4.9)
can be expressed as a terminating g¢7 series via (2.10.19), which can then

be transformed to a balanced 4¢3 series that can be transformed back into a
different g¢7 series. The final expression for this ¢-integral turns out to be

de*®, de™" bdu/q; q)n
C(¢)( -/q q)
(ad,bd,d/a;q)n

x sWr(aq™"/d;ae’®, ae™*?, q' 7" /bd, ¢ ", abu/q; ¢, ¢ Jadu). (9.4.11)
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The g-integral over w in (9.4.9) then has the form

/qe“’/b (bue®, bue™  abedug™ ;) oo
q

d
cio sy (baugh=1 beu/q, bdug™ =+t q)oo ath

which, by (2.10.18), gives

(ae™, ae"; q)i(de”, de™"; q)nr
(ad; q)n(ac; q)r(cd; @)n—r
Substitution of (9.4.11) and (9.4.12) into (9.4.9) then gives

I _ (abed, be/ f,be/g, abed/ fg: q) o
1z, yla) = (be, abed/ f,abed/g,bc/ fg;q) o

oo

% Z (fa g, dewa de_wv d€i¢7 de_i¢; q)n n
— (q,ad,bd,cd,d/a,qfg/bc;q)n

B(6) (9.4.12)

) ) ) ) b
X 1OW9 (aq_n/dv aez&j ae—wa ae“b, ae—z¢a ql_n/bd7 ql_n/0d7 q—n; q, %) .

(9.4.13)
The g¢-integral over v in (9.4.10) equals
(abdue™ /q, ab*cdq™e " | f9; @) o
(ab?cdug"—te=i?/fg, abde™?; q) o
x §Wr(abde™ " [q;ae™'?,be™'? de™"%  q/u, fgq~" [bc; g, ab’cdug™ e’/ fg),
(9.4.14)

C(o)

which is a bit more troublesome than the previous case because the W7 series
is nonterminating unless fg/bc is of the form ¢, k = 0,1, ..., which cannot
be the case because of the factor (be/fg; q)oo in the denominator of Fi (z,y|q)
and of the factor (fg/bc;q)so in the denominator of Fy(z,y|g). So either we
split up this W7 series into a pair of balanced 4¢3 series via (2.10.10) and get
bogged down in a long and tedious computation, or seek an alternative shorter
method. In fact, by (6.3.9) the expression in (9.4.14) can be written as

. . . 2 n 2 n n
C(9)(q, ac'®, be'®, dei®, el U™ abela™ abu/q,bdu/q, adu/g; q)o

27 (ab, ad, bd, ab*cduq™= e’/ fg; q) -

R R D

y h(z;e*%i‘i’(abd)%)
h(z;be(abd) 2 qme=21 / fg)

dz, (9.4.15)

assuming, for the time being, that

e () 1 (5)°

)

%D <1. (9.4.16)

) ) )

()
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If we make the further assumption that ad = bc, then the g-integral over u
reduces to

/qe_w/b (bue®, bue=, ab?ctduq" 1/ fg; @) o dqu
geiop (ab2edugqn=1€% ) fg, g~ (abd)2ue® =21 q=1(abd)zue~ V=21 ¢) .

which sums to
|(ae®, ce’®, de?; q)oo|?(ce™*; q) oo
(ac, cd, ad, abedq™ et | f g, abedg™e’*= | f g; q) -
x h(z;bc*q" (abd)2 e3¢/ fg)
h(z; €31 (ad/b)z, e~ 5% (ad/b)7)

B(0)

(9.4.17)

So the g-integral in u over the expression in (9.4.14) equals

B(0)C(0)(q,ae®, be'?, ce ™™, de'®; q) so|(ae®, ce?, de'; q) oo |
2w (ab, ac, ad, ad, bd, cd; q) o
(abedg™/ fg,ab*cq" fg,b%cdg™ [ fg; @)oo
(abedgnei®ti/ fg, abedgme’®= [ fg; ¢) o
y /1 h(z;l,—l,qi-ﬁ)
—1 h(z; (ab/d)ze3', (ad/b)2e3'?, (bd/a)7e3?)
" h(z; (abd)ze~"*/2 bc2(abd)z ez [ fg)
h(z; (ad/b)ze=21 (ad/b)ze~ =2 be(abd)zqre 2%/ fg)

w2 (9.4.18)

V1=22
with ad = be. Since this integral is balanced we have, by (6.4.11), as its value
the sum of multiples of two balanced very-well-poised 19Wy series. Combining
this result with (9.4.13), we then find the following bilinear summation formula

i 1 -’ (b*c*q~", ab,ac, f,9:q)n ( b>c? )"
= 1— b2c2q—l (q7 bCQG_l, bZCa—l7 bZCZf_l, b2029—1; q)n fga2

X 1 (25 a,b, ¢, bea™tq) 7 (y; a, b, ¢, bea™|q)

(b2, be/ f,bc/g, b2/ f3: D)oo o (f,9: Dnl(bca™ e bea™te?; q),, |2
(be, b2c?/ f,6%¢?/g,b¢/ f9: @)oo 2= (4, be, bca™ b2ca™ bea™2, fgq/be; q)n

n

2. —n

be
N (b2, f,9,0°¢/ fg,b%¢ Jafg; @)oo

) ) . . 2
‘(ce”’, bea=te!® b3c2et? [ fg, ab*c?ei? ) fg; q) ‘

2
’(b202e1'9+i¢/fg,b2czei9—i¢/fg;q) ‘
oo

X
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o o 2
oo (bC/ﬁbC/g,abScz/fg;q) ‘(bQCQeZ“”’/fg,chZew‘”/fg;q) ‘q”
X n n

2
n=0 (q,b203/afg7bc¢J/fg;q) }(b3626i9/fg,ab2626i"’/fg;q) ‘
ab362qn71' b363qn71 b262q ab2cq"

fo 7 fg 7 fg 7 fg
(0°c?, f,9,0°¢2/ fg,ab*c/ fg; @)oo
(ab ac,be,b?ca=t a/e,b2c2/ f,b%¢2 /g, fg/be, afg,q)

. . . . 2

X ’<a6297be“ﬂb3c3e’0/afg,bQC?’eld’/fg;q) ‘
. o 2

o0 (bC/fvbC/g7b3C4/afg;q) ‘(6202619““’/#9,b2626"’*1¢/fg;Q) (q"

n=0 (q, abc?fg,beq/ fg; q) ) (b?’c3/ afge? b2c3ei? [ fgiq)

b304 n—1 b262 n b303 n—1 b203 n ) . . .
d ; 4 , 4 , 4 ce'? e, bce“j’/a7 bceﬂd’/a; q,q).
afg fg fg afg

X 10W9 ( 3 aewa ae—i()’ bei(bv be_i¢; q, q)

X

X 10W9(
(9.4.19)

Note that by analytic continuation we may now remove the restrictions in
(9.4.16) and require only that no zero factors appear in the denominators on
the right side of (9.4.19). Note also that we have tacitly assumed that a, b,
¢ and the product fg are real, although it is not necessary. An application
of this formula is given in Rahman [1999]. For a more complicated formula
without the restriction ad = be, see Rahman [2000b].

9.5 A bilinear sum for the Askey-Wilson polynomials II

Let {wy}72, be an arbitrary complex sequence such that Y - |wk| < oo.
Suppose

(x,ylq) : Zunk o (2)rn (y), (9.5.1)

where r,,(z) = r,(z; a,b, ¢, d|q),

oo

_ (bc, ad; q) Z (adq™, adq™; q);

_ Wi, 5.2
(abed; q)?n (q.abedg®;q); " (9:5.2)

Jj=

and k,, is the normalization constant given in (9.4.2). We shall prove that

B > (de??,de=" de™®, de™'?; q),,
el =2 T G dja )
x 10Wol(aq™™/d; ¢* " /bd, ¢* " Jed, g™, ae'®, ae™  ae'®, ae™%; q, beq/ad).
(9.5.3)

Wn,

The proof is actually quite simple. Use (8.3.4) to write
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(7)1 (y)
_ (b, ed; q)n fa\" ~ (g7 abedg" s )
~ (ac,ab; q), (d) Z (¢, ad; q)g

k=0
(de®,de=" de'® de™"; q)r ,
(ad,bd, cd, d/a; q)x
x 10Wolaqg % /d;¢* =% /bd, ¢* 7% Jed, 7%, ae® e~ ae'®, ae ™% q, beq/ad).
(9.5.4)

Observe that

i 1 — abedg® 1 (abedg™t, ad; q)n

1 — abedg=! (q,b¢;9)n (ad)

n=0

(g™, abcq™ Y5 Q)1 ~ (adg™, adq™; q);
(ad, ad; q)x z(:) (¢, abedg®™; q); Wnts

_ i L~ abedg? 2! (abedq ™ @lawrn (g ()
- 1 —abedg=  (q;q)n(ad, ad; q)y 1

o0

(ad,ad; @)kin+j
(q’ ) (abed; Q)2n+2k+3

Wntk+j

B (abcd q) Qk K Z (ad, ad; q)mwm,

_ W bed 2k—1., k—m. m—k
(ad.ad: q)r qquabcdq)m+4 3(abedg™ ¢ ™ q, ™)

m=k
=wgq ",

by (2.3.4), which immediately gives (9.5.3).

9.6 A bilinear sum for the Askey-Wilson polynomials ITI

We shall now consider another bilinear sum, namely,

(x,ylq) = an T ()70 (1), (9.6.1)

where -
T = (bC, ad/f7 q)n n Z Ul€1 ’
(ad,befiq)n © £= (a,bcfq, fq' " [ad; )

(9.6.2)

[ # 0 being an arbitrary complex parameter and {0y}, an arbitrary complex
sequence such that Y p- |ox| < co. Changing the order of summation in
(9.6.1), we can write it as

S
9

— (q,bcf,qf ad; q);

J

Go(z,ylq) =
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’ 7;) (b((;;ii};éfq;]:n (fa)" Bnrn(z)ra(y).  (9:6.3)

In the case ad = bc, which is what we shall assume to be true, the sum over n
in (9.6.3) is the special case of the left side of (9.4.19) with f and g replaced
by bc and beqg=7/ f, respectively. Note that in this special case the first term
on the right side of (9.4.19) vanishes while the other two double series become
single series. Thus,

- (bcqij/.ﬂ On j
S e pa e e hara )
(b2c2, f,ef [a;q)oo|(ce™, bea™ e, bf ' afe?; q) |
(ac,be,be2a=t,b2ca1, ca=t, bef, abf; q)oo|(fE0F9, fei9=19; q) oo |?
(abf,bef;q);|(fe*12, fe ;)2
(ficf/a;q)jl(afei®, bfei; q) ]2
X 10W9 (a'bquil; bchj717 qu7 afq 9 aelea aeizea bEWS, b€71¢; q, Q)
c
(b2c27 f7 (lf/C; q)00|(aei67 bei¢7 bcfa_leiav Cfei(b; q)00|2
(ab,ac,bc,b2ca=t, ac™1,bef, b2 fa=1; q)oo| (fePTi®, feif—id: q) |2
(bef, b fa3 ), |2, fe01%: )
(f,af/c;q)jl(befa=tei® cfei?; q);]2
X 10Wy (bCQfa_ IThbefd T fd, qu

ce'® ce™ bea e beaT e g, q) .

(9.6.4)

Hence,

GQ(xay‘Q)
(0%, fref Ja; @)ool (ce™, bea™ e’ bfePafe'; q) oo |?
(ac,be,bc2a=t b2ca™t, c/a, bef, abf; q)oo|(feiT00, fei0710; q) oo |?

oo

<3 (abf; q)j|(Fe*'?, e~ q); %0
=0 (qa fa cf/a, qf/ac; Q)j|(bfewa afel(f’; q)j |2
X 10Wolabfq sbefq’ ™, ¢ afq’ Je,ae’ ae™" be'® be™ ' q, q)
(b2, f,af/c; @)oo |(ac™ be® befa e cfe?; q) |
(ab,ac,be,b2ca=1,a/c,bef,bc fa=t; q)oo|(fe0H19, feif—i¢; q) oo |2

y i bCQfafl; ) |<fei6'+i¢,fei07i¢;q)j|2aj
(¢, f,af/ac,af [c;q);|(befa=te, cfei; q); |2

il
a 9

% 10Ws (v fa= g "Libefe 1 £, ™, bea e’ bea e ;. q).

(9.6.5)
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Exercises

9.1 Show that

oo

(cq; D
——> P, (x;a,b,c;q)t"
Z:O (¢,5¢;9)n ( )
= 2¢1(agq/z,0; aq; ¢, qxt) 1¢1(bx/c; bg; g, cqt),

when P, (z;a,b,c;q) is the big g-Jacobi polynomial defined in (7.3.10).
Prove also that

(aq, ¢q; ) oo
as n — oo, for fixed x # 0, ag™*, cg™t!, m =0, 1,..., uniformly for z,
a, b and ¢ in compact sets.
(Ismail and Wilson [1982])

9.2 Prove that

pu(@™a,550) ~ U 2" ) (—ag)" ™ (bg™ ;@)oo / (ag; @)

asn — oo, m = 0,1,..., uniformly for a and b in compact sets.
9.3 Show that
: (@B @) (m n
i —————q\2/pp(x;0,b; q)t
® nz:% (¢,b¢; Q) ( )
B Z z (o, B59) m+n - §Q)m qn2an(ixt)m-‘rn7
= L= (g, aq;9)n(q, 043 @)m
(ii)
 (abg; @)n (my
q\2/(qt)"pn(z;a,b; q
,;) (¢ D)n (@0)"Pn )
_ (g#(ab)?5 9% )0 3 ((abg)?, —(abg)?, q(ab)*, —q(ab)?; q)i
(t?;9)00 1= (¢,aq,qt(ab)=, qt(abq)?; q)x
bq)2q*, (ab)2 g+, —tq= 1
—xt k ((l 1 ’ ) a_t 2
X( T Q) 3¢2|: t(ab)iqkﬂ t(ab)qu”% q q

9.4 For the ¢g-Hahn polynomials defined in (7.2.21) derive the following gen-
erating functions:

(i)
N

(@5 q)n
—————Qn(z;a,b, N;q)t"
nzzo (¢,b¢; @)n ( )

=2¢1(¢" N,0;bg; ¢, t¢™ ") 101(q""; ag; ¢, agt),
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Y (agq,q7Y;
277

= (@G
=2¢1(¢7%,bg" "t 0;q, —atg" V) 20 (¢" N ag" T —5 g, —tg ™).

(See Koekoek and Swarttouw [1998])

(i)
i n -(3 )Qn(ar a,b, N;q)t"

9.5 For the dual ¢g-Hahn polynomials defined in (7.2.23), prove that
N (. —N.
() S D ()b, Vgt
—= (@D
= 1(q*””,c ~bg; 4, betg" ) (g N @) N,

N bg; q)n
— q,c1 Niq)n

:2¢1(q$ Nobg" et N g, tq ) (begt; q)-

(See Koekoek and Swarttouw [1998])

Mz

(i) 1~ Bn(p(@);0,¢, Nig)t"

9.6 Al-Salam—Chihara polynomials Q. (x; a,blq) are the ¢ = d = 0 special case
of the Askey-Wilson polynomials defined in (7.5.2). Prove that

. Qn (234, b|q (at, bt; )0
(1> Z (tew te— zH,q)

.. - (05 Q)n . n
(i) ngo an(l', a,blq)t

(at,ct/a; q)oo
T (e tem; ) oo

4

ab/e,ae® . ae
/e,ae”, iq,ct/al,

302 ab, at

where z = cosf, |ct/a] <1, |t] < 1.
(See Al-Salam and Chihara [1976], Askey and Ismail [1984], and Koekoek
and Swarttouw [1998].)

9.7 Using the recurrence relation of C%(z;8|q) in Ex. 8.28 show that

3 O3 (@i Bla)t”
n=0

_ -« Btewvﬁteiqu,
T2zt +2) 7| gtei? gtemit D
Deduce that

n

3 w3 Bla) = 3., 7o 8 Culia/Bla) (i Bla).

k=0

(Bustoz and Ismail [1982])
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9.8 Prove that

oo

>

0
e me“’,ﬁte*");q)m 5 BNt b0
TPt e Vi) PO Bte?, e D]

; Blg)t"

where |A| < 1, |t| < 1. Using Ex. 7.35 show that

3]

> PP (g

n=0

(g, g@+B+/2 gla=P)/2 g, q)oo (q2a+3)/4¢i0 g2a+3)/4=i0, 41/2)
271-(qo¢+17 qa+5+1; q)

x

X ' h(y; 1, —1,q1/2, —q1/? tq5ati+5)/4)
1 h(y; qlatB+1)/4 gla+B+3)/4 gla—B)/4¢ib ¢la—B)/4e—ib tq(a+5+1)/4)
qotL, tq(Ba—B+3)/4¢id 4(3a—PB+3)/4c—i¢ dy

. 8
><3¢2[ tq(Ba+B+5)/4¢id 4o (50+B+5)/4—id 1454 1——312’

where y = cos ¢, provided 0 < 8 < a.

9.9 Show that

anmabcd|q)t

— (g, ab, cd; q)n

=2¢1(a/z,b/z;ab; q, 2t) 2¢1(cz,dz; cd; q,t/2),

where x = 1(2 + 271), [tz| < 1, [tz7!| < 1, and deduce the asymptotic
formula (7.5.13).

(Ismail and Wilson [1982])

9.10 (i) Prove that, for a8 = ab,

— (at/a)"
Qn(w;a,blq)Qn(y; o, Blq)
,;) (¢, ab; q)n

(bt/a, oa?te? Ja, a*te™ Ja, ate'?, ate™?; q)
— o]
(02t, ate?+i Ja, ate®=i¢ [a, ate'®= [a, ate=0—1% [a; q)oo
x sWr(a?t/q; ae'?, ae™  ae'®, ae™" at/B;q,bt/a), |bt/a| < 1.

(Askey, Rahman and Suslov [1996]; Koelink [1995a])

(ii) Show that the continuous ¢-Hermite polynomial defined in Ex. 1.28 is
related to the Al-Salam—Chihara polynomial by

H,(2|¢?) = Qu(x;4%, —¢% |q).
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(iii) Using (i), (ii) and the summation formula Ex. 2.17(ii) deduce the g¢-
Mehler’s formula

oo

> Hy(zlq)Hn(ylq)

= (@ Dn

_ (%) oo
T (tel?Ti0, tei0—i% teio—if te—i0—id;q) "

t] <1,

where x = cos 6, y = cos ¢.
(See Carlitz [1957a])

9.11 Use Ex. 7.33(ii) to prove that

1—g¢mts 1 1
Z Z ﬁq "Cpn(cos ;97 |q)Crn(cos ¢ 47 |q)

n=0m=0
[
(q% ei(9+¢)7 q% ei(9—¢); q)
%)

2

(Ismail and Rahman [2002b])

9.12 Show that

o0

Z ’”’ Chu(cos 0; 8q)Cr (cos ; Blg)t"

n= O
(ﬁ t2 Btez(ﬂ—i—q&) ﬁt@ (0—) 6tez(¢ 0) Bte—z(aw q)
(B2, 82, Bt2, tei(0+¢) tei(0=9) tei(¢—0) te—i(0+d): q)

Z (ﬁ% tel0+9) 1e10-0) 461(0=0) 4e=10+); ¢}, (Bt2; q)an o
< (q, Bte’ 9+¢>75te2<9 ¢>,ﬁtel(¢ 0, Bte=i0+9); q),,(t2%; q)2n

« 8W7(ﬂt2q2n71;ﬂ,tqnei(Ger))’tq 61(0 @) tq"e i(¢p—0) tqnefi(9+¢);q7ﬂ>7
where max(|t],|8],]7]) <1 and 0 < 6,¢ < 7.

(Ismail, Masson and Suslov [1997])

9.13 Prove that

i (1— Q"+V )(g; q)nqn(n+21/)/4
n=0 q)n

X J,Ei)n(b; q)Cr(cos 8;¢"|q)Ch(cos ¢; ¢”|q)

_ (0456 (d, ¢, q q)oo Z q"("/“*”)( )"+”
2 __ +1
(¢, 4%, —q" vt
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" ( g /261 040) o (1mv=n) /2 —i(0+9). q>
n
(iq(1+3u+n)/2ei(0—¢)7 g8 /2i(60). q>

X

>

(,L'q(1+u+n)/26i(07¢)7 iqUHv+n)/2¢i(6-0). q)

% 8W7< — g g iqrEn/261(049) o (14vdn) [2,—i(0+¢)

iqv=m2gi(6=0) o (1=v=n)/2,i(0=9). qV)-

(Ismail, Masson and Suslov [1997])

9.14 Show that

1 =" 2 @) ) v
> g ¢ Tyt (a(1 = q)z; ), 7, (b(1 — q)a; q)Cr(cos 15 ¢”|q)
n=0
abr?\v_ | a?(1 — q)%2?
_( 4 )Fq (”+1)<_ 4 ’q>oo
b v % b v —1 v a2 1 —q QIL'Q
X z¢1(5q( /2 ””7541( T/2e=iy g “;q,—%),

where Re v > 0,0 <b<a,and 0 <y <.
(Rahman [1988c])

9.15 If k=0,1,2,..., and af = ab, prove that

t'n/
= (¢ @)n(ab; @)n+k
iko (aeiidja 6671‘(1)7 atei¢7 btez¢7 Q)oo
=€ - - "
e, Beit, tei0+0) 1eio=0)
X 403 _ €20 atei®, bteit 14,9

@n(cost;a,blg)Qnik(cos ¢; a, Blq)

—ik¢ (aei¢a ﬂei¢a ateii(ﬁv bteiigb; q)oo
(aﬂa tei(e_d))a te_i(6+¢)a e2i¢>; q)oo
qe—Qiqb, ate—i‘f’, bte—i® 4,4 )

+e

X 4¢3

where 0 < <7mand 0 < ¢ < 7.
(Ismail and Stanton [1997])
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9.16 For k =0,1,2,..., show that

" Crur(cos 9: Blg) Ci(cos 65 1]g)1”

n=0

w0 (B, Be™ 20 qtel049) 41ei0-9)1g)
(g, te?(®+9) tei(0—9) —2i0; q)
[q/B,qe* /B, tei0+9) tei0=¢)
X 4¢3 q€2i67 ,}/tei(@+¢)7 ,Ytei(g,(z,) 5 q, q
(B, B2 ytet(@=0) yte= 040, ¢
(q, tei(6=0) te—i(019) ¢2i6; q)

_q/@ qefzie’tei(¢76)’t€fi(0+¢) ' &
X 4¢3 | ge 20 qtei9=0) te=i(0+0) 10,8797 |,

+ e—ik@

where 0 < ¢ <mand 0 < < 7.
(Ismail and Stanton [1997])

9.17 (i) Use (9.5.1)—(9.5.3) to prove that

f: (¢, apy6q" "5 q)n (1 — abedg® ") (abedg™", ab, ac, —ab; q)n
—=  (aB,—8q)n (1 — abedg=")(q,bd; ¢)n(abed; q)2n
n n—N n+N-—1 n n
) n q", apvéq ;abg"™, —cdq™
x g\ 2 (d/a) 4¢3 abcdq2n7aﬁqn’_76qn 14,94

X Tﬂ(x; a, b? ) d|q) Tn(ya a, b7 c, d|q)

_ by pn i (@, aBy8¢™ ", —ab; q)m|(de”, de'®; q)m|*q™
(abv _767 q)N (q7 ada (Ld, bda —04/6, 767 d/av Q)m

m=0
beq

x 10Wolag™™/d;¢* =™ /bd, q" "™ Jed, g™, e ae™ " ae'®, ae ™' q, y
a

).

(ii) From (i) deduce the projection formula

m
P () = 3 g(n.m) P (a:q),
n=0

where Pr(,f b) (z; q) is the continuous g-Jacobi polynomial defined in (7.5.25),
and

(", =" Q) m (TP =5 q)n,
(4, =4 ODm (TP q)on
(qm+a+b+1; q)nq

(¢ Q)m—n(q®Tt, =" 15 q)n
n—m qn+m+a+b+1 qa+1+n _ B+14n
) ) bl .
qa+6+2+2n, qa+n+17 7qb+n+1 54,4 -

g(n,m) =

n(n—m)

X 4¢3

(Rahman [1985])
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9.18 In (9.5.2) and (9.5.3) take ad = bc and

(a,3,7,6;q)n
(be,be,beq/ faByo f /b3¢3; )y

Also, in (9.6.2) and (9.6.3) take ad = bc and

o = (af/be, Bf/be,vf/be,6f/bc;q)n
" (@By8 2 /bt q)n ¢

Choosing appropriate multiples of (9.5.1) and (9.6.1), show that

Wy =

i (1 = 22?1 (b22q™ Y, ab, ac, v, B, 7, 8; Q)n By f /bC; Q)2
n=0 (

0 1- b262q_1) <q7 b62a_17 b26d_17 %7 alzjfa afcfa abﬁ.i’lif ; Q)n(bZCQ; Q)Qn

be T3 8 be/ \ a?

x 1 (25 a,b, ¢, bca”|q) m(y; a, b, ¢, bea™*|q)

_ (@ffbe, Bf [be, 7] [be, apy ] bes @)
(aBf /b, axf/be, By f/be, fbe; @)oo

o0

<3 (o, B,7, 85 q)n|(bca™ e bea=e?; q), |2g"
(g,bc,be,b2ca=t,bc2a=1t, bea=2, aBvy6 f /b33, beq/ £ q)n

2n—1 b2 2. n 5 n
X 8W7<a67fq L a] beg saq”, 89" 74" q, —f) <L>

n=0
X 10Wy (aQq_"/bc; aq* " Ve, aq T bc?, g7, e aeY el ae % g, q)
(@, 8,7, 6, aByf/be, aByé f2 /b, fraf /e q)oo
(aBf/be,ayf/be, By f/be, 6 f /be, ab, ac,be,b?>c/a; q) o
|(ae, be*®, befe' [a, cfe'?; q)oo|?
(a/c,bc? f/a,be/ f,aByéf/b3e; q)oo| (feiOF), feil0=0): q)os |2
S (@b B b1 S o 85 v b sl [(F6X), X0, g
= (@ faffbe,af/c,aByo f2[bretiq)n [(cfei?,befe’ [aiq)nl?
X 10Wo(b fq" Y Ja; fq", befq" L, ef ¢ Ja, ce®  ce™® bee' Ja, bee™ ™ [a; q, q)
(@, By, 6, B f/be, fref fa, aByé f2 /b et q)oo
(aff/be,ayf/be, Byf/be,6f /b, ac,be, b?ca™t bc2a™r; q) oo
" |(ce®, beet® Ja,bfe' afel®; q)oo|?
(c/a,abf,be/ f,aBy f [b3¢3; q)oo|(fe0F9), fel0=0); q) o0 |2
S0 (@b foe 5o 85 e abfad [T, S0 g
= (. f,af/be,cf[a,apyo f2[bictiq)n [(afe'®, bfet; q)n|?

x 10Wo(abfq" s fq", befq"* afq™ [c,ae’®, ae™™ be' be~?; q, q).

(Rahman [1985])

_|_

+

9.19 Show that the special case a = bc = —v, § = bcq% = =6, f =t of the
formula in Ex. 9.18 gives the Poisson kernel for the special Askey-Wilson
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polynomials r,(z; a, b, ¢, bca™1|q):

Z (1 _ b2 2 2n 1)(b202q_1,ab, ac; Q)n (t/a2)n

= (1—0%c ‘1)(q7b02a‘1,b%a‘1;q)n

(1 - 2y eati Do o~ (beq?, —be, ~beq?; q)|(bea" e, bea™" ' q) *g”
(t/b07 q)oo n—0 (qa bCQ(l_la bQCaJ_la bC, bCCL—Q, bcqta bcq/t7 q)n

(t,dt/c, b2 2:q) Oo|(ae“9 be'?, ctel® bea'te'?; q) oo |
(ab, ac,be,ac=t, b2ca=1, bc2a=1t, be/t; q)oo|(tel 9+¢’) ,tei(9=0): q) |2
i (—t,tq3, —tq?,bcPa='t; q),|(te’ O+ i) ), |2
(9, qt/be, qt?, at/c; q)nl(cte’?, thea™'e?; )n|2 “

n=0
x 10Wo(bc*tq" 1 Jas tq", betq" ™, ctq™ Ja, bee™ [a, bee ™ [a, ce®  ce™; q, q)

(t, ct/a,b*c?; @)oo |(ce®, bea™1 e ate’® bte'; q) o |?
(ab, be,b2ca=t, bc2a—1t, abt, be/t; q) oo | (tei(019) tei0=9); q) |2

i (—t, tq}, —tqh, abt; q)u| (t610T9), 16i6=0). q) 2
O N N T

+

n=0
X 10Wg(abtq”*1; tq", betq" L, atq" /c, ae'? ae be'? be™?; g, q),

where 0 <t < 1.
(Rahman [1985]; Gasper and Rahman [1986])

9.20 Prove that

Z g "o (ste’ ste™ ;5% g, —q"t7?) 9o (se” [t 57 [t 5% ¢, —q")

n=-—oo
(1—qt?) (q,q, —q°t?/s?, —SQ/th;q)oo
(]_ — % cos @ —+ ‘12_52) (_qt2, _t_27 _1, _17 —q,—q, 827 52, 8_2, QS_2; Q)oo

" h(cos 0; st, —st, qst, s/t, —qt/s)
1 1
h(cos0;q2,—q7%,q,—q,qt/s)
2, i0 —i0 0 —i6 /.
X 8W7<qt 54, ste 78te ,qt@ /S,qt@ /57Q7Q)7

where [t| < 1, 0 < § < 7, and appropriate analytic continuations of the
2¢1 series are used as necessary.
(Koelink and Stokman [2003])

9.21 The continuous ¢g-Hermite polynomial H, (cosf|q) in base ¢~ becomes

n

ho(sinh 8]q) = Z[ } k gF k=) g(n—2k)0.
k=0
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Show that
x 42) 1
: q
® ; A e
@ > ¢2) b (sinh 0l) o (sinh 6g) ,

(4 Dn
= (te" e, 1" —te ™70 q)oo /(175 ) oo
(Ismail and Masson [1994])
9.22 (i) For |a/B| < 1, prove that
(4,0%/8% @) (48% 4*)
(20%¢?) oo
o h 5D cos s )y
(

2 cos P; %eie, %e—ie)

Eq(cosb; ) =

(ii) Prove that
& (cosG'a)€ (cosﬁ'ﬁ)
7q o0 Oéﬁ q(l n)/2 ) /4
= "q" 2 Cp(cos b;
qﬁg Z - = B"q (cos 0;7|q)

_ —1,(n+1)/2 _ -1 ,(n+1)/2
X 2¢1 |: ﬂa 1 ,yq7n+q/ﬁa 1 ;q7042:| .

(See Bustoz and Suslov [1998] for (i), and Ismail and Stanton [2000, (5.8)]
for an equivalent form of (ii).)
9.23 Prove that
i (abedq™1, ac, ad, a’b’,a’c’,a’d’;q)n(bb’cdt;q)gn( t )”
(q,cd, bc't, b et, bd't, b dt; q),, (abedg™"; q)on

/
aa
n=0

x gWr (bb'cdt(f”*l; beq", bdq", b’ g™, b'd ¢ bt Ja'; q,a't/b)
x ro(x3a,b,¢,d|q) ro(y;a’ b, ¢, d'|q)
_ (bblcdt,dt/c, bte'? bte™'? cte'®, cte™® b'te?? bte™ cte??, te™; q) oo
(bt bt bd't, b dt, bb't, cc't, tei0F9) 1ei(0=9) tei(d=0) te—i0+9). q)
x gWr (bb't/q; be'? be ™ Vel Ve, bt/a';q, a/t/b)

x gWr (cc/t/q; ce® ce™ et deT?, dt/d;q, d't/c) ,
where ab = a'V’, cd = ¢'d’, x = cosf, and y = cos ¢.

(Koelink and Van der Jeugt [1999])
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Notes

§9.3 The special case a = ab, b = aq?, d = cq?, ¢ — —c of (9.3.7), in
which case the expression on the right side of (9.3.7) can be combined into a
sum of gW7 series, was given by Ismail, Masson and Suslov [1997]. However,
formula (3.6) in their paper does not directly lead to the generating function
o0

S P (2)t" when one sets a = q®/2+1/4, ¢ = ¢8/2+1/4 and takes the limit
n=0

q—1".

Ex.9.14 A product formula for Jackson’s ¢-Bessel function Jf) (z;q),
which is obtainable from this formula, is used in Rahman [2000a] to evaluate
a Weber-Schatheitlin type integral for these functions.

Ex.9.18 This is a g-analogue of Feldheim’s [1941] bilinear generating
function for the Jacobi polynomials.

Ex.9.20 Rosengren [2003e] computed a more general bilinear generating
function in an elementary manner. Bustoz and Suslov [1998] gave a bilateral
bilinear sum that generalizes the classical Poisson kernel for the Fourier series:

o0

2
> tirleimtemy) = Lt 0<t<lL.
1 —2tcos(x —y) + 2’ -

n=-—oo

Ex.9.21 The continuous ¢-Hermite polynomials in base ¢~! were intro-

duced by Askey [1989b] who also gave an orthogonality measure for those
polynomials on (—o0, 00) and computed the orthogonality relation. Ismail and
Masson [1994] gave a detailed account of the family of extremal measures for
these polynomials. See also Carlitz [1963b], Ismail and Masson [1993], and
Tsmail [1993].
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¢-SERIES IN TWO OR MORE VARIABLES

10.1 Introduction

The main objective of this chapter is to consider g-analogues of Appell’s four
well-known functions Fy, Fy, F3 and F;. We start out with Jackson’s [1942]
MW, &2 $G) and &™) functions, defined in terms of double hypergeometric
series, which are g-analogues of the Appell functions. It turns out that not
all of Jackson’s g-Appell functions have the properties that enable them to
have transformation and reduction formulas analogous to those for the Appell
functions. Also, starting with a g-analogue of the function on one side of a
hypergeometric transformation of a reduction formula may lead to a different
g-analogue of the formula than starting with a g-analogue of the function on
the other side of the formula. We find, further, that the alternative approach
of using the g-integral representations of these g-Appell functions can be very
fruitful. For example, it immediately leads to the fact that a general &%)
series is indeed equal to a multiple of a 3¢2 series (see (10.3.4) below). The
g-integral approach can be used to derive g-analogues of the Appell functions
that are quite different from the ones given by Jackson. In the last section we
give a completely different g-analogue of Fi, based on the so-called ¢-quadratic
lattice, which has a representation in terms of an Askey-Wilson type integral.
We do not attempt to consider Askey-Wilson type ¢g-analogues of Fy and Fj3
because these are probably the least interesting of the four Appell functions
and nothing seems to be known about these analogues. Instances of Askey-
Wilson type g-analogues of Fjy have already occurred in Chapter 8 (product
of two g-Jacobi polynomials) and then in Chapter 9 (§9.5, §9.6, Ex. 9.18, and
Ex. 9.19). Since in this chapter we will be mainly concerned with deriving
and applying g-integral representations of ¢-Appell functions, in many of the
formulas it will be necessary to denote the parameters by powers of ¢. Once
a formula has been derived via the g-integral techniques, if it does not contain
any ¢-integrals or g-gamma functions, then the reader may simplify the formula
by replacing the ¢%, ¢, etc. powers of ¢ by a, b, etc., as we did in the formulas
in the exercises for this chapter.

10.2 ¢-Appell and other basic double hypergeometric series

In order to obtain g-analogues of the four Appell double hypergeometric series
(see Appell and Kampé de Fériet [1926])

282
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> @) m+n(0)m b n m. n
Fi(a;b,V;c;2,y) = Z (7)71'—:1'((63 (v) AT (10.2.1)
m,n=0 T m+n
> a)m+n(0)m b n m. n
Fy(a;b,b;c,c52,y) = Z ( )' ";(()) ((/)) ™y, (10.2.2)
wizo M (€)m (¢ )n
- D (b)m (V)
Fy(a,a;b,V;c2,y) = (@) (@) () T 10.2.3
3( ) m%;() mln! (C)m—i-n ( )
> a)m+n b m+n _m n
F4(a,b;c,c’;x,y) = Z %l‘ v, (1024)
m,n=0 o m n

Jackson [1942] replaced each shifted factorial by a corresponding ¢-shifted fac-
torial giving the functions

o0 b/~ q)
(I)(l)(a; b, b/;c; q;x,y) _ Z (L7 m n )m( ) nxmyn’ (1025)
-0 Qa )m ) (C§ q>m+n

@D (g b bic.c gz y) — S (@; Q)imtn(0; Q) (V; O)n
O (a;b,b"; ¢, q;m,y) Z (@D m (@ D (6 D (€3 D

m,n=0

ZOO ; L @)n(b;)m (5 q)
@(3) a, a/; b, b';c; ¢ z,y) = (a7Q>m(a aQ)n( 5 nxm " (10.2.7
( ) (@ Dm (@D n (6 Qmn ) )

m,n

x™y"™, (10.2.6)

m,n=0

o0

(a; Q)m+n(b; Q)m—i-n xmy"

(@ Dm (@ Dnlc; Dm (s )

The series in (10.2.5)—(10.2.8) are absolutely convergent when |q|, |z|, |y| < 1,
by the comparison test with the series ano neoZ™y", and then their sums
are called the ¢-Appell functions. Jackson also considered g-analogues of the

oW (a,byc, ;s q5a,y) =

m,n=0

(10.2.8)

n
Appell series with y™ replaced by y”q(2) in each term of the series.

Similarly, one could obtain a g-analogue of the general double hypergeo-
metric series

_ - (@A) min(bB)m(cc)n 2"
= 2l oy (10-2.9)

m,n=0

where we use the contracted notations defined in §3.7 by replacing each shifted
factorial by a ¢-shifted factorial, such as in Exton [1977, p. 36] and Srivastava
[1982, p. 278]. However, such a basic double series might not be of the same
form as its confluent limit cases or as the double series obtained by inverting
the base as in (1.2.24) or in Ex. 1.4(i). Therefore, with the same motivation
as given on p. 5 for our definition of the ,.¢4 series hypergeometric series, we
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define the g-analogue of (10.2.9) by

.B: :bg:c
(DA..B,.C ap :0B; c; x,
D:EF | dp em: fr q;T,Y

i (@45 @)mtn (b5 Q)m(cc; Dn
(dp; Q)m+n(a, €65 0)m(, fFi@n

< [rymengE ) e )T [ @] ey
(10.2.10)

where ¢ # 0 when min(D — A,1+ E — B,1+ F — C) < 0. This double series
converges absolutely for |z, |y| < 1 when min(D—A,1+E—-B,1+F—-C) >0
and |g| < 1. Also, confluent limit cases of (10.2.10) have the same form as the
series in (10.2.10), and if one of the parameters by,...,bp,c1,...co equals 1,
then the double series in (10.2.10) reduces to a single series of the form in
(1.2.22). Since the series in (10.2.9) is called a Kampé de Fériet series when
B =C and E = F, the series in (10.2.10) can be called a ¢-Kampé de Fériet
series when B = C and E = F.

10.3 An integral representation for é(l)(qa;qb,qb,;qc;q;x,y)
Since, by (1.11.7) and (1.10.13)

(4% @) mtn Ly(c) /1 tman—1 (@5 @)oo
- patman=1_4%4)ec 4, 10.3.1
(@ Dmen ~ To@Tqlc—a) Jy Geoge 103D

for 0 < Re a < Re ¢, we find that

Fq(c)
Lq(a)lq(c —a)
1 b b’
t,xtq", ytd”'; @)oo
X / ta—l (q ,.’1: q 7y q 1Q) dqt, (10.3.2)
0 ($t, yta tqc—a; Q)oo
which was given by Jackson [1942, p. 81]. This is a g-analogue of the well-
known integral representation of Fi:

F(C) ' a—1 c—a—1 _ Y
= y 0 U s

0 < Re a < Re ¢. Tt follows from (10.3.2) and the definition of Jackson’s
g-integral (1.11.3) that

M (g% ¢, ¢" ;% g 2, y) =

Fi(a;b,b;c;2,y) =

a b b c—a
W (g0 b o g g ) = AP YL D)oo Ty e
(q 4,9 54 aq7x7y) (qc,x,y’q)oo ¢2 wqb7yqb 34,94

(10.3.4)
Andrews [1972] gave an independent derivation of (10.3.4).

Some reduction formulas, analogous to the ones for F; listed, for example,
in Erdélyi [1953, Vol. I], can be derived from (10.3.4).
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Case I. Let y = 2¢°. Then (10.3.4) and (1.4.1) give

oW (g% % ¢"; ¢% q; 2, 20")

(4% 24" 9) oo [qca,x a}
==L U 0 54,q
(4° 25 q) oo pgbtv T
a ,b+b
== 2¢1 |:q ’gc aqam:| )

which is a g-analogue of the reduction formula
Fi(a;b,b'icx,2) = 9o Fi(a, b4+ V¢ x).
Case IL Let y = ¢°~*7Y. Then (10.3.4) and (1.4.1) give

(g% ¢, ¢" 1 q% gy, g7 7Y
_ (¢4 2¢% ) MEline o,
A= I I L
c— b/ c a. a b
5 q) oo q“,q".
qc’qc a— b/7q) 2¢1 |:qcb’ 7q,l':|
Ly(e)Ty(c—a—1)
— 2¢1 q q q 7‘]733,
= Ty(e— e )"0 )

which yields a g-analogue of
T(e)T'(c—a—-1V)
L(c—a)l'(c=V)

Fi(a;b,b;c;2,1) =

o F1(a,byc—V;x).
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(10.3.5)

(10.3.6)

(10.3.7)

(10.3.8)

Case III. Let ¢ = b+ b'. The 3¢5 series of (10.3.4) in this case becomes

a series of type II, and hence by (3.2.7)

b+b' —a
’:1:’
sy | 7 b b’yﬂ],qa}

zq",yq
_ @ e gy e
(4*,99": @) zq’,q"* T '

So (10.3.4) gives

oM (g% % ¢" 5" gy 2, y)

,xq”

b a—b. b+b/—a
xrq,yq 3 q 4
= ( Y )OO3¢2 |:q qb+ q q /y7Q7yqa b:| ) (1039)

(2,9:9)

provided |yq®~?| < 1, which is a g-analogue of the reduction formula

Fi(a;b,b';b+0;z,y) = (1 —2)7°(1 —9)" % EF (b,b—i— b —a;b+b'; y )
11—z

(10.3.10)
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10.4 Formulas for ®® (¢%;¢%,¢" : ¢%, ¢ ; ¢; 2, y)

Integral representation. Since it follows from (10.2.6) that

(g% ¢ q" ;4% ¢ s g5 2, y)

a b
@D (atm
3! Jm 201(0°T"™, 4" 4% 1 g, ), (10.4.1)
= (.05 Om
and, by (1.11.9),
;o r,(d) / (qu, uyq®*™; q) L
a+m b, c'. _ q oo b 1d
2¢1(q yd 54 7qay) Fq(b/)rq(clfb/) (uy7uqc 7b/,q>oou qU,

when 0 < Re V' < Re ¢, we find that
2P (¢*¢".¢" ;0% ¢ ;2. y)

/ 1 a.
_ Fq(C) / (qu, 'Uzy,q bv/Q)oo 3¢2 [q q 27q7 :| _1dqu,
Lo(0)0g(c = V) Jo (uy,ug® " q) o q°, uyq

(10.4.3)
provided 0 < Re ¥’ < Re ¢. By (1.11.7)
b. 1 .
(q 3 Q)n _ F(I<C) / UbJrnfl (Uq_’bq)oo dq’U, (1044)
(@9)n  Tq(0)lq(c—b) Jo (v4°7"; q)oo

when 0 < Re b < Re ¢. Thus, by combining (10.4.3) and (10.4.4) we obtain
the following integral representation:

@ (g% ", " ¢%, ¢ s g 2, y)

a.
— B Ybc—bB b'—1 b 1 (qua qu,uyq aQ)oo
o (be=b)By / / (uy, ug® =", vq° b q) oo
X 2¢1(qa707uyq ,q,:w) dqu dql}, (1045)

when 0 < Re b < Re c and 0 < Re ¥ < Re ¢, which is a g-analogue of
Fg(a'b bie,dsx,y)
Yb,e=b)B1 (W, = V)

/ / b =1y,b= Y u)c/_b/_l(l — )71 — uy — va) " *dudv,
(10.4.6)
since
ql_i}r{lf 201(q", 05 uyq”; ¢, vv) = (1 — uy)*(1 —uy —vx)™, |zv| <1,

Transformation formulas. To derive g-analogues of the transforma-
tion formulas for F5 note that

yqa+m q r_p! ’ ’
gquz(q“*m,qc Ya ya" ™ g, yq”)

at+m b, . _
q ’q 7q 7q7 -
291l v) (¥ @)oo
(10.4.7)
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by (1.5.4), and hence (10.4.1) and (10.4.7) give
o) (" ¢, qb"qc q”/'q;x y)

yq qoo ZZ (4% Dm+n(@” O)m(a° "5 0)n (g (3)
(¥a* @)m (qq Om (2,9 On

)

m=0n=0

(10.4.8)

which is a g-analogue of Erdélyi [1953, Vol. I, 5.11 (7)]. Similarly, we get a
g-analogue of Erdélyi [1953, Vol. 1., 5.11 (6)] by interchanging x < y, b < V',
ce .

Reduction formulas. Let ¢/ = a. Then

(¥4" ™ @)oo

(Y1 @)oo
IOt VTIPS E i S
(Y5 0) oo (4% @)m gm0

b’+m)

201(¢°7™, " 1¢% q,y) = 20107 ¢ " q% q,yq

(10.4.9)
by (111.2) and (IIL.7), and hence, with a bit of simplification, we find that

@(2)(q“'qb ¢ ;q“ q“'q;fc y)

yq q ) Z Z q q m+n lay'Q) (qb/;Q)nxm+n mb’
) (

) q
m=0 n=0 q yq 7q m-+n
(10.4.10)
This can be written in the notation of (10.2.10) in the form
(g% ¢ q";¢%, 4" g7, y)
(9" @)oo 221 [q 0:q Y yig”
= 7<I> T sqixq x| 10.4.11
@)oo 0L a%uyd :0;— ( )

which is a g-analogue of Bailey [1935, 9.5(6)].
If we specialize further by setting ¢ = ¢’ = a, then we can use the trans-
formation

2¢>1(q"+’”, ¢ 14" 4,y)

¥a®' 1 ) oo : :
((y )) 202(q7 "™ q" 4% ya"  q, yg"t™) (10.4.12)

to get
¢(2)(q“'qb ¢ 'q“ q* 7, y)

yanoo qqmm ".q n (a+m)n+(o
Z Z )(y)q(+)+(2)

(2,9 y4";q

yq q o Z Z (0" Dmin (@7 @) (2y)" n<n_1)+an
(2,9% 99" ;) (G O)m

m=0n=0
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— (yq 7q 00 q q 7Q) (xy)nqn(n—l)-l-an i (qb+n7q)mxm
(43 @)os (q %, yq" Q> = (@Om
_ (2¢"yd Q) (¢°, " @) (zy)" gn(n-D+an
(2,95 @)oo (4,9%yq" ,24% q)n
 (z¢",yq" ;q)oo ¢ .
(1Y) 3| go agb,yg? 0| (104.13)
which is a g-analogue of Bailey [1935, 9.5(7)].
Finally, let ¢ = b. Then (10.2.6) gives
@(2)(qa'qb qb/'qb qc,'q;a? y)
—Z (¢% q ' O)n Z ("™ @)m m m
= (@0 0)n = (G Dm
9% q)oo 0
= ﬁS(ﬁQ |:qqc qxqa 3 4, y:| ) (10414)

which is a g-analogue of Bailey [1935, 9.5(3)].

10.5 Formulas for (I>(3)(q“,q“,;qb,qbl; q°;q;x,y)
From (10.2.7) it follows that

<I>(3)(qa 05 q"d" 5 q% g, y)

q .q%q) o ' oetm
= E " amobi (g6 ¢ ¢, ). (10.5.1)
= (0,4 @)m
Using
1 b c—b
: T, (0T, (c—b) (q°: q)m O
/ub+m71 (qzz,q)oo dyu = a(O)q(c = b) (¢ Dm (4 . (10.5.2)
0 (uge=b+"; q) oo Ly(c) (4% @) min

for 0 < Re b < Re ¢, and

1 , . T / T K b, n
/ b +n—1 (qté, ‘Qoo dyv — g()Tq(c —b—b) (Q_;Q) (1053)

0 (Vg "7 q)oc Fy(c—b) (@b q)n
provided 0 < Re b’ < Re (¢—0), we obtain the following integral representation

3@ (g%, ¢"'; ¢, q q 4 7,Y)

/ / b1y -1 (9, 9V, 2ug"3 q)o
(b) (b/> C— _bl qc_bavqc_b_b/)xu;q)oo

X ngl(q , ug® ;O;q,vy) dyudgv. (10.5.4)
Since , /
lim 2¢1(¢% ,uq® % 0;q,vy) = (1 —vy(l —u))~%, (10.5.5)
q—1~

(10.5.4) is a g-analogue of Bailey [1935, 9.3(3)].
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The function &) (¢°, qa/ g0, qb/ ;4% q; x,y) does not seem to have any use-
ful transformation formulas, just as F3(a,a’; b, b’; ¢; x, y) does not, as was noted
by Bailey [1935, §9.3].

Reduction formulas. Suppose a + ¢’ = ¢. Then
P (q", ¢ ¢" q" 1% g, y)
oo
q q q) /
Z P VR LY A T)

= (4,45 @)m
_ (yq )oo Z Z (0" @m0 Don (@ 3Dy o) (3)
WD = = (65 Dmn (@ Dm0 907 @ ’
(10.5.6)
by (1.5.4), which is a g-analogue of Bailey [1935, 9.5(4)]
Fi(abV,czy)=1—y) " F; (a,c —a;bb;cx, Y 1). (10.5.7)
y—

When a+a’ = b+b = ¢, the right hand side of (10.5.6) can be reduced to two
4¢3 series in the following way.
Using
o0 t:q)m t 0 c a— b t c—a—b;
Z(Q) mm:ffq Z yn:(yq Q)oo7
= (@ )m — (¥ @)oo
and, by Ex. 5.14,

b
q tql_a,tql_b'q o
( — )m(t;q)m(tq” ) dgt
q® (tatq 7Q)OO

_ 0 -9, " a0 D)o (0% ¢ Dmla ¢ D)
(4%, 4%, 4“7, ¢° 7% @) (4% QDmn ’
it follows that
(g ¢ ¢", ¢ ¢ g5, y)
_ g "(@*d" a0
(1 =a)(q, 978, ' 0%, 6% @) oo (@, Y5 @) o
b
T (tg' e tg 0wt ytg b )
X — dgt
q° (t,tqc e §Q)oo
_ Ty(9lg(a—b) (avqb,:t/q““;61)004(1S { ¢°,q*,0,0 » q]
Ty(a)Ty(c=b)  (2,¥590) gttt ,:vq b ygem
4 La(@lg(b — a) (:vq“,ch"’;q)oo4¢3 [ ¢*,¢°,0,0 0 q}
Ly(0)T(c—a)  (z,¥;9) gttt wg yge

(10.5.8)
The limit of the right side of (10.5.8) as ¢ — 17 is

(1—2)"Y {F gFl(a,c b;14+a— bm)
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L(c)T'(a—0) ab 1
O Y S S SPHE SU |
Tal(e—a) (7O =) (e et b =g

= (1 —y)** % F (a,bc;x +y — zy), (10.5.9)
by Bailey [1935, 1.4(1)]. So we can regard (10.5.8) as a g-analogue of the
formula

Fs(a,c—a;b,c—b;c;z,y) = (1 — y)“‘H’_CgFl(a, byc;x+y—azy), (10.5.10)

Bailey [1935, 9.5(5)].

If instead of starting with ) (¢%, ¢°=%; ¢%, ¢°~%; ¢°; ¢; z, ) we started with
M (g% ¢°, ¢°°; ¢% ¢; 2, y) we would obtain a different g-analogue of (10.5.10).
For,

W (g% ¢, ¢ % g2, y)
(

f: ¢ Dmin (0 D (@5 D,
= (€ Dman (G Dm (@3 Dn

a

q?,4%q) e ,
((qq—q)mxmzqﬁ1(q“+m7q‘ b g™ q,y)

_ y 7QO0 ZZ (q¢, q q) (qC7avq67b§Q>n xm(_y)nq(g)—k(a-&-m)n

Q) (0 Dman (G Om (@Y1 @)

Sy}

0 O

m=0n=0

(10.5.11)

by (1.5.4), and
oM (g% %, ¢° 7 ¢% ¢, y)
RSV T [q“‘, z,y ]

(4%, 2,95 q) o zgb,yqet T
a+b—c c—b.

T , 1Q) oo c—a7 c—b’ c—b T .
= g [0 T gt (105.12)
v oo

q-,Yq
by (10.3.4) and (3.2.7), and hence
c—b

ZZ (4% 4" q m(@ 4 On (=) (B)Harmn

=t = (0% Qmetn (G D (4,907 O
(@q % oo o [a" a0 ya 0 e b
=" o 1 q, g 10.5.13
(xvq)oo 3¢2 qc’ch b q,xq ( )
If we take the limit ¢ — 1~ of (10.5.13) and replace y by y/(y — 1) we obtain
10.5.10). This is an example of a situation where one gets different g-analogues
g g
by starting with opposite sides of the same formula.

c—a

10.6 Formulas for a ¢g-analogue of F}

Appell’s F, function is probably the most important of the four Appell func-
tions because of its applications in the theory of classical orthogonal polyno-
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mials. It has the integral representation

Fy(a,b;c,c; x(l—y) y(1—x))
_ F(C) a—1,b- 1 )] )¢ bt
- T(a)T(H)I (c— a)T'(c" —b) / / ) (1-v)

x (1 — ) e (1 — o) 0=~ (1 — uz — vy) " do,
(10.6.1)

which was derived by Burchnall and Chaundy [1940] from their expansion
F4(a b; ¢, c"x(l —y),y(1 —1x))

Z 1+a+b—C )
a )r(c)r
X 2F1( —+—r,b—|—r,c’—|—r;y). (10.6.2)

"y o Fi(a+ 1, b+ ric+r;m)

Jackson’s @4, given by (10.2.8), does not seem to be useful in any applications
that we have come across, and it does not have any formulas with its arguments
x and y replaced by x(1 — y) and y(1 — z), respectively, so our approach will
be to transform (10.6.1) and (10.6.2) into forms that we can find g-analogues
of. First observe that, since

gFl(a+r,b+r;c+r;x):(1—w)_a_’”2F1<a+r,c b; c+7" v 1)

)
y—1

2Fi(a+rb+rid +ry) = (1—y) "k (b +rd —ad +7

by (1.5.5), the expansion formula (10.6.2) transforms to
Fy(a,bye,d;2(1 —y), (1 - .1‘))

=(1—2)"% bZ HQZ:'Z;TCC) (3::)( y )

y—1

><2F1(a+7",c bc—i—r 3: )2F1<b—|—rc a;c +r; Y ) (10.6.3)

y—1
Replacing x and y by z/(z — 1) and y/(y — 1), respectively, (10.6.3) becomes
Fy(a,bye,d;— ° - Y
e [ e ),

= (1 — fl')a(l - y)b Z (a)r(b)T(i!—(i_ciq?_cf;r_ C— C/)T (my)r

X oFi(a+rc—bjct+rix) oF1(b+rc —a;d +r'5y).  (10.6.4)

Analogously, the integral representation (10.6.1) transforms to

—x —a — —b 4 a . C Cl' - x - y
o= Bwbeds - ha =)
LOr()
L(a)T'(b)T(c— a)T'(¢' — a)
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/ / a—1,b— 1 u)cfafl(l B U)clfbfl(l - um)bfc(l _ vy)afc'
(1 — wvay) T =" du dv, (10.6.5)
where 0 < Rea < Re ¢ and 0 < Re b < Re ¢. Let
. (a,b,abg/ec'; ), (cczyyT
M(z,y) = M(z,y;a,b,¢,c’;q) = ( )
(&2) ( ) ; (¢,¢,c'5q)r  \ abg
X 2p1(aq”, ¢/b;cq";q,x) 201(bg", ¢ Ja;'q" q,y),  (10.6.6)

which, via (10 6 4) is a g-analogue of the left side of (10.6.5) on replacing a,
b, ¢, ¢ by q%, ¢, ¢°, ¢°, respectively. Since

Iq(c) (¢° )~
Fq(a)rq(c - a) (qa7 q)r

1 c—b
X / ua”_l—(qu ' ’q)oodqu, (10.6.7)
0 (:ru,uqc a;q)oo

201(¢* T, ¢ ¢t g ) =

if 0 < Re a < Re ¢, and

Ly(¢)  (a50)
T,00T,( =) (¢a),
1 c'—a.
></ pPrrt (qv,yvq,/_b ’q>°odqv, (10.6.8)
0 (y0,v¢° % @)oo
if 0 < Re b < Re ¢/, we have the integral representation

_ Lg(e)Ty(c) A a=lyb=1
M(x,y) = y(a)Ty(0)Ty(c —a)le(c —b) /o /0 uty?

y (qu, qu, 2ug”™", yog® " wyuvi@loe
(zu, yv, uge=, v ~b ryuvgete —a=b=1.q) 1T T4

201(¢" 7 g% T q" T q,y) =

(10.6.9)

which is an exact analogue of (10.6.5). However, (10.6.9) is, by the definition
of g-integrals, the same as the double sum

(4% ¢* 2q° ", yg® ~*, 23 @)oo

M =
@) (¢, qc' x y,qu”c"a""l;q)oo
y Z Z (2yg“ T =9 Q) (z qc’“;q)m(y,qc"b;q)nqam+bn
== (@Y; Dmtn (22070 Q) ya% 5 @)
_ (g et ye T ayi g
(¢, 9 2z, y, xyqet =201 )
v [eyg Tt gty
X (D1:1;1|: xy . xqcfb ’ch —a 7q,q q

(10.6.10)

by (10.2.10). This double series looks more like the series in (10.2.5) for ®(1)
than the series (10.2.8) for ®*). Note that the term-by-term ¢ — 1~ limit can



10.6 Formulas for a g-analogue of F}y 293

be taken on the expression on the right side of (10.6.9) but not on its double
sum in (10.6.10). However, it is in the form given by (10.6.6) that the function
M (z,y) seems to be most useful. First of all, when ¢¢’ = abg the series in
(10.6.6) becomes a product

2¢1(a, c/b;c;q,x) 261(b, ¢ [a;¢5 q,y)
which corresponds to a g-analogue of the right hand side of the product formula

Fy(a,bjc,a+b+1—cz(l —y),y(l —x))
= oFi(a,b;c;z) o F1(a,bya+ b+ 1 —c;y) (10.6.11)

in Bailey [1935, 9.6(1)].

We shall now manipulate the series in (10.6.5) in order to obtain an ex-
pression that closely resembles the Fy function. First, it follows by combining
the terms in the obvious manner, that

Z (a,c/b;q)m(b, c’/a;q)nxmyn
m=0n=0 q,C q (q7cl;q)n

" abg/cc

,q
X 302 [bql m /e, aql_"/c’ 14, q (10.6.12)

Since the 3¢9 series above is balanced it can be summed by (1.7.2). A bit of
simplification then leads to

- 3 3 (TRl S ey (0619

m=0n=0

which has a straightforward ¢ — 17 limit, but is not very useful because of the
dependence of the terms (cq~"/b; q)m and (¢'¢~™/a; ), on m and n. However,

since
(cq”" /b @)m

&) = 2¢1(q¢ "™, bq"; ¢;q,¢q™ " /D)

and

c'q7"/a;q _ _
(,_—/)" = o¢1(qg " aq™;¢5q, " a),
(C Q)n

by (1.5.2), we have

n

N e a q m+a(b q>n+rx y
-SF

n=0r=0 s= 0 m r q’ )n—s(q,QQ)r(q,C;q)s

X (_1)r+s(c/b)r( //a)sqmn—ms—nr—i—(;)—&-(g)

S MR
(4, ¢9)r(q:¢5q)s b a

r=0 s=0

T

x g2+ =rsy (10.6.14)
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where

B BP L S EC LI
m=0mn=0 G n
_ (byg” ,q)oo
(Y5 @)oo
axr T’ b T; o0 g g Id T
_ (020, bya"s oo 2¢2(aq”, bq"; axq", byq"; ¢, zy).  (10.6.15)
(2,93 0) o
Since (2q® T2 yg® " +5: ¢) oo/ (2, Y; @) o is simply a g-analogue of the product
(1—2)~*"=%(1—y)~°~"~% and the above 2¢5 series approaches 1 when ¢ — 1,
in view of (10.6.6) we may introduce the following function

201 (aq”, y; byq"; q, )

Z (2%, " qr+s —q°” ”)T(*i/qc ) (5)+(5)—rs
— = (2,4% 0)r (0,475 0)s(0°2, 4°Y; Drts
X 202 (gt T g Tyt g, )

as an appropriate g-analogue of

—a - R x Y
(-2 -9)" Fabedi-a—a— o aa—g)

10.7 An Askey-Wilson-type integral representation
for a g-analogue of F}

The g-integral representation for ®) (a; 3, 8';v; ¢; ,y) given in (10.3.2) (with
a=q¢* B=q¢, p = qb,, ~v = ¢°) is related to the g-linear lattice with respect
to which the g¢-derivative D, is as defined in Ex. 1.12. There is, however,
a second integral representation of an analogue of F; that is related to the
g-quadratic lattice =z = %(ew + e~ %), with respect to which the g-derivative
Dy is the Askey-Wilson derivative defined in §7.7. To make the connection
explicit let us first rewrite (10.3.3) in the form

T(y)2!=7 7 ,
Filas . 1720) = it J, (L= o)L cosi =

(10.7.1)
provided 0 < Re a < Re . This suggests the following integral representation

D1 (; 8,857 452, )

us
= A/ (¢, e7iq%) gy (=€, —eT¥iq¥)sa
0

1
2 4
X (Ae, Xe™ ™V q) _p(pe’, pe s q) _prdip, (10.7.2)
where A is a normalizing constant, and A, y are related to x and y by
4\ 4
T =— a (10.7.3)
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A more general form of the integral in (10.7.2), namely,

S(a,b, C, d) fagﬂ )‘hu“)
™ h(cos; 1, —1,(]%, —q%,/\, 1)
_ d 10.7.4
/0 h(cosy;a,b,c,d, f,g) v ( )

was evaluated in Nassrallah and Rahman [1986]. It was found that

S(a,b,¢,d, f,g; A\, 1)
(q/abed, aq/b, ag/c, aq/d, Aa, Ma, pa, /a3 g)os
(ga?,q/bc, q/bd, q/cd,af, f/a,ag,9/a;q)oc

x 10Wo(a®; ab, ac, ad, af,ag, aq/ X, aq/p; q, Auq/abedf g)

+ idem (a; f, g), (10.7.5)
with |[Apug/abedfg] < 1. The proof in Nassrallah and Rahman [1986] is long
and tedious. We will give a shorter proof here. By (2.11.7) and (2.10.1)

hz A p) _ (Aa, AN a,pa, p/a; q)o
h(z; f,aq)  (qa?, fa, f/a,q;q)
x sWr(a?; af, aq/A,aq/u,aew,ae*w;q, Ap/af)
hzia, fq) (A, A fif i1/ fi @)
Mz foaq) (af?af,a/f a;0)
x sWr(f%af, fa/ A fa/u, [, fe=™5q, Au/af), (10.7.6)
where z = cos®). Substituting (10.7.6) into (10.7.4) gives
S(a,b,¢,d, f,g; A )

_ _ (Aa, N a, pa, p/a; q)so Z 1—a?¢* (a® af,aq/\, aq/1; q)n ()\—M)n
(qa®, fa, f/a,q;q)oc 1 —a2 (¢:aq/f, Aa, pa; q)n \af
4 1 3 g3 n+1
0 h(COSQ)[J;b, ) d).gaaqn)
+ idem (a; f). (10.7.7)

By (6.3.7) the integral displayed in (10.7.7) equals

= k(a,b,c,d)

27 (a?¢®" L abedq™, acdgq™, abdgq™, abcgq™; q) so
(be, bd, by, cd, cg,dg, abq™, acq™, adq™, agq™, a*bcdgq®"; q)oc

x sWr(a*bedgg® "5 abg", acq”, adq™, agq", bedgq™"; ¢, q)
27 (abed, q/abed, aq/b, aq/c, aq/d; @)oo
(ab, ac, ad, be,bd, cd, ag, g/a, q/bc,q/bd, q/cd; ) oo
o (ab, ac,ad, ag; q)n ( q )n
(aq/b,aq/c,aq/d, aq/g; q)n \bcdg
_ 2mg 27 (bedg/q, g° /bedg, 9a/b, ga/c; 9a/d; @)oo
bed9 (q, be, bd, cd, by, cg,dg, 9% @)oo (1 — aga™) (1~ “0)

x sWz(g%;bg, cg,dg, agq™, gq~ " /a; q, q/bedg), (10.7.8)
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by (2.11.7) and (2.10.1). So we get

S(a’b7cﬁd7f7g;)\)u)
q/abed, aq/b,aq/c,aq/d, Ma, N/ a, pa, j1/a; q) o
(q/bc,q/bd,q/cd,af, f/a,ga,g/a,qa?; q)

X 10W9 (a2; ab) ac, Cld, af7 ag, CLQ//\, U/Q/Hq q,

+ idem (a; f)

_ 2mq (bedg/q, ¢*/bedg, 9q/b, gq/c, 9a/d; q)
bedg (g, be,bd, cd, by, cg, dg,q9% @)

= k(a, b, c, d)(

Ang )
abedf g

o Z 2 2m ( bgucgvdgaag7 A#’Q) < )\Mq )m
2 (¢.99/b,94/¢. 9a/d. gq/a. %; q),,, \abedfg
{(M A/a, pa, u/m%,ﬁ;q)
(fa f/CL ag,@/g,af, ,q)

Apa

. 8W7( af ’

AN fou/f, e/ a,a9q™  a m/g;q,q)Jr idem (a;f)}~
(10.7.9)

Using (2.11.7) to evaluate the expression in { } above and simplifying, we
obtain (10.7.5), which can be regarded as an extension of (10.3.4) of Askey-
Wilson type.

In the special case Au = abedfg the integral in (10.7.4) was evaluated

1

n (6.4.11). If we replace a,b,c¢,d, f,g by 571, ¢8 T, —qTT 1, —q 2
Ag~? and ,uq_ﬁl, respectively, then this condition amounts to v = 8 + 7,
and therefore this case corresponds to (10.3.12) and (10.3.13). Note also that
if \ =g or ug = f, which would imply \ = uq’ﬂ/ or u = Ag~?, then the
integral in (10.7.4) becomes an g7 series (see §6.3) and hence an analogue of
the Gaussian series o F;. This, then, corresponds to (10.3.5) and (10.3.6).

It can be shown that @1 («; 8, 5';7v; z,y) has a g-Appell type double series
representation that corresponds to (10.2.5), see Ex. 10.16 for more on the
general function S(a,b,c,d, f,g; A\, ).

Exercises
10.1 Show that
. b, bx,b'y/x;q)
cI)(l) b/ b bbb a _ ( ; O, 34 ) oo
(1) ( /x7 ) b 7Q7 $7 y) (bb/7 x, y; q)oo b)
(i) W (—q/y;b, qz/y*; —qbx [y ¢; 7, y)

_ (0. b739) 0o (2% /9%, 2202 /9?5 4% ) oo
(.9, q2/y, —qbx /y; ¢) oo (%3 4% )
(Andrews [1972])
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10.2 Derive the transformation formulas

(i) (2)(a'b b;e, c"q;x y)
banoo C/bxq (avb/;Q)n m, n
c x€; q Z Z £ e

m=0n=0 ax q m+n q,Q)m(CI;CaQ)n

(ii) @) (a,a’;b, b 'C'(];ZL’ y)

)

_ (a,bx; q oo Z Z (¢/a; Q)man (T @)m (alab/;Q)namyn
carq m=0n=0 q7bxq (Q7C/a’7q)”
and their special cases
(i) @) (a; b, ¢,a3 ¢; 2, y)
_ (b,aw;q)
(c,x;q)oo
(iv) o) (a,a’;b,V'; aa'; g5 2, y)
(a,bz;q)

= 202 @ (a1, b, 0; g5 a, ).
(ad’,2;q) oo (@5, b b, 0:¢; 0, )

O3 (c/b,0;2,b'; az; 43 b, y),

(Andrews [1972])
10.3 Prove that

2
W (b b gep —mp) — a,aq,b o o
d (G;, ba b,C,q,JJ, x) 3¢2 |: ¢, cq 4, :| .

Deduce the quadratic transformation formula

c/a,x,—x _ (69)sc(7?¢%) a,aq, 0> 5 o
3@52{ b, —bx ,a} = (0 ) (0227 ) 302 cog i
10.4 Show that

M (bg2: b, b;b%; ¢; x, y)

(£4%;0)oo 1 1 1
= by/x)z,—(by/x)2;—b;q2,x).
0 Do ¢1((by/x)7, —(by/x) )
Hence, prove the quadratic transformation formula
1
r,y,bg"2 o1
302 be, by 1q,bq?

9 ab2; o 3 3 2
:%m«by/x)z ~(by/x)*; ~big? ).

10.5 Derive the quadratic transformation formula

<I>(1)(a' b,b;¢c;x,y)

_Z @b xqz/y Q) yn
= (q,¢,bq7;q)n

-n/2 _,—n/2 i 1
=g "2, (by /)%, —(by/x)?
a6 | i i gy i g
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10.6 Prove that
<I>(2)(a'b Vie,dsq;m,y)

_ Z Z a q m+n C/b q) ( //b/;Q)n (_bx)m(_b/y)nq(gl)-i-(g)

m=0n=0 aa? 14 mJF”(q’c q) (%C';Q)n

axr,q
x Q 201 (ag™ ™™, 0;axq™ " q, y).
(3 9)oo

Note that this gives a g-analogue of Bailey [1935, 9.4(8)].

10.7 Show that a general s¢o series with an arbitrary argument is a multiple
of Jackson’s ®(1) series, in particular,

é a,b,c. _ (ax,b,¢,q) 0
e d7e o B (x,d,e; q)oo
10.8 Show that

(a, b; q m+n(=2¢/0)™ (—yb/a)" (') +(5)—mn
Z Z (@& @) (45 b5 Q) (02, 03 Q)

&M (z;d/b, e/c;ax; q; b, c).

m=0n=0

x z¢z(aqm+”,qu+" azq™ ", byg™ " ¢, vy)
(T, yb/a; @) (1)
=" ""= dY(aaq/c,c/b;c;q;cxy/aq,x),
(az, by; q)oo (a;aq/e,c/ v/aq, )
and that this is a g-analogue of Bailey’s [1935, Ex. 20(ii), p. 102] reduction
formula
€z Y
F4<a7b;cvb;_ y >
(l-2)1-y) (1-z)1-y)

=1-2)'A-y)*Fi(a;1+a—cc—bcay, ).
10.9 Show that

Z Z (a,b;q) m+n —za/b)" (—yb/a)" q(’;)+(g)—mn
=0 2= (4,6,0)m (a0, b @)n (0, bY; @)mn

x 2¢2(aqm+”,qu*" ¢ byg™ " g, y)
 (bylasan/big)e

(by, az;q)oc (1 — 2y/q)’

and that this is a g-analogue of Bailey’s [1935, Ex. 20(iii), p. 102] formula
x y

Fyla,b;a,b;— ,— )

i I-2)(1-y) (1-2)(1-y)

=(1—zy) (1 -2)"1 -y

lzy| < g,

10.10 Prove that

Z Z (@, b Q) mesn(—agz/b%)™ (—yb/a)™ ™y ()
= = (4,a0/b; )4, b; @) (0, by; @)t

X o¢o(ag™ ™, b " ang™ ", byg™ T ¢, 2y)

~ (by/a;9) a,b,aq/by
G ¢ [aw aq/b 10 xy/b
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and that this is a g-analogue of Bailey’s [1935, Ex. 20(v), p. 102] reduction
formula

1-z)(1-y) (Q-2)1-y)
=(1-y)* QFl(a,b;l—i-a—b'—x(liy)).

’ 1—=x

F4<a,b;1+a—b,b;— x y )

10.11 Using (10.6.15) prove that

S5 OV Dmin /D @) (5)

g\2 2
=0 = (4.6 Om(g; aq/c; q)n(ax, by; @) mon

_ i i (@3 @ (03 @ (b @) )n( cx )M( g )nqm,nm,

= i~ (q,c,a7;9)m(q, aq/c, by; q bg> c

where |cz/b] < 1 and |y/c| < 1. This is a g-analogue of Bailey’s [1935,
Ex. 20(i), p. 102] reduction formula

x Yy
F4(a,b;c,1+afc; , )
(I-2)(1-y) (1-2)1-y)
:F2<a;b,b;c,1+afc;i,i>.
r—1y—1
10.12 Show that if f(z,y) = ®1)(a;b,V; ¢c; ¢; 2, y), then
(i)

(abz — ¢/q) f(¢°x, qy) + (1 — bx) f(qz, y)
+ (¢/q —a)f(qz,qy) + (x — 1) f(x,y) =0,
(aby’ — c/q) f(qz, q*y) + (1 — b'y) f(x, qy)
+(¢/q—a)f(qz,qy) + (y — 1) f(z,y) = 0.
10.13 Show that if f(z,y) = <I>(2)(a; b,b';c,csq;x,y) then

(i)

ab'zf(q*z, qy) — gf(qu, y) — axf(qz, qy)
+ (1 + g - b’a:)f(q:r,y) +(z—1)f(x,y) = 0.
10.14 Show that if f(z,y) = ®®)(a,a’;b,V;¢; q; 2,y) then
abx f(q°x, y) — gf(q%, qy) + gf(qx, y)

+ (1 —az —bz)f(qz,y) + (x — 1) f(z,y) = 0.
10.15 Show that if f(z,y) = ®“(a,b;c,c/; ¢;x,y) then

abz f(q*z, ¢*y) — cf (¢*z,y) — (a + b)zfqz, qy)
+ (1 +c)f(qz,y) + (z = 1) f(z,y) = 0.
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10.16 Using (6.3.3) twice show that
S(a,b,c,d, f,g9; N 1)
_ 21 (A a, N f, 1/, 11/ 95 @)oo
ab(l - q)2(q, 4,49, Cdv f/a, QQ/fa g/bv qb/gv a’fv bga q)oo
y /“ (qu/a,qu/f, Au; q)so /b (qu/b,qu/g, p, cduv; q) oo
f (C’U,,d’u,, )\u/af,q)oo g (C’U7dU,UU,/ﬂ)/bg;q)oo
_ 27r(ab0d7 )‘/a’v )\&7 /J’/ba Mba q)OO
(g,ab,ac,ad,be,bd, cd, f /a, fa,g/b, gb; q) oo

oo o0

(ab; Q)mnlac,ad, N/ f;q)m(bc,bd, 11/ G @) pin
X
mZOZ% abed; @)m-+n (4, aq/ f, Aa; @)m (4, gb/ g, pb; @)

+ idem (a; f)

2m(acdg, N/ a, Aa, 11/ g, 11g; q) o
(q,ac ag,ad,cg,dg,cd, f/a,af,b/g,bg9;q)oo

(Lg, m+n ac, ad )‘/f Q) (Cgvdg,y’/l% q)n m4n
X
mzonz:o (acdg; @)m+n(q; aq/ [, Aa; @)m(q, 99/b; 11g; O

+ idem (a; f).

dqu dgv,

10.17 Extend (10.3.4) to

Op(a;br, ... brcq; 21,0, Tp)

_ f: (CL; Q)n1+"'+n'r' : (bk7q)nk 2k

B (C; q)n1+~~~+nr k=1 (QQq)nk k

nl,...,’fLT:O

:(a,b1x1,...,brxr;q)oo é cla,x1,..., Ty ga
(@1, s Tr; @)oo T by, b DT

where ®p is a ¢-Lauricella function.
(Andrews [1972])

10.18 Prove that

:3;3
(b 1:2;2

)

" afe, c/d c/e ;c/a, b/d b/e
[bc/de ca, ¢t /b bt a ,q,q,q}

_ (c,ab/c;q)n
(a,0;q)n
where n = 0,1,... . Deduce the summation formula
ZZ (a/e,c/d,c/e;q)j(c/a,b/d,b/e;a)r 5 k i
(be/des @)y ala aia); (@, biae
=0 k=0 ji+k\q, q q,05q
_ (c,ab/c;q)so
(a,0:0)00
(Gasper [2000])




Notes 301

10.19 Show that

3 (@0); (8 (/7 D (¥ Djtk-m 5 & m

3,k,m>0 (30 ( Dr(@ Dm(aB; @) jtk—m vz

_ (,42/7, By vy, 0wz /7, Byz 4)so
(z, aBz /v, BYY, Y, 22, Y25 @)oo
x sWa(Byya™"; 8,7, vy v/ 2 By x5 4,z ).
(Krattenthaler and Rosengren [2003])

10.20 Extend (1.9.6) to

ZZ (01g™, ., br g™ Onm (@, 03 On (e, ds @)
= = b1, <005 @imetn (45065 Q) (4, dG; @

% (a—lql—M)n(C—lql—M)m

_ (9,9, ba/a,dg/c; @)oo (b1/db; @), -~ (b:/bd; @), (bd)™
(ba,dg,q/a,q/c;q)oo(b1; @)y - (br; D, ’
where mq, ..., m, are nonnegative integers, M = mj + --- + m,, and
l¢" | < min([al, |¢]).

(Denis [1988])

Notes

§10.2 B. Srivastava [1995] introduced some elementary bibasic extensions of
(10.2.5)—(10.2.8). For a quantum algebra approach to multivariable series, see
Floreanini, Lapointe and Vinet [1994]. Sahai [1999] considered the g-Appell
functions from the point of view of universal enveloping algebra of s£(2). See
also Jain [1980a,b] and, for connections of Appell functions with BC,, root
systems, Beerends [1992].

§810.3-10.6 Agarwal [1974] evaluated some g¢-integrals of the double se-
ries in (10.2.5)—(10.2.8). Also see Nassrallah [1990, 1991].

Exercises 10.1-10.2  Upadhyay [1973] gave some transformation and sum-
mation formulas for g-Jackson type double series.

Ex.10.3 This is a g-analogue of a quadratic transformation formula for
Fi(a;b,b; c; z, —z) obtained by Ismail and Pitman [2000].

Exercises 10.12-10.15 Agarwal [1954] gave some 3-term contiguous rela-
tions satisfied by @), ... ®®  including formulas connecting them with the
g-derivatives.

Ex.10.17 For an application of the g-Lauricella series, see Bressoud [1978].

Ex.10.18 See Van der Jeugt, Pitre and Srinivasa Rao [1994] for more
summation formulas of this type. For similar results when ¢ — 1, see Pitre
and Van der Jeugt [1996].
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ELLIPTIC, MODULAR, AND THETA HYPERGEOMETRIC SERIES

11.1 Introduction

Since the series > u,, is called a hypergeometric series if g(n) = up41/uy is a
rational function of n, and a ¢-(basic) hypergeometric series if g(n) is a rational
function of ¢", it is natural to call this series an elliptic hypergeometric series if
g(n) is an elliptic (doubly periodic meromorphic) function of n with n consid-
ered as a complex variable. One motivation for considering these three classes
of series is Weierstrass’s theorem that a meromorphic function f(z) which sat-
isfies an algebraic addition theorem of the form

P(f(w), f(v), flu+v)) =0

identically in w and v, where P(z,y,z) is a nonzero polynomial whose co-
efficients are independent of w and v, is either a rational function of z, a
rational function of e** for some A, or an elliptic function (see, e.g., Erdélyi
[1953, §13.11], Rosengren [2001a, 2003c], and, for a proof, Phragmén [1885]).
Elliptic analogues of very-well-poised basic hypergeometric series were intro-
duced rather recently by Frenkel and Turaev [1997] in their work on elliptic
6j-symbols, which are elliptic solutions of the Yang-Baxter equation found by
Baxter [1973], [1982] and Date et al. [1986-1988]. Frenkel and Turaev showed
that the elliptic 6j-symbols are multiples of the very-well-poised 12v1; elliptic
(modular) hypergeometric series defined in §11.3 (recall from §7.2 that the or-
dinary g-analogues of Racah’s 6j-symbols are multiples of balanced 4¢3 series,
which are transformable to g¢7 series) and then used the tetrahedral symmetry
of the elliptic 6j-symbols and the finite dimensionality of cusp forms to derive
elliptic analogues of Bailey’s transformation formula (2.9.1) for terminating
1009 series and of Jackson’s g¢7 summation formula (2.6.2). This quickly led
to a flurry of activity on elliptic hypergeometric series, resulting in several re-
lated papers (listed in alphabetical order) by van Diejen and Spiridonov [2000—
2003], Gasper and Schlosser [2003], Kajihara and Noumi [2003], Kajiwara,
Masuda, Noumi, Ohta and Yamada [2003], Koelink, van Norden and Rosen-
gren [2003], Rosengren [2001a—2003f], Rosengren and Schlosser [2003a,b], Spiri-
donov [2000-2003c], Spiridonov and Zhedanov [2000a—2003], Warnaar [2002b—
2003¢], and others. In particular, general elliptic hypergeometric series and
their extensions to theta hypergeometric series were introduced and studied by
Spiridonov [2002a-2003a], who also considered theta hypergeometric integrals
in Spiridonov [2003b]. Transformations of elliptic hypergeometric integrals are
considered in Rains [2003b].

We start in §11.2 with the elliptic shifted factorials, Spiridonov’s [2002a]
“multiplicative” ,11 F, theta hypergeometric series notation and its very-well-

302
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poised ,+1V, special case, and then point out some of their main properties.
The “additive” forms of these series ,iie, and ,;1v, are presented in §11.3,
along with their modular properties, and the Frenkel and Turaev summation
and transformation formulas. In §11.4 we present a simpler derivation of the
elliptic analogue of Jackson’s g¢7 summation formula via mathematical induc-
tion, which is a modification of proofs that were kindly communicated to the
authors by Rosengren (in a June 13, 2002, e-mail message), Spiridonov (in a
Nov. 22, 2002, e-mail message) and Warnaar (see §6 in his [2002b] paper).
Central to this method of proof and, in fact, to all of the formulas in this
chapter is the theta function identity given in Ex. 2.16(i) which is simply the
elliptic analogue of the trivial identity

(1 =2zX)A=2/XNA =) = p/v) = A —zv)(1 —z/v)(1 = Ap)(1 = p/A)

- %(1—1:;0(1—:r/u)(l—)\y)(l—)\/u). (11.1.1)
The elliptic analogue of Bailey’s 19¢9 transformation formula is derived in
§11.5, along with some other transformation formulas. Theta hypergeometric
extensions of some of the summation and transformation formulas in sections
3.6-3.8 are derived in §11.6. Some multidimensional elliptic hypergeometric
series are considered in §11.7, where we present Rosengren’s [2003c] elliptic
extension of Milne’s [1985a] fundamental theorem and related formulas. Many
additional formulas involving theta hypergeometric series and elliptic integrals
are presented in the exercises at the end of the chapter.

11.2 Elliptic and theta hypergeometric series

Define a modified Jacobi theta function by
0(x;p) = (2,p/:P)oc,  O(@1,- - 2mip) = [ ] O(zkip), (11.2.1)
k=1

where z,21,...,2, # 0 and [p| < 1. Since 0(z;p) = (2; D)oo (P/Z;P)co is the
product of two infinite p-shifted factorials, analogous to the name of the triple
product identity (1.6.1), we will call 8(z;p) the double product theta function
(with argument x and nome p). From (1.6.9) and (1.6.14) it follows that

D1 (2, €™7) = ie "™ /4 (p; p) s B p) (11.2.2)
and
0(¢%:p) (1-a)/2
a,0,7| = —=¢" ¢ 11.2.3
. 0(a;p) ( )
with
q — eQTriO" p — eQﬂiT’ (1124)

where a, 0,7 are complex numbers such that Im (1) > 0 and o # m + nr for
integer values of m and n. We set ¢® = €?™°% and p® = €%7"¢. Following
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Warnaar [2002b], we define an elliptic (or theta) shifted factorial analogue of
the g-shifted factorial by

[17=o 0(ag®; p). n=1,2,...,
(a;q,p)n = 9 1, n=0, (11.2.5)
1/1_[_” ! ( ik p)v n:_17_2,"'7
and let
m
(a1,as, ., @m; 4, P)n H ak; 4 P)n (11.2.6)
where a,ai,...,a, # 0. Analogous to the name g-shifted factorial for (a;q)n,

we also call (a;q,p)n, the g, p-shifted factorial in order to distinguish it from
the o, 7-shifted factorial defined in the next section. Notice that 6(x;0) = 1—x
and thus (a;¢,0), = (a;¢). Since g is called the base in (a;q), and p is called
the nome in 0(a; p), we call ¢ and p in (a; ¢, p),, the base and nome, respectively.
Similarly, in order to distinguish the modular parameters o and 7, we call o
the base modular parameter and T the nome modular parameter. For the sake
of simplicity, we decided not to use Spiridonov’s [2002a,b] notation 6(a;p; q),
for the elliptic shifted factorial.

Corresponding to Spiridonov [2002a], we formally define an , 11 F, theta
hypergeometric series with base g and nome p by

r+1E (a1,a2,...,ar11;01,...,br50,p; 2)
o Z 04170427--'aar’—‘rl;qap)nzn7 (1127)
n—0 Q7b17"°7b7‘;Q7p)n

where, as elsewhere, it is assumed that the parameters are such that each term
in the series is well-defined; in particular, the a’s and b’s are never zero. Un-
less stated otherwise, we assume that ¢ and p are independent of each other,
but we do not assume that the above series converges or that the numerator
parameters aj, as, . .., ar41, denominator parameters by, ..., b,, and the argu-
ment z in it are independent of each other or of ¢ and p. Note that if ajpk is
a nonpositive integer power of ¢ for some integer k and a j € {1,2,...,7+ 1},
then the series in (11.2.7) terminates. Clearly, if z and the a’s and b’s are
independent of p, then

Il)iE)r%)r+1ET(a1a sy Arypds blv R b’l’v q,P; Z)
= r+1E7‘(a17 ceey Qrgd; bla e 7br; q, 07 Z)
= r+1¢r(a17"'7ar+1;b13"',br;qaz>7 (1128)
where the limit of the series is a termwise limit.
As is customary, the notation ,y1E.(a1,a2,...,ar4+1;b1,...,b:5q,p;2) is

also used to denote the sum of the series in (11.2.7) inside the circle of con-
vergence and its analytic continuation (called a theta hypergeometric function)
outside the circle of convergence. Unlike nonterminating ,1 F). series and non-
terminating ,11¢, series with 0 < |g| < 1, which have radius of convergence
R =1 (as can be easily seen by applying the ratio test to (1.2.25) and (1.2.26)),
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for 0 < |q|,|p| < 1 and any R € [0, 00| there is a nonterminating ,1 F, series
with radius of convergence R. In particular, there are nonterminating 1 F,.
series with 0 < |g|,|p| < 1 that converge to entire functions of z, which is
not the case for nonterminating ,y1F, and ,;11¢, series with » = 0,1,...
and 0 < |g| < 1. For example, consider a nonterminating ,1E, series with
0 <ql,|p| <1 and

b =arp™, k=1,....r+1, (11.2.9)
where my, ..., m,41 are integers and b1 = ¢. Since the double product theta

function identity 6(ap™;p) = (—a)_mp_(gn)e(a;p) implies that

(ap™; ¢, p)n = (a; ¢, p)n(—a) ""p"(2)g ()
for m,n =0,41,..., we find that

o0

n
re1Br(ar, . arpyap™ o arp™ g,y 2) = Z(zm)”qMT(Q), (11.2.10)
n=0
with a,11 = qp~ ™+, p, = T+ 1 (= ak)mkp(mik), and M, =mq + -+ mpy1.

From (11.2.10) it is clear that thls series converges to an entire function of
z when M, > 0, converges only for z = 0 when M, < 0, and converges to
1/(1 = zp,) when M, =0 and |zp,| < 1.

As in Spiridonov [2002a], we call a (unilateral or bilateral) series ) ¢, an
elliptic hypergeometric series if g(n) = ¢,41/¢y is an elliptic function of n with
n considered as a complex variable, i.e., g(x) is a doubly periodic meromorphic
function of the complex variable z. For the ,1E, series in (11.2.7)

H o “’“q p (11.2.11)

with b,41 = ¢q. Clearly g(z) is a meromorphic function of z. From (11.2.4) it
is obvious that ¢+ = ¢* and hence g(z + o) = g(z). Since, by (11.2.1),

0(aq™ ™ i p) = (—ag”) '0(ag®; p), (11.2.12)
it follows that
r+1 b
gz + 70" = g(z) a—’“ (11.2.13)
k
k=1

Thus g(x + 70~ 1) = g(z) when
aiag - - Qr41 = (blbg'“br)q, (11214)

in which case g(z) is an elliptic (doubly periodic meromorphic) function of
x with periods 0~! and 7o~!. Therefore, we call (11.2.14) the elliptic bal-
ancing condition, and when (11.2.14) holds we say that ,,1F, is elliptically
balanced (E-balanced). In Spiridonov [2002a] an 1 E,. series is called, simply,
“balanced” when (11.2.14) holds, but here we need to distinguish between the
different balancing conditions that arise. Notice that, unlike the requirement
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that z = ¢ in the definition of a balanced , 1 ¢, series, no restrictions are placed
on the argument z in the above definition of an E-balanced ,41F; series. If
z = q, then, by the definition of a k-balanced ,41¢, series in §1.2; the ,11¢,
series in (11.2.8) is (—1)-balanced if and only if the elliptic balancing condition
(11.2.14) holds.

Analogous to the basic hypergeometric special case, we call the 1 F,
series in (11.2.7) well-poised if

qay = asby = azbs = ... = a,11by, (11.2.15)
in which case the elliptic balancing condition (11.2.14) reduces to
ajay---al,, = (arq)" . (11.2.16)
Via (11.2.5) and the n — oo limit case of Ex. 1.1(iv) with ¢ replaced by
p, we find that
0(ag®;p) _ (ga%,—qa®,qa% /p?, —qaZp?;q,p)n ,

0(a; p) (a7, —a?,a3p?,—a? /p?;q,p)n

Q" (11.2.17)

is an elliptic analogue of the quotient

1—ag®  (qa?,—qa?;q)n

I—a — (a},—at;q),
which is the very-well-poised part of the ,..1 W, series in (2.1.11) with a; = a;
see Ex. 11.3. Therefore the 1 E, series in (11.2.7) is called very-well-poised if
it is well-poised, r > 4, and
1 1 1 1 1y
as =qai, as = —qal, a4 = qal /p?, a5 = —qalp2. (11.2.18)
Corresponding to Spiridonov [2002b, (2.15)], we define the .1V, very-
well-poised theta hypergeometric series by

T-l-l‘/r(a'l;a/ﬁ?a/ﬁ ceey Qry154, P Z)

> 9 2n. 3
:Z (a1¢°"; p) (a1,a6,07,. .., 84154, P)n (g2)". (11.2.19)
= 0(a1;p) (¢,a19/a6,a1q/az, ..., a14/ar41;4,p)n

It follows that if (11.2.15) and (11.2.18) hold, then
r+1Ve(a1;ag,az, ... ar1159,p; 2)
=11 E-(a1,a2,...,6,41;b1,...,br5¢,0; —2), (11.2.20)
and that .11V, is elliptically balanced if and only if
(agaz---a}1)q® = (a19)">. (11.2.21)

As in Warnaar [2003c], when the argument z in the .1V, series equals 1
we suppress it and denote the series in (11.2.19) by the simpler notation
r+1Ve(ar;ag,ar, ... ar1154,p). ag, ag, a7, . .., ar4+1 are independent of p, then

11>in% r41Ve(arsag, a7, ... arg15q,p)

= 7“*1W7‘*2(a1;a67"°7aT+1;q7Q)’ (11222)
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which shows that there is a shift r — r—2 when taking the p — 0 limit, and that
the p — 0limit of an 1V, (a1; a6, a7, .. .,ar41; ¢, p) series with ay, ag, az, ..., ar41
independent of p is an ,._1W,_s series.

As mentioned in the Introduction, Frenkel and Turaev showed that the
elliptic 6j-symbols, which are elliptic solutions of the Yang-Baxter equation
(formula (1.2.b) in their paper) found by Baxter [1973], [1982] and Date et
al. [1986-1988] can be expressed as 12V7; series (in the additive notation dis-
cussed in the next section). Then they employed the tetrahedral symmetry of
the elliptic 6j-symbols, which is analogous to the symmetry of the classical,
quantum and trigonometric 6j-symbols (see Frenkel and Turaev [1995, 1997]),
and the finite dimensionality of cusp forms (see Eichler and Zagier [1985]) to
derive (in their additive form) the following elliptic analogue of Bailey’s 1909
transformation formula (2.9.1)

16Vi(a;b,¢,d,e, f,Aaq" ! Jef, g7 "5 q,p)
_ (ag,aq/ef, Aq/e,\q/[;q:P)n
 (ag/e,aq/f, Ma/ef, Aq; 4, p)n
x 15Vi1 (X Ab/a, Aefa, Md/a, e, f, aq" T Jef, " q,p) (11.2.23)
forn=0,1,..., provided that the balancing condition
bedef(Naq" ™ Jef)q "q = (aq)?, (11.2.24)

which is equivalent to A = ga?/bcd, holds. Note that both of the series in
(11.2.23) are E-balanced when (11.2.24) holds. Setting A = a/d in (11.2.23)
yields a summation formula for 19V series that is an elliptic analogue of Jack-
son’s g¢7 summation formula (2.6.2) and of Dougall’s 7 Fg summation formula
(2.1.6), which, after a change in parameters, can be written in the form:

(aq,aq/bc,aq/bd,aq/cd; q, p)n
aq/b,aq/c,aq/d, aq/bed; q,p)n

for n = 0,1,..., provided that the balancing condition bcde = a?q™**!, which
can be written in the form

10V9(a;b7 c, d7eaqin;Q7p) = ( (11225)

(bedeq™")q = (ag)?, (11.2.26)

holds. Clearly, if a,b, ¢, d, e are independent of p, then (11.2.25) tends to Jack-
son’s g¢7 summation formula (2.6.2) as p — 0. Unlike in the basic hyper-
geometric limit cases of (2.6.2) discussed in Chapters 1 and 2, one cannot
take termwise limits of (11.2.25) to obtain a 3F5 analogue of the g-Saalschiitz
formula (1.7.2), 2F; analogues of the g-Vandermonde formulas (1.5.2) and
(1.5.3), or even a 1 Fy analogue of the terminating case of the ¢g-binomial the-
orem (1.3.2) in Ex. 1.3(i). Therefore one cannot derive (11.2.25) by working
up from sums at the 1 Ey, 2 F1, and 3FEs levels as was done in Chapters 1 and
2, and so one is forced to employ a different approach, such as in the above-
mentioned Frenkel and Turaev derivation, or by some other method. Rather
than repeating the Frenkel and Turaev [1997] derivation of (11.2.25), we will
present in §11.4 a simpler derivation of (11.2.25) via mathematical induction,
which is a modification of those discovered independently by Rosengren, Spiri-
donov, and Warnaar. We will then show in §11.5 that (11.2.23) follows from
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(11.2.25) in the same way as in our derivation of Bailey’s 19¢9 transformation
formula (2.9.1) from Jackson’s g¢7 summation formula (2.6.2).
Observe that if we set e = +(aq)?, then (11.2.25) reduces to

(aq,aq/bc,aq/bd,aq/cd; q, p)n

Ve(a;b,e,d, g™ = 11.2.27
W6 = G ag/e,aqld agfbediq.p)y D
for n =0,1,..., provided that the balancing condition
n 1,3
(bedg™™)q = (£ (aq)?) (11.2.28)

holds, which is equivalent to the elliptic balancing condition b%c?d? = a?¢*"*1.

In view of (11.2.24), (11.2.26), (11.2.28), and of the required balancing con-
ditions for other significant special cases of the Frenkel and Turaev transforma-
tion formula (11.2.23) to hold, analogous to the definition of a VWP-balanced
series given in §2.1 we call the series ,11V,(a1;a6,a7,...,ar4+1;q,p;2) a very-
well-poised-balanced (VWP-balanced) series when the very-well-poised balancing
condition

(agar---ar1)gz = (+ (alq)%)P5 (11.2.29)
holds. It follows that ,1V,(a1;a6,ar,...,ar41;¢,p) is VWP-balanced if and
only if

(agar---ary1)g= (£ (a1q)%)rf5, (11.2.30)
and that the summation formulas (11.2.25), (11.2.27) and the transformation
formula (11.2.23) hold for n = 0,1, ..., when the series are VWP-balanced.
Note that (11.2.30) reduces to (agar---azj16)qg = (a1q)? when r = 2j +5
is odd. It should also be noted that if either (11.2.30) or (ag---a,r4+1)q =
—(:I:(alq)%)r_‘r’ holds, then ,1V;.(a1;a6,a7,...,ar+1;q,p) is E-balanced, and
hence an elliptic hypergeometric series. If . 1V,.(a1;a6,0a7,...,0,41;q,p) is
E-balanced, then it is VWP-balanced when r is even, but not necessarily when
r is odd. In particular, the elliptic balancing condition (11.2.21) is not a
sufficient condition for the Frenkel and Turaev transformation and summation
formulas (11.2.23) and (11.2.25) to hold; the series in these formulas need to
be VWP-balanced in order for these formulas to hold for n =0,1,....

Since, if ;41 E, is a well-poised series satisfying the relations in (11.2.15),

r+1Er(a17a27"'aar+l;b17"'7b’r‘;qvp;z)
DSOS NEOR
= T+9‘/Y7‘+8(a1;a1 , —aj,ayP?, —aj /p27a27a37"'7a7“+1;q7p;_z)a (11231>

we find that the very-well-poised balancing condition for the above , 9V, g
series is equivalent to the well-poised balancing condition

l)r+1

(ara2 - arq1)z = —( + (a19)? (11.2.32)

for the ,41E, series in (11.2.31). Hence, a well-poised ,+1 E, series is called
well-poised-balanced (WP-balanced) when (11.2.32) holds. In particular, the
well-poised 4 F3 series in the transformation formula in Ex. 11.6 is WP-balanced.
Clearly, every VWP-balanced theta hypergeometric series is WP-balanced and,
by the above observations, every WP-balanced theta hypergeometric series can
be rewritten to be a VWP-balanced series of the form in (11.2.31).
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Analogous to the bilateral .10, series, we follow Spiridonov [2002a] in defin-
ing a .G, bilateral theta hypergeometric series by

TGT(ala e 7a7“;bla ey bT’7qap7z)

oo

(a‘lv sy Apg Qap)n
= 2", 11.2.33
Z (bla---7br;Qap)n ( )

n=—oo

Note that

rGr(ala s 7a7“;q7b13 b23 s 7br—1;q7p; Z)
= E._1(a1,...;ap;b1,...,br-1;q,p; 2) (11.2.34)

and, more generally, as in the bilateral basic hypergeometric case in (5.1.5), if
the index of summation in an .1 F,. series is shifted by an integer amount, then
the resulting series is an 11 G471 series multiplied by a quotient of products of
q, p-shifted factorials. Also note that corresponding to (11.2.9) we can consider
nonterminating .G, series with 0 < g/, |p| < 1 and

by = arp™, k=1,...,r

where my, ..., m, are integers. As in (11.2.10) we find that
rGrlar,.. . apa1p™ . anp™ g, pi2) = Y (z0,)"q"(2)  (11.2.35)

with o, = szl(—ak)mkp(mﬁk) and N, = mq+- - -+m,., which clearly converges
for any z # 0 if and only if N, > 0.

If, as in Spiridonov [2002a], we replace r + 1 by r in the upper limit of the
product in (11.2.11) and proceed as in the derivation of the condition (11.2.14)
for an ,41 F, series to be elliptically balanced, we find that the series .G, is
elliptically balanced (E-balanced) if and only if

aias -+ ay = biby - b,. (11.2.36)
If .G, is a well-poised series with
a1b1 = ashbs = ... = a.b,, (11.2.37)
then the elliptic balancing condition (11.2.36) reduces to
ata3---a? = (a1by)". (11.2.38)

In view of (11.2.32), (11.2.34), and (5.1.7), it is consistent to call a well-poised
G, series well-poised-balanced (WP-balanced) when

(arag---ar)z = —(:I:(albl)%)r. (11.2.39)

In our consideration of modular series in the next section we are led to
consider additive forms of special cases of the rather general power series

TES(O/l,CLQ,...,G/T;bl,... 7b8;Q7p;Aﬂ Z)

> ((ll,(lg,.-.,(lr;q,p)n
= E Apz", 11.2.4
(qabl)”'vbs;qvp)n ‘ ( 0)

n=0
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and the Laurent series
TGS(a/la' . 7a’r‘;b1a A 7b8;Q7p;A’Z)

o0

(a17 cee aaT;qap)n
— A, 2", 11.2.41
Z (bla"'7bs;q)p)n ( )

where A = {A,} is an arbitrary sequence of complex numbers. Some spe-
cial cases of these series with A,, = ¢®("=1/2 or, more generally, with A,, =
exp(ain+agn?+agn?) are considered in Spiridonov [2002a, 2003b]. If A,, =
for all n, then we will suppress A from the left sides of (11.2.40) and (11.2.41).
When we encounter series with more than one base or nome, such as in
Ex. 11.25(i), Ex. 11.26 and in several of the formulas in §11.6, or multivari-
able formulas, such as the multivariable extension of the Frenkel and Turaev
summation formula in §11.7, we will write the series in terms of elliptic shifted
factorials.

To help keep the size of this book down we will not repeat the main
elliptic identities and summation and transformation formulas in the appen-
dices. Nevertheless, for the convenience of the readers we collect below some of
the most useful identities involving 6(a; p), the ¢, p-shifted factorials, and the
q, p-binomial coefficients.

0(a;p) = 0(p/a;p) = —ab(1/a;p) = —ab(ap;p),

0(a®;p*) = 0(a, —a; p),

0(a;p) = 0(a, ap; p*) = 0(a®, —a?, (aq)?,

0(a; p) = 9(ap";p)(— )ip(2),

14, 0)nb(aq"™;p) = (a;¢,p)nv1 = 0(a;p)(aq; ¢, p)n,

¢ P)ntk = (a ¢,P)n(aq"™; ¢, Pk,
Jn =
D)

n=-—oo

11.2.42
11.2.43
11.2.44

NI»—‘

—(aq)%;p),

11.2.46

a;
a; 11.2.47

a;¢,p)n = (¢*"/a; ¢, p)n(—a)"q(2), 11.2.48

( )
( )
( )
(11.2.45)
( )
( )
( )
( )

(
(
(
(

. - —W’p)n AR

Pk = 1 l,n/a;q’p)k( a) q , 11.2.49

(ag™";q,p)n = (q/a;q,p)n< - g)nq‘(g), (11.2.50)
.y _ (45¢:0)k(a/a:¢:P)n i,

(ag™";q,p)1 = @ aan, L (11.2.51)

(a;47",p)n = (a5 ¢, p)n(—a)"q~(2), (11.2.52)

(a;,p)—n = ! _ _afo" ), (11.2.53)

(ag™™¢,p)n  (¢/0:¢,P)n
(a;¢.p)k(ad”;q,p)n (@3¢, D)tk

aq”;q,p)k = = , 11.2.54

( )i (a;q4,p)n (a;¢,p)n ( )
k k n

(3¢, P)n = (ap®s g, p)(—a)™p"(2) g*(2), (11.2.55)

(@ 4%, p")n = (@, —a; ¢, p)n, (11.2.56)

(a5¢,0%)2n = (a2, —a?, (aq)%, —(aq); ¢, p)n, (11.2.57)
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(a;,p)2n = (a,aq;¢°, p)n, (11.2.58)
(a;¢,p)sn = (a,aq,aq; 4%, p)n, (11.2.59)
(a;¢,p)kn = (a,aq,...,aq" ;6" p)n. (11.2.60)

Corresponding to the g-binomial coefficient {Z] defined in Ex. 1.2, we define

q
the g, p-binomial coefficient (or elliptic binomial coefficient) by

L (4:4,P)n
[kLp (G9P)n(e5 4 P)nk (11.2.61)

for k=0,1,...,n. Then

n n (@"aDP)k, vk f(k)
= =7 (g™ g \2), 11.2.62)
[kL,p {"—k]q,p (¢:9:P)k (=) (
For complex a we can employ (11.2.62) to define
o CNGPk ek ("
i, e 1265
q,p y 4y Pk
when £ =0,1,.... As in Ex. 1.2 it follows that [Z} satisfies the identities
a.p
a+1.
{’“k‘a] - w (11.2.64)
q,p q:9,P)k
_ _ k
{ Jf] = [a o 1} (—q )2, (11.2.65)
ap a.p
« «a k2 —ak
= q . (11.2.66)
i,

Similarly, additional elliptic identities can be obtained by replacing each
(a; @Q)n by (a;q,p)n and making any necessary changes in the other identities of
Appendix I that do mot contain any infinite products. Elliptic analogues of
(I.6), (I.41), and of some other identities containing infinite shifted factorials
and/or g-gamma functions can be obtained by using the Jackson [1905d] and
Ruijsenaars [1997, 2001] elliptic gamma function defined by

- ,
1 — o lgitiphtl
T(zq,p)= [] TR (11.2.67)
jk=0 p

where z, ¢, p are complex numbers and |g|, |[p| < 1, whose main properties are
considered in Ex. 11.12. Since
I'(2¢";q,p)

. nez, 11.2.68
I'(z;q,p) ( )

(2:¢,P)n =

and
y(2) =(1—-q) " *(¢:9)»I'(¢%:¢,0), 0<g<1, (11.2.69)
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one can extend the definition of (z;¢), in (I.6) by defining

_ T'(2¢%9,p)

, 11.2.70
I'(zq,p) ( )

(2:4,p)a

and extend the definition of {g] n (L.41) and of {Z] in (11.2.63) by

q q,p

defining

a-+1. .
{a]qp - T4, p)T (g5 4, p) (11.2.71)

&4 "4, p)T(q* P+ q,p)

for |g|, |p| < 1 and complex a and 3. The Felder and Varchenko [2003a] elliptic
analogue of the Gauss multiplication formula (1.10.10) and of its g-analogue
(1.10.11) is considered in Ex. 11.13.

11.3 Additive notations and modular series

In what follows it will be convenient to employ the standard notation C for
the set of all complex numbers, and Z for the set of all integers. In terms
of the elliptic number [a; o, 7] defined in (1.6.14) the (additive) elliptic shifted
factorials (or o, T-shifted factorials) are defined by

n—1

weola + ko, ], n=12...,
[a;0,7]n =14 1, n=0, (11.3.1)
1/Hk” Na+n+kor], n=-1,-2...,

where a, o, 7 € C and the modular parameters o, 7 are such that that Im(7) >
Oand 0 ¢ Z+7Z with Z+7Z = {m+1n: mnGZ} Let [n;o,7|! = [1;0,7],

and
m

[a1, G2, ..., 0m;0,T]y = H[ak;o,r]n. (11.3.2)
k=1

Then we can formally define the additive forms of the .41 FE, and .41V
series to be the series

T+16T(a17a27'"7ar+1;b17"'7br;077;z)
1,02y ...,Qpr41,0,T
:Z[ ) 5 s U414, 0, ]nzn7 (1133)
= [1,b1,...,b0;0,T]n
and
r10r(Q1; a6, Q7o Qpg1; 0, T3 2)
o0
Z [a1 + 2n; 0, 7] [a1,a6,a7,...,0r4+1;0,T|n n
b
—  ao,r] [L14a—agl+ar—ar,....1+a1—ar4150,7]n
(11.3.4)

respectively, where, as usual, it is assumed that the parameters are such that
each term in these series is well-defined. When the argument z in the , v,
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series equals 1 we suppress it and denote the series in (11.3.4) by the simpler
notation ,yiv,(a1; a6, a7, ...,a,+1;0,7). Since, by (11.2.3) and (11.3.1),

. a.
[a,O’,T]n _ (q 7Q$p)nqn(b*a)/2 (1135)

b;0,7]n (6% 4,0)n

and
[a; 0, 7] 0(q*;p) ’ o

we have that

T+le’r‘(a17 ceey Qpgd; b17 B bTa 0, T; Z)

= 1B (g g g g py g (et ans))/2)

(11.3.7)

and

r410r(A15 06,7, - . -, Apy150,T; 2)

q(a1+1)(r75)/27(1+a6+a7+---+a,,v+1)) )

(11.3.8)

=1 V(@54 4", g™ gy 2

From (11.2.4) and the multiplicative form of the elliptic balancing con-
dition in (11.2.14), it follows that ,iie, is an elliptic hypergeometric series
when

olay+as+-+ary1 —(14+b+bs+---+b)] €Z, (11.3.9)

which is the additive form of the elliptic balancing condition. Hence, ,;1e, is
called E-balanced when (11.3.9) holds, and it follows that

r+1er(a17 cee 7ar+1;b17 LR br;gaT;Z)

=B (¢ s E2) (11.3.10)

holds with the plus sign of the = when ofa; +ag + -+ + app1 — (1 + b1 +
by + -+ -+ b,)] is an even integer and the minus sign when it is an odd integer.
Using (11.2.4) we find that the additive form of the multiplicative well-poised
condition (11.2.15) is

oll+ay —agy1 —bi] €2, k=1,...,r (11.3.11)

in which case ,y1e, is called well-poised, and the elliptic balancing condition
(11.3.9) reduces to

+1
2

% |a1 +as+ -+ ar1 — ——(a1 +1)| €Z. (11.3.12)
Note that (11.3.9) and (11.3.11) are not equivalent to the additive forms of
the “balanced” and “well-poised” constraints in Spiridonov [2002a, (20) and
(26)], respectively, which correspond to requiring that the expressions inside
the square brackets in (11.3.9) and (11.3.11) are equal to zero.
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If ,41e. is a well-poised series that can be written in the very-well-poised
form (11.3.4), e.g., when, via (11.2.17) and (11.3.6),

a1 al ay T ap 147
Gty sy Ty My Ty BT Ty T
(11.3.13)
then the elliptic balancing condition reduces to
20{1+a6+a7+...+ar+1—r2 (al—l—l)] €Z, (11.3.14)

which is the condition for the , v, series in (11.3.4) to be elliptically balanced
(E-balanced) and hence an elliptic hypergeometric series. Since e?™(1F1)/4 —
+1, it follows by setting z = ¢" that the additive form of the very-well-poised

balancing condition in (11.2.29) is

r—35 1F1
0'|:w+1+a6+a7+"'+ar+1_T(G1+1):|‘|’ i (r+1)eZz,
(11.3.15)
which, via (11.3.8), is the condition for the series
10y (al; A6y A7, ooy Apy 150, T; (:tl)rﬂe%i‘””) (11.3.16)

to be wvery-well-poised-balanced (VWP-balanced), where, as elsewhere, either
both of the upper signs or both of the lower signs in F1 and +1 are used
simultaneously. In particular, setting w = 0, it follows that if r is odd, then

r+10r-(a1; a6, a7, ... arg1;0,7) is VWP-balanced when
U{1+a6+a7+~--+ar+1—T_ (al—l—l)]eZ, (11.3.17)
and if r is even, then ,i1v.(a1;a6,0a7,...,a,41;0,7;£1) is VWP-balanced
when
r— 1F1
ocll+as+ar+---+ar1— (a1 +1) +Te7z:. (11.3.18)

Thus, by replacing the parameters a, b, ¢, d, e in (11.2.25) by ¢%, ¢*, ¢%, ¢¢, ¢°,
respectively, and applying (11.3.8), we obtain the additive form of the Frenkel
and Turaev summation formula:

10V9 (a’7 b7 c, d7 €, —n;o, T)
_ [a+1l,a+1-b—ca+1l1—-b—d,a+1—c—d;o, 7], (11.3.19)
[a+1—-ba+1l—ca+l—-dya+1—-b—c—d;o,T],
for n =0,1,..., provided that the series is VWP-balanced, i.e.,
ob+c+d+e—n—-2a—-1]€7Z. (11.3.20)

Similarly, it follows from (11.2.27), (11.2.28), and (11.3.8) that

908<a; b,C, da —n; J7T;i1)
_la+lia+l—-b—-ca+l-b—da+1—-c—do,T],
S Ja+l-ba+l—-cat+l—da+l—b—c—do,T],

(11.3.21)
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for n =0,1,..., provided that the series is VWP-balanced, i.e.,

3 1 1F1
olbtetd—n—Sa-g +% cZ. (11.3.22)

This formula also follows by setting e = (a+1)/2+k/20 for k = 0,11in (11.3.19)
and using the fact that [(a+1)/2+k/20;0, 7], = (=1)*[(a+1)/2—k/20;0,7],.
In addition, the Frenkel and Turaev transformation formula (11.2.23) has the
additive form
12vll(a;bacad7eaf7A+a+n+1 —e—f,—n;O',T)
Clatlia+l—e—fA+1—eA+1— fi0,7],
S latl-eat+l—fA+l—e—fA+1;0,T]n
X 12011(MA+b—a,A+c—aA+d—a,e,fA\t+a+n+1—e—f —n;o,7)
(11.3.23)

for n =0,1,..., provided that the series is VWP-balanced, i.e.,
ob+c+d+A—2a—-1]€Z. (11.3.24)

The summation formula (11.3.19) follows from (11.3.23) by setting A = a — d.

Frenkel and Turaev [1997] used a slightly different notation for the z =1
case of the series in (11.3.4) (with ,_jw,_5 denoting an ,. 1 v, series when z = 1)
and assumed that the series terminates (to avoid the problem of convergence)
and satisfies the balancing condition

r—295
1+ (ag+ar+--+arq1) =

(a1 +1). (11.3.25)

They called the function that is the sum of their terminating series a modular
hypergeometric function and justified the name “modular” by showing that if

the series ,y1v-(a1;a6,az,...,ar41;0,7) terminates and (11.3.25) holds, then
these functions are invariant under the natural action of SL(2,Z) on the o and
T variables, i.e., if a1, ag,a7,...,a,41 € C, then
o at +b
r+1Ur <a1; a6, A7, - - -5 Ar41; rtd m)
= rp1vp(a1;a6,a7,...,Q4r41;0,7T) (11.3.26)
for all <Z Z) € SL(2,Z), where SL(2,Z) is the modular group of 2x2 ma-

trices such that a,b,c,d € Z and ad — bc = 1. Therefore, we call (11.3.25)
the modular balancing condition, and when it holds we say that the series
r+1Vr 18 M-balanced. Note that if the series ,y1v,-(a1;a6,a7,...,0r41;0,7) is
M-balanced, then it is E-balanced and VWP-balanced, but if it is E-balanced
or VWP-balanced then it is not necessarily M-balanced. Frenkel and Turaev
also showed that if ai,as,a7,...,a,41 € Z, (11.3.25) holds, and the series

r+1Vr(a1; a6, a7, ..., ar41;0,7) terminates, then the sum of the series is invari-
ant under the natural action of Z? = {(m,n): m,n € Z} on the variable o,
ie.,

7'+1’Ur(a'1§ A6y - - -5 r41;0 + M+ NT, T)

= r+1vr(a1;a67"°7a7“+1;0-77—) (11327)
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for all (m,n) € Z2, and hence is elliptic in o with periods 1 and 7.

A formal unilateral or bilateral series of the form )" ¢, (o,7) is called a
modular series (or modular invariant) if it is invariant under the natural action
of SL(2,Z) on the o and 7 variables, i.e.,

o ar +b
n|\ ——,—— | = n (0, 11.3.2
;C <cr+d c¢+d> ;C (0,7) (11.3.28)

for all <CCL Z € SL(2,Z), where, as usual, two formal series are considered

to be equal if their corresponding nth terms are equal. Spiridonov [2002a]
extended (11.3.26) by proving that the unilateral theta hypergeometric series

res(ala-- a'r;bla--~7bs;o'77-;z)
a’l;" 7a7‘;0—77—]n
_ n 11.3.29
Z 1b17...,b8;a,7]nz ( )
is modular if
r=s+1, (11.3.30a)
a1 +ag+ - +asp1=14+b +ba+ -+ bg, (11.3.300)
and
ai+az+-+ai, =1+b7+b3+ - +12 (11.3.30c)

and, more generally, that the bilateral theta hypergeometric series

rgs(a, ... ar;b1,... bs; 0,73 2)
> [@1,...,ar;0, Tl
= z 11.3.31
n:z—:oo [bl,-.-,bs;U,T]n ( )
is modular if
T =35, (11332@)
ai+as+---+a,=b +ba+ -+ by, (11.3.320)
and
a?4ai+--+ai=b34b3 4+ 12, (11.3.32¢)

where it is assumed that z and the a’s and b’s are complex numbers such that
the series are well-defined. Hence, ,.e5 and ,.gs will be called M-balanced when
(11.3.30a)—(11.3.30c) and (11.3.32a)—(11.3.32c), respectively, hold. Notice that
if ,.g, is well-poised with

ar+br=a+1, k=1,...r (11.3.33)

then

T T

> (ai—=bp) = (a+1) > (ax —bx) = 2(a+1) (Zak—— (a+1) ) (11.3.34)

k=1 k=1
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and so this well-poised ,.g, series is modular when the modular balancing con-
dition

aytas+--+a.= g(aJrl) (11.3.35)
holds. Similarly, a well-poised ,;1e, series with
ags1 + b = a1 + 1, k=1,...,r (11.3.36)

is modular when the modular balancing condition

L +1) (11.3.37)

ar+az+---+app1 =

holds, which reduces to (11.3.25) if (11.3.13) also holds.

In order to prove the Frenkel and Turaev, and the Spiridonov modularity
results, (11.3.27), and some more general results, we start by observing that,
by (1.6.9) and Whittaker and Watson [1965, §21.11 and §21.5], ¥, (z,e™")
satisfies the modular symmetry relations

01 (z, e T = e /4, (2, €™T), (11.3.38)
O (z/7, e TY = —i(—iT)2e™ /T, (2, €T, (11.3.39)

where the square root of —i7 is chosen so that its real part is positive, and the
quasi-periodicity relations

V1 (x4 m,e™T) =~ (z,e™7), (11.3.40)
91 (z + 77, e™7T) = —e T T2EY, (g, ™). (11.3.41)

Hence, by (1.6.14), the elliptic number [a; o, 7] has the modular symmetries
[a;0,7 + 1] = [a;0,7], (11.3.42)
[a;o/T,—1/T] = e’ri(atl)”z”[a; o,T], (11.3.43)

and the quasi-periodicity relations

k;o+1,7) = (=1)*[k; 0, 7], (11.3.44)
(ko +7,7] = (—1)FTLemA—F) o) k. 5 7], (11.3.45)

where k € Z . See, e.g., van Diejen and Spiridonov [2000, 2001b], but note that
(11.3.43) corrects a typo in both of these papers.

Let us first consider when the bilateral series ,.gs is modular. Since the
modular group SL(2,7) is generated by the two matrices

(é 1) ((1) _01), (11.3.46)
which, respectively, correspond to the two transformations
(o,7) = (0,7 + 1), (o,7) = (o/1,—1/7), (11.3.47)
it suffices to consider when each term
[a1,...,ar;0,7]n

en(o,T) = 2" (11.3.48)

[blv . ‘7bS;Ua T]n
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of the series in (11.3.31) is invariant under these transformations. From (11.3.1)

and (11.3.42) it is clear that [a; 0, T + 1], = [a; 0, 7], for n € Z, and hence
cn(o, 7+ 1) =cp(o,7), n € Z. (11.3.49)

For the second transformation in (11.3.47) observe that from (11.3.1) and
(11.3.43) it follows that

mivn(@o* /70 5, 1],,  mEZ, (11.3.50)
with v, (a) = n[a® + a(n — 1) + (n — 1)(2n — 1)/6 — 1], and thus

l[a;0/T,—1/T], =€

en(o/T,—1/7) = e””‘""?/%n(a, 7), n €7, (11.3.51)
with
Ap =nlad + a3+ +a2 — (b2 + b2+ +b2)]
+nn—1Dlar+as+---+ar— (b1 +ba+ -+ bs)]
+n(r—s)[(n—1)2n —1)/6 — 1]. (11.3.52)
Consequently,
cnl(o/T,—1/7) = cn(o, T) (11.3.53)
if and only if
Tt = (11.3.54)

whenever ¢, (0,7) # 0. Obviously, (11.3.54) holds for n = 0 since we have
Ao = 0, and in order for it to hold for any n # 0 with (o,7) replaced by
(o/(cT +d), (aT + b)/(cT + d)) for <(Z Z) € SL(2,Z), it is necessary and
sufficient that A\, = 0. Setting A\; = 0 in (11.3.52) gives

ai4ai+-+ai=bi+b5+ b2+ —s, (11.3.55)
which, with a; = —1,b; = 1, is a necessary and sufficient condition for the
series
’r'gs<_17 ag,...,0ar; 17 627 sy b.57 g, T, Z) = Tes—l(_lv az,...,ar; b27 ey bS7 g, T; Z)

to be modular when a; # 0 for &k = 2,...,r. Setting Ay = A2 = 0 gives
(11.3.55) and

a1 t+as+-+a-=by+by+---+bs+(s—1)/2 (11.3.56)
which, with a; = —2,b; = 1, are necessary and sufficient for the series
rgs(—2,a0, ... a1, 0oy bg; 0, T 2) = pes_1(—2,a, ... ar; b, ... b 0, T 2)

to be modular when ay # 0,—1 for £k = 2,...,r. Similarly, if N and M are
nonnegative integers, then

Tgs(_N7a27a37"'7a7”;M+ 1,b2,b3,...,bs;0',7';2)
N

[_N7a27a3a"'7a7“;0-a7-]n n
_ 11.3.57
n:Z—M [M+1,b2,b3,...,bs;0,T]nZ ( )
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is modular for arbitrary values of the a’s and b’s if and only if
An =0, —M <n<N, (11.3.58)

which, since \,, is a cubic polynomial in powers of n, is equivalent to (11.3.32a)—
(11.3.32¢) if and only if N + M > 3. In particular, when N + M < 3 the
restriction 7 = s is not needed for the series in (11.3.57) to be modular. It
follows from the above observations that the ,.g, series in (11.3.31) is modular
for arbitrary values of its parameters if and only if (11.3.32a)—(11.3.32c) hold.
Replacing s by s+ 1 in g5 and then setting bs11 = 1 yields that the ,es series
in (11.3.29) is modular for arbitrary values of its parameters if and only if
(11.3.30a)—(11.3.30¢) hold.

It should be noted that, since the modularity of the above .es; and ,gs
series hold termwise under the stated conditions, when we extend ,es; and ,gs
to

res(ala"'7ar;b17"'7b8;077—;A7Z)
-y 1, -, @r; 0,7l A, 2m, (11.3.59)
n—0 [Lbla"'abs;aa’r]n

and

rgs(@1y ... ar;b1,.. . bs50,T5 A 2)

= [a'17"'7a7';0'77-]n
= A", 11.3.
Z [bh"'abs;o—v’r]n : ( 360)

n=-—oo

respectively, where A = {4, } is an arbitrary sequence of complex numbers and
ay,as,...,ar41,2 € C, we obtain that the series in (11.3.59) is modular when
(11.3.30a)—(11.3.30c) hold, and series in (11.3.60) is modular when (11.3.32a)-
(11.3.32¢) hold. This is also true when A = {4,,(c, 7)} is a sequence of complex
numbers such that the series >, A, (0, 7) is modular.

Rather than just proving (11.3.27), we will now consider when a bilateral
series ,gs(ay,...,ar;b1,...,bs;0,7) with a1,...,a,,b1,...,bs € Z is invariant
under the natural action of Z? on the variable o, i.e.,

rgs(alv"'7ar;b17"‘7b8;g+m+n777—)
= ,9s(a1,...,am;bs, ..., bs;0,7) (11.3.61)

for all (m,n) € Z2, and hence is doubly periodic in ¢ with periods 1 and .
Let ay,...,ar,b1,...,bs € Z. Using (11.3.1) and (11.3.44), we find that

en(oc+1,7)=(=1)"cp(o,7) n €z, (11.3.62)
with
Yo =nlar + -+ ap — (b1 + - +bs) + (n+1)(r —s)/2] (11.3.63)
and ¢, (0, 7) defined as in (11.3.48). So,
en(o+1,7) =cp(o,T) (11.3.64)

if and only if
Yn € 272 (11.3.65)
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whenever ¢, (0, 7) # 0, where 2Z = {2m: m € Z} is the set of all even integers.
Via (11.3.1) and (11.3.45),

n+1 .
k;o+7,7], = (—1)’“""‘( 2 ) e mikn(k)(20+T) [k; 0, T|ns k,n € Z, (11.3.66)
with g, (k) = —n[k? + k(n — 1) + (n — 1)(2n — 1)/6 — 1], and hence

en(o+7,7) = (—1)Tre ™Rt (0 7) (11.3.67)
for n € Z with A, as defined in (11.3.52). Thus, if (11.3.65) holds, then
en(o+7,7) =cp(o,T) (11.3.68)
if and only if
emAn(2047) — (11.3.69)

when ¢, (o, 7) # 0. Clearly, (11.3.69) holds for n = 0 since A\g = 0, and in order
for it to hold for any n # 0 with o replaced by o +m + m7 for (m,n) € Z2, it
is necessary and sufficient that A\,, = 0.

As in the modular case, it follows that if N and M are nonnegative inte-
gers, then

Tgs(_N7a27a37"'7a7”;M+ 1,b2,b3,...,bs;0',7';2:)
N

[_N7a27a3a"'7a7“;0-a7-]n n
_ 11.3.70
n:Z—M [M+1,b2,b3,...,bs;0,T]nZ ( )

is invariant under the natural action of Z? on the variable o for arbitrary values
of the a’s and b’s if and only if

A =0, v, €2Z, —M<n<N, (11.3.71)

which is equivalent to (11.3.32a)—(11.3.32c) when N + M > 3. Consequently,
the ,.gs series in (11.3.31) is invariant under the natural action of Z? on the
variable o for arbitrary values of its parameters if and only if (11.3.32a)-
(11.3.32¢) hold. Replacing s by s+ 1 in .gs and then setting by = 1 yields
that the ,es series in (11.3.29) is invariant under the natural action of 7?2 on
the variable ¢ for arbitrary values of its parameters if and only if (11.3.30a)—
(11.3.30c) hold. In addition, since the invariance under the natural action
of Z? on the variable ¢ in the above ,e, and ,g, series hold termwise under
the stated conditions, it follows that the series in (11.3.59) and (11.3.60) are
invariant under the natural action of Z? on the variable o when (11.3.30a)—
(11.3.30c) and (11.3.32a)—(11.3.32c), respectively, hold.

Spiridonov [2002a] called a (unilateral or bilateral) theta hypergeometric
series Y ¢, totally elliptic if g(n) = ¢pt1/cy is an elliptic function of all free
parameters entering it (except for z) with equal periods of double periodicity.
He proved that the most general (in the sense of a maximal number of inde-
pendent free parameters) totally elliptic theta hypergeometric series coincide
with the terminating well-poised M-balanced ,.e,_1 (in the unilateral case) and
+gr (in the bilateral case) for r > 2.
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11.4 Elliptic analogue of Jackson’s g¢; summation formula

Recall from (11.2.25) that the multiplicative form of the Frenkel and Turaev
summation formula (11.3.19) is

(aq, aq/be, aq/bd, aq/cd; q, p)n

(ag/b,aq/c,aq/d, aq/bed; g, p)n
with a?¢"™! = bede and [p| < 1. When p = 0 it clearly reduces to Jackson’s
summation formula (2.6.2). We will give a simple inductive proof of (11.4.1),
which is a modification of those found independently by Rosengren, Spiridonov,
and Warnaar. When n = 0 both sides of (11.4.1) are equal to 1, and for n =1
it becomes

10V9(a;b7 C, d7eaq_n;Q7p) = (1141)

0(ag®;p)(a,b, c,d, a*q* /bed, g1 ¢, p)1
0(a;p)(q, aq/b, aq/c, aq/d, bed/aq, ag®; q,p)1
_ (ag,aq/bc, aq/bd, ag/cd; q,p)1
~ (aq/b,aq/c,aq/d, aq/bcd; q,p):”
By using (11.2.5) and (11.2.42), (11.4.2) can be rewritten as
O(aq/b,aq/c,aq/d,aq/bed;p) + 0(b, ¢, d, a*q* /bed; p)ag/bed
= 0(aq,aq/bc,aq/bd, aq/cd; p). (11.4.3)
However, (11.4.3) is equivalent to the identity in Ex. 2.16(i) if we replace x, A,
@ and v by agq/(be)z, (be)z, ag/d(be)z and (¢/b)?, respectively. So (11.4.1) is
true for n = 1. Let us now assume that (11.4.1) is true when n = m. We need
to prove that

mff 0(aq®*;p)(a,b,c,d,a®q™ 2 [bed, ™ g, p)k 4,
0(a;p)

(¢,aq/b,aq/c,aq/d,bedg=™1 /a, aq™*2;q,p)k

_ (aq, aq/be, aq/bd, aq/cd; q,p)m+1
~ (ag/b,aq/c,aq/d, aq/bed; g p)m+1”
Observe that, by (11.2.43),
(a®q"™*?/bed, g™ 5 4, p)k
(bedg=™=" /a, ag™*2; q,p)k
_ (aPq™ ! Jbed, g7 g, )
(bedg=™ /a, aqg™*1; q,p)k
0(a?q™*+1 bed, bedg =1 Ja, aq™ L, gL p)
0(agmTFHT, gF—m=1 a2qm+1 [bed, bedg—™—1 a; p)
However, by Ex. 2.16(i) the ratio of the §-terms inside the brackets in (11.4.5)
is equal to
bedg— ™! 0(aq®, ¢, a/bed, a®q>™+2 [bed; p)
a O(agmthtl gh—m=1 q2¢m+1 /bed bedqg—™—1 /a;p)
When we multiply (11.4.6) by

0(ag®*;p)(a,b, c,d,a?q™ " [bed, g™; ¢, p) r
0(a;p)(q,aq/b,aq/c,aq/d,bedg=™ /a,aq™*1;q, p)k

1+

(11.4.2)

(11.4.4)

(11.4.5)

1+ (11.4.6)
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and sum over k from 0 to m+1 we find that the first term in (11.4.6) contributes
a zero term at k = m + 1 because (¢~™; ¢, p)m+1 = 0, while the second term
contributes a zero term at k = 0 because of the factor §(¢*;p). After some
simplifications it follows that
10V9 (a7 b7 c, d7 a2qm+2/b0d? qimil; (Lp)
= 10Vo(a; b, ¢, d,a*q™ " Jbed, "™ ¢, p)
L beda™™ _ (ag39,p)26(b, ¢, d, a/bed, a*q*" 2 [bed; p)
a  (agm™*, bedg=™~ /a;q,p)20(aq/b, aq/c, aq/d;p)
x 10Ve(aq®; bg, cq, dg, a*q" 2 [bed, g™ q, p). (11.4.7)

However, by the induction assumption both 19V series on the right side of
(11.4.7) can be summed. Thus, from (11.4.7) and the n = m case of (11.4.1),

10Vo(a; b, ¢, d,aq™*? Jbed, g™ 15 ¢, p)
_ (ag,aq/be, aq/bd, ag/cd: 4. p)m
(aq/b,aq/c,aq/d, aq/bcd; g, p)m
n bedg—™ (aq; q,p)20(b, c,d,a/bed, a?q®>™+2 /bed; p)
a  (agm™*tl bedg=™"1 /a; q,p)20(aq/b, aq/c, aq/d; p)
(ag®, aq/be, aq/bd, aq/cd; ¢, p)m
(ag?/b,aq?/c,aq?/d, a/bed; g, p)m
_ (ag,aq/bc, aq/bd, ag/cd; g, p)m
~ (ag/b,aq/c,aq/d,aq/bed; ¢, p)m
(b, c,d, a®>q*>™*2 /bed; p)
0(agm+t /b, aqm+t /e, aqm*1 /d, bedg=™ =t Jasp) |
by use of the identities (11.2.42) and (11.2.43). Applying Ex. 2.16(i) once again
we find that

x |1— (11.4.8)

0(b, c, d, a*>q*>™*2 [bed; p)
~ 0(ag™ /b, ag™ Y e, aq™ 1/ d, bedg— ™1 [a; p)

_ O(ag™*!, ag™ " /be, ag™ " /bd, ag™ ! /ed; p) (11.4.9)

~ 0(ag™t /b, agm™ T /e, aqmt1 /d, ag™ L Jbed; ) o
Substituting (11.4.9) into (11.4.8) and using (11.2.43) shows that (11.4.1) is
true for n = m+1 whenever it is assumed to be true for n = m. This completes
the proof of (11.4.1) by induction. Another proof of (11.4.1) by induction is
indicated in Ex. 11.4.

Note that by letting e — ag"*! in (11.4.1) we obtain the summation

formula for a truncated gV series

i e(ankvp) ((l,b,C, a/bC;q,p)k k

= 0(a;p) (q,aq/b,aq/c,beg; q,p)k
_ (aq,bq,cq,aq/bc; ¢, p)n

(aq/b,aq/c,beq, ¢;q,p)n’

which is an elliptic analogue of Ex. 2.5.

(11.4.10)
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As alluded to in §11.2 the limit of the summation formula (11.4.1) as one
of three parameters b, ¢, d tends to infinity does not exist when p # 0, even
though these limits do exist when p = 0 yielding formula (2.4.2). Similarly,
one cannot take the limit a — 0 after replacing d by ag/d in (11.4.1) to
get an elliptic analogue of the ¢-Saalschiitz formula (1.7.2), as was done in
the basic hypergeometric case in §2.7. The root cause of the nonexistence
of these limits is the fact that lim, .o 6(a;p) and lim,_, 6(a;p) do not exist
in the extended complex plane when p # 0. Nevertheless, one can obtain
an elliptic analogue of the g-Saalschiitz formula (1.7.2) at the 1oVy level by
employing Schlosser’s observation (see Warnaar [2003e]) that by making the
simultaneous substitutions {a, ¢, d, e,p} — {dp,dqp/c,a,ep,p*} in (11.4.1) we
obtain the summation formula

(c/a,c/b,dgp, dgp/ab; q,p*)n,
(c,c/ab,dgp/a,dqp/b; q,p*)n

with cdg™ = abe, |p| < 1, and n =0, 1,..., which tends to (1.7.2) as p — 0.

10Vo(dp; a, b, dgp/c,ep,q™"; ¢, p*) = (11.4.11)

11.5 Elliptic analogue of Bailey’s transformation formula
for a terminating 19¢g series

Recall from (11.2.23) that the multiplicative form of Frenkel and Turaev’s
transformation formula (11.3.23) is

12Vi1(a; b, ¢,d,e, f, Aaq" ' Jef,q7 " q, p)
_ (ag,ag/ef, Ag/e; g/ fi @)n
(ag/e,aq/f,Aq/ef, A\q: @)
x 15Vi1 (X Ab/a, Aefa, Md/a, e, f, aq" T Jef, ¢ " q,p)  (11.5.1)

with A = ga?/bed. This formula reduces to the Frenkel and Turaev summation
formula (11.4.1) when aq = be, bd, or cd, and it reduces to Bailey’s transforma-
tion formula (2.9.1) when p = 0. It can be proved by proceeding as in (2.9.2)
and (2.9.3) with the g¢-shifted factorials and the g¢7 and 19¢9 series replaced
by ¢, p-shifted factorials and 19V and 12V series, respectively. In view of the
importance of this transformation formula and for the sake of completeness,
we decided to present its proof here. First observe that by (11.4.1)

1w0Vo(A; Ab/a, Xefa, Md/a,aq™,q"™; q,p)
(Mg, b,c,d; ¢, p)m
— 7 11.5.2
(a/X aq/b,aq/c,aq/d; q, p)m ( )

and hence the 12V7; series on the left side of (11.5.1) equals

ie(aqm;p) (ase, f,haq" ™ Jef,a7 ™ 4,p)m  (@/Xq,D)m m

O(a;p) (q,aq/e,aq/f,efqg ™/a,aq" ¢, p)m (A q, P)m

f: 0(Ag¥;p) (A, Ab/a,Ac/a, Ad/a,aq™, ¢ ™;q,p);
0(N\p) (q,aq/b,aq/c,aq/d, \g*=™ /a, \g™T1; q,p);

m=0

qj

Jj=0
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_ z": i 0( aq )0(AG*:p) (654, P)m+5(@/ X @ P)m—j
—= (A p) (AGEP)mti (44 P)m—;
(e, f, Aaq”“/ef 4""1¢,P)m(A, Ab/a, Ac/a, Ad/a; q, p); (ﬁ)j
* (ag/e,aq/f,efa "]\ ag"+'; 4, p)m (4, aa/b, aqje, ag/d; g,p); \A
>\q2j,p (A, Ab/a, Ac/a, Ad/a, e, f, daq" T Jef, g™ q,p);
Z (q,aq/b,aq/c,aq/d,aq/e,aq/f,efq=" /X aq" 1 q,p);

Jj=0

aq;q,p j ) . . . o
E)\q " pizj < ) 10V9(aq2]; a/)\,qu’ ¢, Nag +J+1/ef7 ¢ ;q,p).
) J

(11.5.3)
However, by (11.4.1)

wVolag®;a/X eq, fq? Xaq" T fef, ¢ " q,p)
(ag®” ' N Je, M\t faq/ef; 4, p)nj
(AgZHL agit e, aqgi ™t/ f, Aq/ef;q,P)n—;
_ (ag,A\q/e, \q/f,aq/ef;q,p)n
(Ag,aq/e,aq/f,Aq/ef;q,P)n
. (A a)sj(ag/e.ag/f,efq " /X q); (5){ (11.5.4)
(ag;q)2j(Ag/e, Aq/ f,efqa™™/a;q);
Substitution of (11.5.4) into (11.5.3) gives (11.5.1).
Note that by applying the transformation formula (11.5.1) to the 12V7;
series on the right side of (11.5.1), keeping e, Ac/a, Ad/a and ¢~—™ unchanged,
we obtain that

12V11(a;b, ¢, d e, f, Aaq" " Jef, a7 4, p)
_ (ag,aq/ce,aq/de,aq/ef, Mg/ f,b;q,p)n
~ (ag/c,aq/d,aq/e,aq/f, Aq/ef,b/e;q,p)n
x 12V11(eq7 " /by e, Aefa, Ad/a,aq/bf,eq”" [a,efq " /Ab, ¢ 5 q, p),
(11.5.5)

which is the elliptic analogue of Ex. 2.19. Setting f = ga®/bede in (11.5.1)
gives the transformation formula for a truncated 1o3Vy series

Z aq ,p)(a b,c,d, e, qa®/bede; q,p) &
9 CL p Qa GQ/ba GQ/Ca GQ/d7 GQ/67 dee/a7 Q7p)k
_ (aq7 bed/a, a®q? [bede, eq; g, p)n
~ (ag/e, bede/a, a®q? [bed, 4, q, p)n
x 12V11(qa® /bed; aq/be, aq/bd, ag/cd, e, qa® [bede, aq™t ', g™ , p)
(11.5.6)

in which the 12V41 can be transformed via (11.5.1) and (11.5.5) yielding other
12 V11 series representations for the above truncated series.
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11.6 Multibasic summation and transformation formulas
for theta hypergeometric series

First observe that by replacing a in (11.4.1) by a/q it follows that the n = 1
case of (11.4.1) is equivalent to the identity

(b, c,d, a®/bed; p) O(a,a/be,a/bd, a/cd;p)

= . 11.6.1
O(a/b,a/c,a/d,bcd/a;p)  O(a/bed,a/d,a/c,a/b;p) ( )
Next, corresponding to (3.6.12), define
n CmGm41 ** * O, m < n,
IT o :{1, m=n-+1, (11.6.2)
k=m (an+1an+2”'am—1)_la m > n+27
for n,m =0, £1, +2, ..., and let
2 .
H bkvckvdkvak/bkckdlm ) , (1163)
0(ax/bk, ak/cy, ay/dx, bicrdy /ax; p)

for integer n, where it is assumed that the a’s, b’s, ¢’s, d’s are complex numbers
such that wu,, is well defined for n = 0,+1,42,... . Then, by using (11.6.1)
with a, b, ¢, d replaced by ag, b, ci, di, respectively, we obtain the indefinite
summation formula
n
Uy — Upy1 = Z (up — Upt1)

k=—m

Z O(ak, ar/brcr, ar/brd, ar/crdi; p)
0(

u 11.6.4
(ar/brcrdy, ax/dy, ag/ck, ar/bi; D) ¥ ( )

forn,m =0, £1,+2,....
Since ug = 1 by (11.6.2), setting m = 0 in (11.6.4) gives the summation
formula

n

Z O(ak, ar/brcr, ar/brdy, ar/crdi; p)
(ar/brcrdy, ar/dy, ar/c, ar/bi; p)

k=0
Iﬁ 0(bj, cj, dj, ]/b cjd;;p)
j=0 0(a;/bj,a;/cj,a;/d;, bic;d;/aj;p)
—1- - 005, 5,45, 9 /bic35:p) (11.6.5)

izo 0ag/bjsa5/cjya/dj, bjcjd;fag; p)

forn =0,1,..., which is equivalent to formula (3.2) in Warnaar [2002b]. When
p = 0 this formula reduces to a summation formula of Macdonald that was
first published in Bhatnagar and Milne [1997, Theorem 2.27], and it contains
the summation formulas in W. Chu [1993, Theorems A, B, C] as special cases.

Notice that in (11.6.1), (11.6.3), (11.6.4) and (11.6.5) we have arranged
the components of each quotient of products of theta functions so that the
well-poised property of these quotients is clearly displayed; e.g., in (11.6.5)
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the quotients of the theta functions that depend on k are arranged so that
each product of corresponding numerator and denominator parameters equals
a% /bkerdy, and each of the corresponding products that depend on j equals
aj.
If we set
ap = ad(rst/q)*, by = bk, ¢ = es®, dj, = ad*t" /be,
then u,, reduces to
0 (a;75t/q% p)n(b; 1, p)n(c; 5, p)n(ad? /bes t, )y
" (dg; g, p)n(adst/bg; st/q, p)n(adrt/cq; vt/ q, p)n(bers/dg; s/ q, p)n
and it follows from (11.6.4) by applying (11.2.42), (11.2.43) and (11.2.49) that
we have the Gasper and Schlosser [2003] indefinite multibasic theta hypergeo-
metric summation formula
i O(ad(rst/q)*, brk /dg®, cs* /dq®, adt® /beq®; p)
0(ad,b/d,c/d,ad/bc; p)

(as7st/q* p)i(b;, p)k(c; s, p)i(ad® /be;t, p)i k
(dg; ¢, p)x (adst [bg; st/ q, p)i(adrt[eq; vt/ q, p)i(bers[dg; rs/q, p)i ©
_ 0(a,b,c,ad?/be; p)
~ df(ad,b/d,c/d,ad/bc; p)
{ (arst/q?;rst/q?,p)n(br;7,D)n(cs; s, p)n(ad?t /be; t, p)y,
(dq; g, p)n(adst/bg; st/q,p)n(adrt/cq;rt/q, p)n(bers/dg;rs/q, p)n
_ (c/ad;rt/q,p)m41(d/be; 78/ ¢ p)m+1(1/d; ¢, p)m+1(b/ad; st/q, p)m+1 }
(1/¢; 8,p)m+1(be/ad?;t, p)mir (1/as st /g%, p)m1(1/0;7,p)im+1

k=—m

(11.6.6)
for n,m = 0,£1,£2,... . Formula (3.6.13) follows from (11.6.6) by setting
p =0 and then setting r =p and s =t =gq.

If p=0 and

max(|ql, |rl, ||, [t], Irs/ql, [rt/al, |st/al, [rst/q®]) < 1,

then we can let n or m in (11.6.6) tend to infinity to obtain that this special
case of (11.6.6) also holds with n and/or m replaced by oo, just as in the special
case (3.6.14). Even though one cannot let n — 0o or m — oo in (11.6.6) when
p # 0 to obtain summation formulas for nonterminating theta hypergeometric
series since lim, 0 0(a; p) does not exist when p # 0, it is possible to let n — oo
or m — oo in (11.6.4) to obtain summation formulas for nonterminating series
containing products of certain theta functions. For example, if we let

= 0(bk, ¢k, di, i /brcrdi; p)
O(ar /by, ar/cy, ar/dy, brcpdy /ax; p)
denote the kth factor in the product representation (11.6.3) for u,, and observe
that when a is not an integer power of p

. 0(b; p)
hm —
poad O(a/b;p)

=1, [pl <1,
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then it is clear that there exist bilateral sequences of the a’s, b’s, ¢’s, and d’s
in (11.6.4) such that Re z; > 0 for integer k and the series

o0

Z log z;;  converges, (11.6.7)
k=—o0
where log zj, is the principal branch of the logarithm (take, e.g., by, ¢k, and
1

dy, so close to a? that |logzx| < 1/k? for k = +£1,42,...). Then lim, o uy,
and limy, — oo U—, exist, and we have the Gasper and Schlosser [2003] bilateral
summation formula

io: e(ak”ak/bkckaak/bkdk7ak/ckdk;p)
it O(ay [brerdy, ax /dy, ar/ck, ag /bk; D)
T 0by.cidjsai/biedsip)

]
X
jl:[oQ(Qj/bj,aj/cj,aj/dj,bjcjdj/aj;p)
(e, g @ Dok ) g aﬁ.)
. 9<bk’ck’dk’ ap_P) abk’ck’dk’bkckdk’p

2
a k:()g(% ar O bkckdk.p)

k==o00 e(blmckvdhmm) by’ Ck’dy’ Gk

(11.6.8)

provided that (11.6.7) holds. However, such bilateral sums do not appear to
be particularly useful.
It is more useful to use the m = 0 case of (11.6.6) in the form

n

Z O(ad(rst/q)*, brk /dg®, cs* /dg®, adt® /beq®; p)
0(ad,b/d,c/d,ad/bc; p)

k=0
y (a;7st/q* p)k(b; 7, p)i(c; s, p)i(ad® /be; t, p)y 4
(dg; q,p)k(adst/bg; st/q,p)k(adrt/cq;rt/q, p)i(bers/dg; rs/q, p)k
~ 0(a,b,c,ad?/be; p)
~ df(ad,b/d,c/d,ad/bc;p)
(arst/q?;rst/q?, p)n(br; T, D)n(cs; s, 0)n(ad?t/be; t, p)y
(dg; g, p)n(adst/bq; st/q,p)n(adrt/cq;rt/q, p)n(bers/dq;rs/q, p)n
0(d,ad/b,ad/c,bc/d; p)
~ db(ad,b/d,c/d,ad/bc;p)’

(11.6.9)

its ¢ = s~ special case

n

Z O(ad(rst/q)k, b7‘k/dq’€7 skjfn/qu7 ads”tk/bqk; D)
O(ad,b/d,s~™/d, ads™/b;p)

y (a;75t/q%, p)i(b; 7, p)k(s™"; 5, p)i(ad®s" /bs t,p)k &
(dg; q,p)k(adst/bg; st/q,p)k(ads™rt/q;rt/q, p)r(brs' =" /dg;rs/q,p)k
_ 0(d,ad/b,ads™, ds™ /b; p)
~ 0(ad,d/b,ds", ads™ /b;p)’

k=0

(11.6.10)
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and the d — 1 limit case of (11.6.10)

Zn: O(a(rst/q)*, br¥/q", ¥~ /q*, as™t* /bg¥; p)
0(a,b,s™™, as™/b;p)

k=0
" (a;7st/q*, p)i(b;, p)k(s "5, p)i(as™ /b L, p)i k
(a:q,p)r(ast/bg; st/q,p)k(as™rt/q;rt/q, p)r(brsi="/q;s/q, p)k
= b0, (11.6.11)

where n = 0,1, ..., which are generalizations of (3.6.15), (3.6.16), and (3.6.17),
respectively. In particular, replacing n, a, b, and k in the s = ¢t = ¢ case
of (11.6.11) by n — m, ar™q™, br'"™q~™, and j — m, respectively, gives the
orthogonality relation

> njbjm = nm (11.6.12)
j=m
with

o (E1)"™0(ariq? brig T p)(arg”, brq ™", p)n (11.6.13)

T (@54, p)n—j(arq™, brg=; 7, p) i (bg 2" Ja; ¢, p)p—;’

(ar™g™, br’" g7, p) j—m a 1yom\ITM gdTm
bjm = ’ ’ (—— + ’”) ("2 ), 11.6.14
! (¢, aq" " [b; 4, D) j—m b1 e ( )

which shows that the triangular matrix A = (ay;) is inverse to the triangular
matrix B = (bj), and gives a theta hypergeometric analogue of (3.6.18)—
(3.6.20). Proceeding as in the derivation of (3.6.22), it follows that (3.6.22)
extends to the bibasic theta hypergeometric summation formula

Z" (ag®, bg™*; 7, p)n—10(ag> /bsp) k(%)
0 ,b ) - -1 2) = 671
(a/rbirsp) = (& 4 @5 0 Pnrlag" /5 g, Pt N

(11.6.15)
for n =0,1,..., which reduces to

sVz(a/b;q/b,aq" ", g7 "5 4,p) = bnp

when r = q.

The summation formula (11.6.10) and the argument in §3.8 can be em-
ployed to extend (3.8.14) and (3.8.15) to the quadratic theta hypergeometric
transformation formulas

Z": 0(acqg®*; p) (a,b,cq/b;q,p ) (f, a2 f,q7 2" 2, p)i k
 0(ac;p) (cq? acq®/b,abg; ¢, p)r(acq/f, f/acg®", acg* +1; q, p)i
_ (acq; q,p)an(ac®q® /bf, abq/ f;6°,p)n

(acq/f:q,p)2n(abg, ac?q?/b; g%, p)n

X 12V11(ac2/b; fyac/b, e, cq/b, cq2/b7 a202q2"+1/f,q_2";q2,p) (11.6.16)

and

Z acq (d, f,a?cq/df;q*, p)k(a, c®t, q 2" q,p)k k
0(ac; p)

P acq/d, acq/f, df ac; ¢, p)k(cq?, ag' =", acq®™+?; q%, p)i
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_ (acq,acq/df; ¢, p)n(acq' ™" /d, acg' ™"/ 4%, p)n
(acq/d,acq/f;q,p)n(acg* =", acg'="/df; 4%, p)n
x 19Vii(acqg " e d, fa*Pq/df, aq T P 0P p)
(11.6.17)

for n =0,1,...; see Warnaar [2002b, Theorems 4.2 and 4.7].

As in the derivation in Gasper [1989a] of the quadbasic transformation
formula in Ex. 3.21, indefinite summation formulas such as in (11.6.5) and
(11.6.9) can be extended to transformation formulas by using the identity

n n—k n n—k
STAD A =D AD N, (11.6.18)
k=0  j=0 k=0  j=0

which follows by a change in order of summation. In particular taking Ag to
be the kth term in the series in (11.6.5) and A to be this term with ag, bg, cx,
dy, and p replaced by Ay, Bi, Ck, Dy, and P, respectively, yields the rather
general transformation formula

Z O(ak, ar/brcr, ar/brdy, ar/crdi; p)

O(ar/brcrdy, ar/dy, ar/cr, ar/bi; p)

= e(bjacjvdj, ]/b ¢y j?p)
0(a;j/bj,a;/cj a;/dj,bjc;d;/aj;p)

{ Hk 0(B;,C;, Dy, A2/B;C;Dj; P) }
GA/B ]/ J’A]/DJ7BJCJD]/AJ;P)

zn: AlwAk/BkayAk/BkayAk/CkaQ P)
0(Aw/BrCy Dy, A/ Dy, Ai/Cr, Ar/Bi; P)

kot 0(B;,C;, D;, A2/ B;C;D;; P)
H 0(A,;/B;,A;/C;,A;/Dj, B;C;D;/A;; P)

=0

X

BN

bj7cj)dja ]/b Cj Jap)

X q1—
{ 1;[ 0(a;/bj,a;/cj,aj/d;, bjcid; /a],p)}

(11.6.19)

The special case of (11.6.19) corresponding to using (11.6.9) instead of
(11.6.5) contains the parameters a, b, ¢, d, A, B, C, D, and the bases r, s,
t, R, S, T, the nomes p and P, and it contains the quadbasic transformation
formula in Ex. 3.21 as a special case (see Ex. 11.26).

By proceeding as in Gasper and Schlosser [2003] we can use (11.6.11)
to derive multibasic extensions of the Fields and Wimp, Verma, and Gasper
expansion formulas in (3.7.1)—(3.7.3), (3.7.6)—(3.7.9), and multibasic theta hy-
pergeometric extensions of (3.7.6)—(3.7.8). Set a = y(rst/q)? and b = o(r/q)?
n (11.6.11). For j,n =0,1,..., let B,(p) and C}; , be complex numbers such
that Cj o = 1 and the sequence {B,(p)} has finite support when p # 0. Then,
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as in (3.7.5), it follows that

Bj(p)xj
_ Z Z Y(rst/q)", o(r/q)",yo = ts" TRty (st) TR, sTRgI T p)
P o 9 SJ ok (q 4, p)n(yrts™tF [qirt/q, p)n(ors' ="k [q;rs/q, p)n

% (’YO— (st)n-i-lqj—n—l.st/q p e 1(,}/0—1 n+ktj+1§t,p)n—j—1

X (orq~7ir,p)n—1(yrstg’ % rst /g% p)n—1(a7" 4,p);
X (=1)" By 1 (p)Cj g™ g+ =0+ (3) (11.6.20)
for j = 0,1,... . Now multiply both sides of (11.6.20) by A;w’/(¢;q,p); and

sum from n = 0 to oo to obtain the Gasper and Schlosser multibasic expansion
formula

(zw)"

A, By
Z (q 4P)n
Z TSt/q T/q) ) (_x)nqﬂ-i-(g)
— (49, p)
- O(yo = (st)" ¥ p) k
X Bhik(p)x
kZ:O (¢, P)e(yrts™ ¥ [q; 1t /g, p)(ors' " F s rs /g, p)x ®)
XZ”:Q(S kgi=mip)(yrstg? =% rst /g, p)n—1(orq 737, p) 1
j:O 9(53 n- kvp)(qaqvp)]
x O(yo = "R p) (vo T (st) " T g T Y st /g, p)—1
X (yo T s Rt ) i 1 A C g PO TR (11.6.21)

which reduces to (3.7.6) by setting p = 0 and then letting r = p and s =t = gq.
Setting r = s =t = ¢ in (11.6.21) yields an expansion formula that is
equivalent to the following extension of (3.7.7)

ZA By ( zw)" —i (‘777‘1"“/0'?04,@(171?% (g)n

q &P = (679"
o 0(v*"?* [0 p) (va" o, 07" aq”, B a4, p)

x Bn k:(p)xk
= 0(vq*"/a;p) (4, 74>+ 4, p)i "
n
(¢ 74" ¢:p); ;
x Aj(wg)?, 11.6.22
jz_:o (¢,7vq"* /o,q' " [0, @, B34, p); s(wd) ( )

where, as above, {Bn (p)} has finite support when p # 0. Of course, one cannot
let 0 — oo in (11.6.22) to get an extension of (3.7.3) that holds for any p # 0.

Analogous to the g-extension of the Fields and Wimp expansion formula
(3.7.1) displayed in (3.7.8), from (11.6.22) one easily obtains the rather general
theta hypergeometric expansion formula

— (agr,cr;q,p)n
E — = A, B, (p)(xw)"”
“— (¢:bs,du; ¢, p)n (p)(zw)
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i cr,er, 0,74 /054, p)n ( )”
n—0 Q7dU7fM77q qp) a

Z 7q2”+2k/0 P /0,0~ er” exd"s 4 D) gy ¢

X 2n 2n+1 . gn n. n+k(p)e

P ’yq /O’,p)( q,vq ,ayq >qu 7q7p)k>

y Z "79", ar, fm;q,p); Aj(wq), (11.6.23)

= (4, wq"“/a ¢'~"/o.bs,ex;¢,p);

where we used a contracted notation analogous to that used in (3.7.1) and
(3.7.8), and to avoid convergence problems it is assumed that {Bn} has finite
support when p # 0. Additional formulas are given in the exercises.

11.7 Rosengren’s elliptic extension of Milne’s fundamental theorem

Milne’s [1985a] fundamental theorem states that

n

Z Zq H a'rZS/Z’I’v _ (a1~-'(1n;Q)N (1171)

0 sz (@2s/zr ) (G o)N
kit tkn=N
where z = (21, ..., 2n), 2¢* = (21", ..., 2,q""),
Az)= [ (r-2) A=) = ][ (d'"—2d"™), (117.2)
1<r<s<n 1<r<s<n

and the a’s and z’s are fixed parameters. This is the identity that played
a fundamental role in Milne’s derivation of the Macdonald identities for the
affine Lie algebra AS) , as well as his general approach to hypergeometric series
on A, or U(n). An important tool for proving (11.7.1) is an easily verifiable
identity

R | by---b

P =1 g, (11.7.3)
— ap [[(aj—ar) ar---an

=U Tk

To derive an elliptic extension of Milne’s identity, Rosengren [2003c] used
the following elliptic extension of (11.7.3)

n i B
> oo =0, (11.7.4)

where it is assumed that the balancing condition ay ---a, = by ---b, holds.
Note that (11.7.4) is the same identity as in Ex. 5.23. Slater [1966] gave a
proof of it by using special relationships between the parameters in the general
transformation formula (5.4.3). Also see Tannery and Molk [1898] for a simple
proof via residues. However, since Rosengren [2003c| gave a rather elegant yet
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elementary proof of (11.7.4) that is similar in spirit to the way Milne proved
(11.7.3), we will present his proof.

First, it is easy to see that Ex. 2.16(i) is equivalent to the n = 3 case of
(11.7.4). Assume that (11.7.4) is true for n = m. Then, by separating the
(m + 1)-th term from the series on the left side of (11.7.4), we can rewrite it
in the form

s 0o/t T 0Go/isin) 0w finin) T 0o/t
- AR e , (11.7.5)
1 0 ak/a‘mvp) jl;[ke(ak/aﬁp) 1;11 H(Qm/ag7p)

where the a’s and b’s are always assumed to satisfy the balancing condition.
Considered as a function of a,, the expression on the left side of (11.7.5) re-
sembles a partial fraction expansion of the product on the right side. When
n=m+ 1, we write a,,+1 = t, say, and seek an expansion of the form

t/bJ,p cebpmag/ag - amt;p)
C . 11.7.6
H 0(t/aj;p) kzl 0(ax/t; p) ( :

That such an expansion exists follows by using induction on m and the fact
that the m = 2 case is equivalent to (11.4.3). Multiplying both sides of (11.7.6)
by 0(t/ar;p) = —6(ar/t;p)t/ar and setting ¢t = ay, we find that

I 0(a/bs:p)
61 bm/af'_' ~am;p) [ 1.4 0(ar/ay; p)
_ﬁl 0(ar/bj;p)
- _e(amﬂ/g;ﬂ;p) jgkg(ak/aj;p) (11.7.7)

with aq -+ amy1 = b1+ bpy1. Now substitute (11.7.7) into (11.7.6) and set
t = am+1 to get

Cr = —

m (ak/berlv ) H e(ak/ijp) e(am+1/bm+l;p) Hl e(aerl/bj;p)
0(ak/am+13p) 11 0 ; M ’
— (ar/am+1 )jl;[k (ax/aj;p) Hl 0(ami1/a;;p)
j:

which is the same as (11.7.5) with m replaced by m + 1. This completes the
proof of (11.7.4).

An elliptic extension of (11.7.1) given in Rosengren [2003c, Theorem 5.1]
states that

1
2 : A(qu;p) o H:i1 (aszr§ Qap>k,‘
Alz: 7
kiy.ookn >0 (zp) 5 (bzr; ¢, Pk, I1 (a2r/ 2550, D)k,
ki+-+kn,=N s=1

_ (b/ar,...,b/ant154,p)N
(q7b21, cee ,bzruq’p)N

(11.7.8)
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where

A(z;p) = Ay (z;p) = H 2:0(zs /23 D) (11.7.9)

1<r<s<n

is the elliptic analogue of the Vandermonde determinant in (11.7.2) and the
parameters satisfy the balancing condition

b= (a1 ant1)(z1- " 2n)- (11.7.10)

If we set p = 0 and take the limits b — 0, a1 — 0 such that b/a,1 —
a1--+ap 21 2y, then it is easy to see that (11.7.8) approaches Milne’s limit
(11.7.1). When p = 0, (11.7.8) reduces to Milne’s [1988a, Theorem 6.17] A,
Jackson summation formula, which is a multivariable extension of Jackson’s
sum (2.6.2).

To prove (11.7.8) by induction, observe that when N = 1 we have that
k; = 6;; for some j, and thus j can be used as the summation index. Then,
after a bit of manipulation,

A(zq*;p) _ 1

and formula (11.7.8) becomes

n+1 n+1
f: l_[19(aszj;p) 9(b/as, )
5= — = , (11.7.11)
0(bz.:: 0(z: /2

which is the m = n + 1 case of (11.7.5) with a different set of parameters. So

(11.7.8) is true when N = 1. Assume that it is true for a fixed N. We will

show that it is also true for N + 1. Denoting the right side of (11.7.8) by Ry,

we have that

(b/a17 ey b/an-‘rl; Qap)N-i-l

(qv bzl, ey bznv q,p)N+1

_ _Oap) 60¢" /a1, bg" fansiip)
0@ 1p) 0,0V 21, bgN zip)

However, by the induction hypothesis we can replace Ry by the series on the

left side of (11.7.8) and replace the ratio 6(bg"/ai,...,bq" /ani1;D)

/0(q,bqN 21, ..., bg™ z,;p) by the N = 1 case of the series in (11.7.8) with

Zm and b replaced by z,¢"™ and bg", respectively. Thus,

9(q;p) zq ,p 0(bz,q" T p)
v = G+t ) 2 H 0(bzrg™

TS0 aV;p)(bzr; 4, D)k,
koot =N

Ryy1 =

(11.7.12)

Tl (as2i0.9)

AsZr;4, D)k, i

= sZry 4, } A(qu+k;p)
) J1seedn20

- k.
Hl(qzr/zs;q,p k A(zqg*; p)

Jittin=1
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n+1 &
n H (aszrq T;qap)jr
<[] =1 : (11.7.13)

n
r=1 (bz,qN*tkr; q,p);, H (zrq Thr=Fs [255 4, ),

In the above summation, replace k by k — j. Since j. € {0,1}, we have

O(bz.g"tF=irip)  O(bzgN i p)
(bzpgNThe=irs q,p)j,  (bzrgNthriq, ).
(bzr; 4, D)k
bz ¢, D)k, —j, = -,
(b2ri 4. D)t (bzrq*r=1;q,p);,
and
n
[ gttt mrm9 49 o q,p), = 6(ap) [ ] (2rd™ 7 /2534, ), -
r,s=1 r#s
Thus
1 A(zq*;p)
T DG <
1. .
0" hp) | o, L Alp)
kot =N+1
n
n e(bzqu+ ) H (aSZT7Q7 )
y ]

-2 0(bzrq™ i p) (b2rs 4, D)k, [1oo1 (200/ 253 6, P,

n
n (bzrq 7q p)jr H (qukT/Zs; Q7p)jr
=1

X = }
Z>O Hl bzrgN i q,p)j, H (2rq*r =" /2514, p)j,
Jiy--dn20 T r#s
Jitt+in=1
(11.7.14)
The sum over j can be rewritten in the form
n o 0(bzpnd*Yp) 1 0(zmd*r /25 p)
s=1
mzzl 0(bzmg™Nhm; p) 7l:[ O0(zmq*m = /255 p)
0(a"*";p) H 0(b2-q"; p)
S—— , (11.7.15)
[T 0(bzrgN+*; p)
r=1
by (11.7.11). From (11.7.14) and (11.7.15) it follows that

n+1
As2r;4,P)k,
Ryt — 3 A(zg"; p) ﬁ 1 (@:zria.0)
k1, kn 20 A(Z;p) r=1 (bZMQap)kr H (qzr/zs;qap)kr
kit +k,=N+1 s=1
(11.7.16)
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which completes the proof of (11.7.8).

Formula (11.7.8) may be regarded as a multivariable extension of Frenkel
and Turaev’s summation formula (11.4.1) which, as we have seen before, is
an elliptic analogue of Jackson’s summation formula (2.6.2) for a terminating
very-well-poised g¢7 series. However, the multiple series on the left side of
(11.7.8) does not look like well-poised at all even though it is perhaps easier to
remember in this form because of the symmetries. To restore its well-poised
character, following Milne [1987, pp. 237-238] and Rosengren [2003c]|, we apply
the following procedure.

First we replace n by n + 1, set k1 = N — k|, k| = k1 + -+ + kn,
Zny1 = a g™V, take a; — bj, j=1,...,n+2, and replace b by agq/c. Then
the balancing condition (11.7.10) takes the form

a?qgN T =c(by - bpyo) (21 2n), (11.7.17)
which resembles the corresponding condition (2.6.1) for the one-dimensional

Jackson sum. The transformations of the various terms of the series in (11.7.8)
are straightforward, albeit somewhat tedious. First note that

Ant1(Zn41g5p) I " 0(z5q" " /23 p)
An-‘,—l(zn—l—l;p) 1<r<s<n+tl a(zs/zﬂp)
_ H q Tﬂ g MRz p) I g 0(z5q" Fr /23 p)
a q N/th) 1<r<s<n Q(Zs/zr;p)
R K|+ .
-1k Alzg ) 11 blazq ™ ip) (11.7.18)
A(z;p) 0(azqV;p)
where 2,11 = (21,...,2n41) and k1 = (k1, ..., kny1). Now,
n+1n+2 n n+2 n+2
H H Aszr;(, p H H b s?r; 4, p H(a_lbsq_N;Q7p)N—|k\u
r=1 s=1 r=1s=1 s=1
n+1
[T ®z:a.p)k, = (@' N /cia,p) v H(aqzr/c; 4Dk,
r=1 r=1
n+1 n n
11 (@zr/zs: .00k, = (@ @ 0)v— [J(0zed™ s ao0)e, [ (a20/25i 000Dk,
r,s=1 r=1 r,s=1
So,
n+2
nt1 1 (aszr;q, p)k,

[[—=
n+1
r—

=1 (bzr; ¢, Pk, 11 (q2r/2554, D)k,

s=1
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n+2
H (bszr; q, p) k.

s=1

n

H -

r=1 (G‘Z qN+1 aqzr/c q, p) H (qzr/zs;qap)kr
1

8=

n+2 1 N
IT (bsa™ ¢ 50, p)n— 1k

s=1

n
(¢, N/esa,p)n—p TT (a2 =N /2550, p) N -k
s=1

Using the identities (11.2.49) and (11.2.50), we can simplify the last ex-
pression above and obtain the following well-poised form of (11.7.8)

n
|k|+kr_p) Hl(azs;qap)|k|
5 =

> Zq p H - e S
(azy; "

r=1 T p) H (qu/Zs; q7p)kr
s=1

k1yeeokn >0
[k|<N

n+2 N
IT (bszr; @, Pk, (¢ a5 4, P) |
s=1 q|k|

X
n+2
1 (aq/bs: q,p) x| (aqz, /¢, azrgN T q, )k,

s=1
n+2
N (aqzr;q,p)N (ag/cbs;q, p)n
) 11.7.19
H (agzr/c;q, )N 1;[1 (aq/bs; ¢, p)N ( )

For some elhptlc multlvarlable transformation formulas and additional sum-

mation formulas, see the exercises and notes.

Exercises

11.1 Verify the 6(a; p) and ¢, p-shifted factorial identities in (11.2.42)—(11.2.60)
11.2 Verify the g, p-binomial coefficient identities in (11.2.62) and (11.2.64)—
(11.2.66).

11.3 Show that
0(aq®;p) _ (qa,—qa’;q,p?),
e(a’p) (aév_a/_%;qvp%)n
1 1 1 1
(gaz,—qa?,q(ap), —q(ap)?; ¢, p)n
1 1 1 1
(a§7 _aia (ap)§7_( p)55q7p>n
1 1
 (qa?,—qa?,q(a/p)?, —q(ap)?;q.p)n .
- 1 _Q)
(a2, —az,(ap)?,—(a/p)?;q,p)n
notation.

i~

and convert these identities to the [a; 0, 7],
11.4 Prove (11.4.1) via induction by starting with the identity
¢"0(ag™,q """ e,aq" " /e; p)

= 0(aq”, """ eq", ag" T Jes p) — 0(ag" T, ¢F ed" T Jagh fe; p),
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which is equivalent to (11.4.3).
(Rosengren: June 13, 2002, e-mail message)

11.5 Verify that

i 9(0,q2k;p) (a7b7 C, a/bC;Q7p)k: q
= 0(a;p) (q,aq/b,aq/c,beg; ¢, p)x
forn=0,1,..

k — (a% bq? cq, G‘Q/bc; %p)n
(q,aq/b,aq/c,bcq; q,p)n

., which is an elliptic analogue of Ex. 2.5.

11.6 Derive the following transformation formula for a well-poised 4 F3 series

1E3(a,b,aq"? /b, g ™ aq/b,bg™ " ag" T g, p; —1)

_ (ag,¢*(a p)* /b —q (a/p) /b =44, P)n
(¢%/b,q(a/p)%, —q(ap), —aq?® /b; ¢, p)n
x 12Vi1(—aq/b; (ap) %, —(a/p)*

where n =0,1,...

1 1 _
,qa? /b, —qa? /b, —q,aq""?/b,q " q,p),

11.7 Extend the terminating case of the expansion formula in (2.8.2)

o

Z (a7b7 C;Q7p)n

“— (q,aq/b,aq/c;q,p)n

(o ¢}

_ Z 0(A*"; p)(A\, Ab/a, Ae/a, aq/be; g, p)n(a; q,p)2n (g)”
= 0(\;p)(g; aq/b, aq/c,a®q/Abc; ¢, p)n(Ag; 4 p)on \ A

= M a/X\ Abeq™ Ja; q,p)
Antk,
x z;) (q, )\q2n+1 a2q i /\boe; g, ) F

where the sequence {A,,} has finite support and X is an arbitrary param-
eter. Use this formula to derive (11.5.1).

11.8 Show that

zn: (a7qa%7_qa%7ba c, qin;(Lp)k
1 1
k=0 (q7 az,—az, aq/b7 aq/c, aqn+1; qap)k
1 _ 1
_ (ag,aq/be, gb~"(a/p)2, qc” (a/p); ¢, p)n

(aq/b,aq/c,q(a/p)%,ab~ ¢~ (a/p)%; ¢, p)n’
where bc = —ag¢" ™', n =0,1,

_1)k

11.9 (i) Extend Ex. 1.4(i) to the inversion formula

i ((al, ey G D)n <(—1)"q(g)>1+s_rAnz”

q, bla" . »bs;(J7p)n

_Z a117--- a; b7 p)y A (a1---ar2>”
_1 bllw--»bs_l;q_lvp)n " qblbs
when the sequence {A,} has finite support.
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(ii) Extend Ex. 1.4(ii) to the reverse in order of summation formula

n

(a1, 0r, 47" ¢, D)k AN
-1 2 Az
kZ:O qvbla“' bsaq p) (( ) 1 ) ¥

- e (2 ()

% = (qlin/blwuaqlin/b‘wqin;q,p)nA (b1 b q"+1>
(¢, ¢ "/ay,....¢* " /a,;q,p)n = " Nai---a, 2

k=0
whenn =0,1,..., and {4, } is an arbitrary sequence of complex numbers.

11.10 Prove that

z": 0(ag®; p) (a,b,¢,d, e, a*q/bede; g, p)x v
e~ 0(a;ip) (g,aq/b,aq/c,aq/d,aq/e,bede/a;q, p)x

_ (ag,bed/a,a®q? [bede, eq; q,p)y
 (g,a2¢?/bed, bede/a, ag/e; q,p)y,

X 12‘/11(G’ZQ/de; aq/bca aq/bdv aq/Cdv €, aQq/bcde, aqn+1a q—n; Q7p)7

where n =0,1,... .
11.11 Verify the transformation formulas (11.6.16) and (11.6.17).
11.12 Asin (11.2.67), the I'(z;q, p) elliptic gamma function is defined by
k+1

o .
1— Z—lqj-i-lp
T(zq.p) = [] e
Gk=0

where z, ¢, p are complex numbers and |g|, |p| < 1. Show that

(i) ['(2;4,0) = eq(2),

(i) I'(2q;9,p) = 0(z;p)I' (254, p),

(iif) ['(zp;q,p) = 0(2;: )T (2: 4, p),

(iv ['(2q";9,p) = (2;¢,p)l(2; ¢, p),

v) Ty(2) = (1-9)'*(¢; )=l (¢%¢,0), 0<g<1,

and that I'(z;¢,p) and I'(¢*; q,p) are meromorphic functions of z, which
are not doubly periodic.

(See Jackson [1905d], Ruijsenaars [1997, 2001], Felder and Varchenko
[2000], and Spiridonov [2003b].)

11.13 Define the I'(2;q,p) elliptic gamma function by

(0(g;p)) H g
J,k=0

T(24,p) =




11.14

11.15
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where z, ¢, p are complex numbers and |q|, |p|] < 1. Extend the Gauss
multiplication formula (1.10.10) and its g-analogue (1.10.11) to

~ - 1 ~ 2 5 _1
F(m;q,p)F<—;T7p>F(—;r,p) -~-F<"—;r,p)
n n n

] ko (2

with r = ¢™, and show that

[(2;¢,0) = Ty(2).
(Felder and Varchenko [2003a])

(i) Show that if n is a nonnegative integer and k is a positive integer, then
2k+8‘/2k+7(ab; c, ab/c, bQ7 qua cey bqk) aqn’ aqn-i-l’ ) aqn+k_17 q—kn; qkap)
_ (a/e,c/biq,p)u(d”, abd"; 4", p)n
(cg*,abg*/c; g%, p)n(a,1/b;q,p)n
(ii) Show that
12V (acp; ¢, —¢, ep, —cp,agp/e, ¢ g7 ¢, p7)
0, if n is odd,

—{ A(q,0°¢ /6%, p*)ns2(acap; ¢, p°)n
(@@, ¢ q°, 0" )ns2(aqp/c; ¢, p°)n
and that this formula tends to (II.17) as p — 0.
(iii) Show that

, if n is even,

12Vii(epse, —c, —cp,ep/c,cap/e, ", a1 ¢, p%)
_ (egpye/cq,p*)n(eq ™ 4% p%)n
 (ap/e,e;a:p?)nlea " /e ¢2, P

and that this formula tends to (II.19) as p — 0.

(See Warnaar [2002b] for part (i) and Warnaar [2003f] for parts (ii) and

(iii).)
Prove that if a, bk, i are complex numbers such that c; # ¢ and acjcy #
1 for integer j and k, then

n
Z f'nkgkm = 6n,m

k=m
with
f e = (bka,aCk/bk, ﬁ C’I’L j+17acn/b]+17p)
" 0(byen, acn /by p) i G 0(acncj, cn/ciip)
and

k-1

9km = H

j=m

0(cmbj, acm /kj; p)
cjt10(acmcjp1, cm/cjt1;p)




340 Elliptic, modular and theta hypergeometric series

(Warnaar [2002b])
11.16 Prove that

2"39@2(15’“ ;p) (a®q%,p)r(a,aq, aq® ¢*,p)i(ag"*t, g~ q,p)k
= 0(a*p) (¢:4.p)k(a,aq,aq% % p)k(ag> ™, a*¢" T4 ¢*, p)
(0.4,4°,a°q*; ", p)n/a
(aq®,aq’,aq”, q/a;q*,p)nsa’
0, n # 0 (mod 4).

(Warnaar [2002b])

k

n =0 (mod 4),

11.17 Show that if bc = a?¢"** and d = ¢" !, then
n/2
f 0(ag™; p) (b, ¢; ¢, p)ila. ds a,p)ila s q, P
0(a;p)(aq/b,aq/c;q,p)k(ag®/d, ¢*; ¢, p)k(ag™ s ¢, p)2x
_ (aq,q P)n(ag® " /b¢% p)n
(ag/b;q,p)n(ag®> "¢, p)y
(Warnaar [2002b])

11.18 For bc = aq and cd = aq"t!, show that

i a**:p)(a, b5, p)k(d, ¢ ¢, )i (5 4, P2k 5
— 0(a;p) q,aq/b ¢ p)k(ag®/d,aq"*3;¢*, p)r(aq/c; ¢, p)2k
(0.4, aq®,0*/a;¢° . p)nss
, n=0 (mod 3),
= (anbq2ab/a7aq3/b;q37p)n/3 ( )
0, n # 0 (mod 3).
(Warnaar [2002b])

11.19 Extend the ¢ = bg~™! case of (3.8.19) to

[n/2] : —n
5 0(ag**; p) (b,c; 4% p)k(d, e;4, )k (g "5 4, P)2n K
e~ 0(a;p) (aq/b,aq/c;q,p)e(ag®/d, ag?/e; % p)e(ag™* s q,p)ok

0

~ (aq;q,p)n(aq® " /b; G, D)

"~ (ag/b;q,p)n(ag> ;6% p)n

x 12V11(a?/desb,c,a/d,afe,¢® ", q" " ¢ " 4%, p),

where bc = a?¢"*! and de = ag"t!
(Warnaar [2002b])

11.20 Show that if bc = aq and de = ag¢™*!, then

Z”: (a,b,¢;¢% p)e(d, e, "¢, p)k -
= 0(a;p) (q7aq/b,aq/0;q,p)k(an/d, aq®/e,aq"*?; q%, p)k
(aq®, aq’/be,aq® /bd, aq® /cd; ¢, D))o
_ 5 5 5 ) 5 y n even
= (aq*/b,aq”/c,aq” /d, aq” /bed; 47, p)n 2
0, n odd.
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(Warnaar [2002b])
11.21 Show that if bed = aq, ef = a?¢®>"*!, and either b = a, or e = a, then

z”: 0(ag*;p) (b,c,d;q,p)kle, fra7 " 6% P)k v
= O(aip) (ag®/b,aq?/c,aq?/d;¢? p)r(aq/e, aq/ f,ag®* 5 q,p)n
(aq?, a%q?/bce, aq? /bde, aq® /cd; 2, p)n
~ (a2?/be, aq? [, aq?/d, a* 2 [bede; 7. p),
(Warnaar [2002b])
11.22 Show that if bed = aq, de = a?¢®" !, and either b = a or e = a, then

Z”: 0(ag**; p) (b, ¢; 4,01 (d; ¢, p)ak
= O(aip) (ag®/b,aq®/c;q% p)i(aq/d; q,p)ax
(e,q7 %Pk
(ag/e,aq® 1 q,p)k
B (aq?,a’q?/bce,a?q® /bde, aq® /cd; ¢, p)n
(a%¢? /be, aq?/c,aq®/d, a?¢? [bede; ¢, p)y
(Warnaar [2002b])
11.23 (i) Verify the quadratic elliptic transformation formula
14Viz(a;0, =b, ¢, —¢,dq", —dq" ¢~ ", —q ™", qa® /\*; ¢, p)
((12q27 d2/)\2’ b2d2/a2, C2d2/a2; q2’p2)n
(d%/a?,q*\?, a%q* /b2, aq? [c?; 62, p?)y,
% 1aVis(NB B2, 2, d2q2", a®q? N2, 2", — A% Ja, —\2q/a,
— N /ap, —=Nqp/a; ¢, p%),
where A\ = bed/aq and n =0,1,... .
(ii) Prove that the p — 0 limit of the above transformation is
12Wii(a; b, =b, ¢, —¢,dg", —dq", ¢~ ", —q ", qa® /X*; ¢, )
(a2¢2,d% /)2, 02d? a2, Ad2 [a2; %),
(@[, N, @ [0, PP ).
X 10Wo(N%5 0%, ¢, d2q*" a®q® N2, g 72" = N? [a, = Nq/a; %, N2 q/a®)
and that the 1517 series is VWP-balanced and balanced, while the 1o Wy
series is VWP-balanced but not balanced.

(See (Spiridonov [2002a]) for part (i), and Nassrallah and Rahman [1981]
for part (ii). Also see (3.10.15), Andrews and Berkovich [2002] and War-
naar [2003c,e].)

n

11.24 (i) Verify the quadratic elliptic transformation formula
14Vis(a; a® /X%, b,bq, ¢, cq,dg”, dg" ", g™, ¢" " ¢, p)
_ (ag,d/A\ Aq/b, A/ ¢ ¢, P)n
(Ag,d/a,aq/b,aq/c;q,p)n
% 1aVis(As @/, g, =0, pp®, —pp~ 2, b, dg", dg "5 q,p),
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where A\ = bed/aq, p = j:)\(q/a)%, andn=0,1,....
(ii) Prove that the p — 0 limit of the above identity is
12W11(a; 0’2/)‘27 b7 an c, cq, dqn7 dqn+17 qlin? qin7 q2’ q2)
_ (ag,d/X Aq/b, Aq/c;q)n
(Ag,d/a,aq/b,aq/c;q)n
X IOWQ(A; a’/Aa My — [y ba c, dqnv qin; q, _q>‘2/a’)
and that the 15W7, series is VWP-balanced and balanced, while the oWy
series is VWP-balanced but not balanced.

(See Warnaar [2002b] for part (i), and Rahman and Verma [1993] for the
transformation in part (ii). Also see Andrews and Berkovich [2002] and
Warnaar [2003c,e].)

11.25 (i) Extend the quadbasic transformation formula in Ex. 3.21 to

z":H(ar’“q’ﬁbr’“q*’“;p) (a,b;7,p)i(c,a/be; q,p)k
6(a,b;p) (¢,aq/b; q,p)x(ar/c,ber;r, p)i
(CR™"/A,R""/BC;R,P)(Q™",BQ™"/A;Q, P)i &
(Q™/C,BCQ"/A;Q, P)r,(R™"/A,R~"/B; R, P)},
(ar,br;7,p)n(cq, aq/bc; q,p)n(Q, AQ/B; Q, P)n(AR/C, BCR; R, P),,
(q,aq/b;q,p)n(arc,be/r;r, p)n(AR, BR; R, P),(CQ, AQ/BC;Q, P),,
—~ 0(AR*Q*, BR*FQ™*;P) (A, B;R,P),(C,A/BC;Q,P)i
. Z 6(A, B; P) (Q,AQ/B;Q, P)x(AR/C, BCR; R, P)},

k=0

k=0
(cr™"/a,r™" [besr, p)e(q™",bq™" /a; 4, Pk i
(=" /c,beq™/a; q,p)k(r—"/a,r=" [biT, p)k
forn=0,1,....
(ii) Deduce the following transformation formula for a “split-poised” theta
hypergeometric series

iﬂaq%;p) (a,b,¢,a/bc;q,p)x

O(asp) (q,aq/b,aq/c,beq; q,p)k

(¢~",B/Aq",C/Aq",1/BCq";q,p)k 1

(1/Aq", 1/Bq", 1/Cq", BCJAq"; ¢, p)i

_ (aq,bq, cq,aq/bc, Aq/B, Aq/C, BCq; q,p)x

~ (Aq, Bq,Cq, Aq/BC, aq/b,aq/c,beq; q, p)n
iG(Aq%;p) (A, B,C,A/BC;q,p)s
e~ 0(A;p) (q,Aq/B, Aq/C,BCqq,p)k

(g " b/ag", c/aq”,1/bcq"™ 4. p)k 4,

(1/aq", 1/bq", 1/eq™, beag™ a, p)y '
for n = 0,1,..., which is an extension of the transformation formula
for a split-poised 19¢9 series given in Ex. 3.21. Write this formula as a
transformation formula for a split-poised 19F+1 series.

k=0
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(Gasper and Schlosser [2003])

11.26 Extend Ex. 11.25(i) to

i O(a(rst/q)k, brFq=F, csfq*, at* /bcg®; p)
0(a, b, c,a/be;p)

" (a;7st/q* p)i(b; 7, p)k(c; s, p)i(a/bes t, p)i
(¢:4,p)k(ast/bg; st/q, p)k(art/cq;rt/q,p)k(bers/q;7s/q, )
(@™ Q, P)p(B(Q/ST)"/A; ST/Q, P)r(C(Q/RT)"/A; RT/Q, P)y,

((Q*/RST)"/A; RST/Q?, P).(R="/B; R, P)(S~"/C; S, P)y

. (Q/RS)"/BC; RS/Q, Py,

(BC/AT™; T, P),
(arst/q?;7st/q?,p)n(br;T,p)n(cs; s, p)n(at/be;t, )y
(¢:q,p)n(ast/bg; st/q,p)n(art/cq;rt/q, p)n(bers/q;ms/q, p)n

(@;Q, P)n(AST/BQ; ST/Q, P)n
(ARST/Q?; RST/Q?, P),,(BR; R, P),,
. (ART/CQ; RT/Q, P)n(BCRS/Q; RS/Q, P)n
(CS; S, P),(AT/BC; T, P),
" §(A(RST/Q)*, BRFQ~*,CS*Q~*, AT* | BCQ*; P)
<2 (A, B,C,A/BC; P)

k=0
(A; RST/Q2, P)x(B; R, P)i
(@;Q, P)(AST/BQ; ST/Q, P)i,

(C; 8, P)k(A/BC; T, P)y
(ART/CQ; RT/Q, P)x(BCRS/Q; RS/Q, P)i
(a7 " q,p)k(blg/st)" /a; st/q, )k

((g?/rst)™/a;rst/q?, p)k
(clg/rt)" [a;rt/q,p)k((q/75)" /bc;Ts/q, D)k
(r=n/b;r,p)k(s7/c; s, p)i(be/at™; t, p)g

k=0

X

X

for n =0,1,.... Use (11.6.9) and (11.6.18) to extend this formula to a
transformation formula containing the two additional parameters d and
D.

(Gasper and Schlosser [2003])

11.27 Show that if

k—1
a(bjacjadjaejafjagﬁp)

o 0lag/bjs aj/cj az/djs aj/ej a5/ fi: a5/ 955 p)

U =
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and aj = bycpdier frgr for k=0, £1,£2,..., then
n

(a2 /brcrdy fi, a3 [brcrdier, ak, ak/ek fi; p)
= me(ak/ehak/fkaak/bkckdkekfkvak/bkckdka P)

« [1 _ O(ar/crdy, ar/brdy, ar/brck, ex, fr, gr; p)
O(ay /by, ar/ck, ax/dy, a3 [brcrdier, a2 [brcrdy fi, a3 /brckdigr; )
= Um — Un+1

for n,m =0, £1, £2,....
(Gasper and Schlosser [2003])

11.28 Extend the indefinite multibasic theta hypergeometric summation formula

n (11.6.9) to
k 2 2 Kk 2 2 k 2
i 0 (av*, ]?g(tlél) b(cldf(qzj“st) vbacdg(q;“}SU> ’bac_d;p)
a2 2 2 .2 &
k=0 0(a, E W b(cl—dg (?C_d(qrs) i)

a? v 2\k
(bs 4, )i (c; 7, p)i(d; s,p)k(f;t,p)k(g;u,p)k(m; grstu D) (arstu/v?)

*Ta v a.v a v av v av v bedf gqrstu  qrstu
(E;E’p)k( ; ) (d )k(ﬁ’? ) (gu w p)k( 20 2 ’p)k
3
oo " " ) st g ) )
2 2
O (5)" 29" ()" 5 ()" 5 (o) (4 "5)

0(a/f,a/g,a®/bedf g, a® /bed; p)
0(a?/bedg, a? /bedf,a,a/ fg;p)

1— (b;q p)n—i—l (C‘T’ p)n—&-l(d' S p)n-l—l(f.t p)n-l—l(g§u p)n+1
(53 7 P) s (& 7P sn (G 5P a (55 F:2) o (G 200 p
3 3
a ._v
(W,M,P)nﬂ]

(bcdfg_qrstu )
CL2 ) 1)2 ,p n+1

)n+1

where n =0,1,... .
(Gasper and Schlosser [2003])

11.29 Define the elliptic beta function Bg(t;q,p) via its elliptic beta contour
integral representation

dz
BE(tQ(va):/AE(Z;t;(Lp)?v
T

where T is the positively oriented unit circle,

4
Ap(ztiq,p) = B ’
&b 2mi '(22,1/22,2A, A/ z; q,p)
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4
t = (t07t17t27t37t4)a max(|t0|,|t1|7|t2|,|t3|7|t4|,|q\,|p|) <1, A= H lk,
k=1
lgp| < A, and

n

F(Z].)"'vzn;qp H zk7qp n:1727"'7

with T'(z; ¢, p) as defined in Ex. 11.12. Prove that

0<j<k<4
BE(t1Q7p) = - 4

(4 @)oo (P;P)oo 1 F(A/tk;q,p).

k=0

(Spiridonov [2001a])

Let Ap(z;t) = Ap(2;t;¢,p) and Br(t) = Be(t;q,p), with Ag(2;t;q,p),
Bpg(t;q,p) and A defined as in the previous exercise, and let
ts. 4 4 q ts . Agm!
R = 12V] ( ts3z, —,q ™ ; )
m,J( ) 12V11 ta tota’ tala t2t4’ 3 > q t) q,p
ts. p p p , ty _; Ap!
X12V11( y 132, —, P ]7 1p7Q>
t4 t0t4 t1t4 t2t4 z t4
Atg A A A t3 Aqn—l
=
n,k( ) 12V11 q 5 t(), tl th 32, ’ ) t4 54, D
At3 A A A t3  _ Apk_l
12‘/11< ) at?) Zy, /P ka 3P Q)
p to tl tQ z t4
for j,k,m,n =0,1,.... Note that the base and nome in the second 15V71

factors are p and ¢, respectively. Prove that R, ;(z) and T}, x(z) satisfy
the biorthogonality relation

dz
/ R’m,J( ) n k( )AE(Z t)_ - hn kBE( >6m,n6j,k;
Cj k,m,n

where

hoy o — 0(A/qts;p)(q, qts/ta, tote, tota, tite, Ats; ¢, p)ng ™"
" O(Aq?" /qta; p)(1/tata, tots, tats, tats, A/qts, A/qta; ¢, p)n
0(A/pta; q)(p, pts/ta, tot1, tota, tita, Ats;p, @)np ™"

O(Ap?* [pty; q)(1/tsta, tots, tits, tats, A/pts, A/pts;p, @)k
and Cj k,m,n is a closed positively oriented contour separating the points
z=to123p ¢ tap gt ™™, AT p TR IR with r s = 0,1, .., from
their inverses.

(Spiridonov [2003b])

Show that if

wl...wm:(21...2n)(a1...an+m)’
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then
m—i—n( )
As2r;4, D)k,
> A(zq ;) H" g1
A(z;p) m i
ki kn 20 r=1 [] (ws2r; ¢, Pk, [1(¢2r/25;0, D)k,
k14 +kn=N s=1 s=1

m—+n

Z Wq p ﬁ l;[1 (wr/as; q,p)k,
= 1 7

ki, skm >0 (wTZs;qap)kr H (qwr/ws;Qap)kr
kit +kn=N s=1 s=1

which is an extension of (11.5.5), (11.7.7), and (11.7.10).
(Kajihara and Noumi [2003] and Rosengren [2003c])
11.32 Let Xq,... ,Xn, Ay, ..., A, and C be indeterminates. Prove that if, for
=0,. —1, P,, is a Laurent polynomial of degree less than or equal
to m such that Pm(C/X) P, (X), then

n

det (Pj_l(Xi) ] (- ax) fC’Ak/Xi)>

1<i,5<n kit 1
= J] 4xX0-x/X)0-0/X:X)) [[Pea(1/4),
1<i<j<n i=1

N
where the degree of the Laurent polynomial P(z) = > a;z°, ay # 0, is
=M
defined to be N
(Krattenthaler [1995a])

11.33 Prove the following elliptic extension of the identity in the above exercise

det (Pj,l(Xi) ﬁ 9(AkXi;p)9(CAk/Xi;P))

1<i,j<n
k=j-+1

n
= H A X;0(X:/X5;p)0(C/ X Xj5p) HPi—l(l/Ai),
1<i<j<n i=1
where Xi,..., Xy, As,...,A,, and C are indeterminates, and P;j(z) is
analytic in 0 < [z < oo for j = 0,...,(n — 1) with periodicity P, (pm) =
(C/px?)’ Pj(x) and symmetry P; (C’/az) Pj(z).
(Warnaar [2002b])
11.34 Deduce from the above exercise that
e (AXiaAC/Xi;Qap)n—]
1<ij<n (BX;, BC/Xi;¢,p)n—j
— 4(3)4(5) [T X00x:/X;0)0(C/X:X;:p)
1<i<j<n

ﬁ (B/A, ABC@®"%";q,p)i—1 _
(BXia BC/XZ7 (Lp)n—l
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11.36
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(Warnaar [2002b])

Let 21,...,2n, @, b, ¢, d, and e be indeterminates and N a nonnegative
integer such that a?¢"¥~""2 = bede. Show that
N k. krtks.
3 A(zq*;p) 11 0(azr2sq ;p)
k1,ekn=0 A(z;p) 1<r<s<n 0(az 2s;p)
% f[ 9(az2q2kr.p) (CI;ZZ,bZr7CZr7dZT,€ZT,q7N;q,p>kS q|k‘

0(az?ip)  (q,aq2:/b,aqz[e,aqz, /d, aqzr [e,ag"N T 22 q,p)k,

B ﬁ (agz2,aq®™" /be,aq® ™" /bd, ag® ™" /cd; ¢, p) N
- L1 (ag?n/bedz,, aqz /b, agz e, aqz /d; g, p) N

which is an elliptic extension of Schlosser’s [2000a] C,, Jackson sum.
(Warnaar [2002b])

Prove the following elliptic extension of Gasper’s summation formula in
Ex. 2.33(i):

N
ZH(G(J ip)  (a,b,a/b,a7N;q,p)k kH (cjq™,aq/cj; 4,k

O(a;p) (q,aq/b,bg,aqgN+1;q,p)k q =i fej, ¢34, )k

=0

_ (@agapn T (Cj/b,Cjb/a;qm)mj
(bg, aq/b; g p)n S (¢5,¢/050,P)m,

with my + ...+ m, = N, where mq,...,m, are nonnegative integers.
(Rosengren and Schlosser [2003b])

Prove the following multidimensional extension of Ex. 11.29:

1 / F(thZk;,thzk_latzj_lzkatzj_lzk_l;Qﬂp)
T

\n -1 _—1 —-1_-1.
(27TZ) n1<j<k<n F(ijkazjzk 72:]‘ Zkazj 2 aqap>

H L(trz,tr25 54, )

n
d d
% H L )
i=1 F ZJ7BZJ, j BZ a(Lp) <1 “n
Lt ,ts;q,p
B 2"n' ﬁ (t';:q,p) O<r1;[s<4 ( 5 9:P)
(pip) L T(tq.p) [T D9t B;q,p)’
- 0<r<4

where B = ¢*"=2 [] tx, max(|t], [to], |t1], [t2], [ts], [tal, [Pl |a]) < 1
0<k<4
Ipg| < B, and T™ is the n-dimensional unit torus.

(van Diejen and Spiridonov [2003, (29)] and Rains [2003b])
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11.38 Prove Rosengren’s [2003c]| elliptic D,, Jackson summation formula

Z A(zq", p) H 1
kit thkn=N Az p) 1<r<s<n (20253 4, D)k k.
ki,..,kn>0
k()]
n zgoq\2) [] (zsar, 25/ar; 4, D)k,
% H r=1 _
s=1 (bzs, 2sq* N /by q, p)i, 11 (42s/203 4, D)k,

r=1

n—1

I1 (bas,b/as; q,p)n
— (_qN—lb)N s=1 _
(¢:9,p)N l:ll(b237b/zs;Q7p)N

11.39 From the previous exercise deduce that

> { (zg* ,p ﬁ az q’“ Ikl p)
s=1

CLZ
ki+-Ak, <N 5iP)
k1,....kn>0

% H . 1 ﬁ (Zsbrazs/{)r;%p)ks

1<r<s<n (Zrzs; qvp)kr+ks rs=1 (qzs/zra Qap)ks

y H (azr; 4, p) x| (aq/zr; 4, P) x|k,
(agbr, aq/br; q,p) x|

(aN,c,a?q" e q,p) |k}
X q
)

n

N N+1.
S
1 (aqzs/c, czsfaqN , azsqN+15q,p)k

s=1

n

“11 (agzs, aq/zs, agbs /¢, agbs/c; 4, p)N
o+ (agzs/c,aq/zsc, agbs, aq/bs; ¢, p) N

where k| =k + -+ + ky.
(Rosengren [2003c])

11.40 Show that

M yeey My A k; n 0 s k5+|k\;
5" { (2451) 1 [H M]
o U Az p) i

T O(azs;p)

n

(b,c,d; q,p) x| H (azr;q,p) x|
(ag/e.aq/f,aq/g;q,p)| =5 (azg™ 15 q,p)

ﬁ (e2s, f 25, 92534, D). ﬁ (g™ 25/ 2014, p)
)k (

(aqzs/b,aqzs/c, aqzs/d; q,p qzs/ %3 q, D)k,

s=1 ks r,s=1
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_ ( >|m| (Aa/f, 2a/9:4,P)m| ﬁ (aqzs, \q2s/d; 4, P)m.,
A (aq/ f,aq/g;4,D)im) 7 (Azs, aqzs/d; @, p)m,

M A (g% p) i T O(Nzsghe KL p)
3 (S [T )

k1yeeeskn=0 s=1 0(Azs:p)

(Ab/a, Ac/a,d; q,p) ﬁ (Azr; ¢, D) k|
(ag/e; A/ f,Aa/g:a: P =5 (MG 2030, p) x|

n

H (Nezs/a, fzs, 925 4. D)k, ﬁ (Q‘m*zs/zr;qvp)ks}

(aqzs/b,aqzs/c, A\qzs/d; q, p)r, (q2s/2r; 4, D).

s=1 s r,s=1

where A = a?q/bed and a?¢*t ™ = bedefg with |k| = ki + -+ + k,, and
(Rosengren [2003c])

Notes

§11.2 and 11.3 Totally elliptic multiple hypergeometric series are defined and
considered in Spiridonov [2002a, 2003a]. Spiridonov [2003a] showed that the
elliptic Milne A,,, Jackson C,, and Bhatnagar-Schlosser D,, theta hypergeo-
metric series in the left sides of his equations (21), (18), and (22), respectively,
are totally elliptic and modular invariant. He used these results and other
observations to motivate his conjecture that, as in the one-variable series case,
every totally elliptic multiple hypergeometric series is modular invariant.

§11.6 The p = 0,s = g special case of (11.6.21) is equivalent to a cor-
rected version of the generalization of (3.7.6) given in Subbarao and Verma
[1999].

§11.7 Rosengren’s inductive proof of (11.7.8) is similar to Milne’s [1985a,
pp. 49-50] inductive proof of (11.7.1) based on the analysis in Milne [1980Db,
pp. 179-182, and 1985¢, pp. 17-19]. For additional material on basic and ellip-
tic summation and transformation formulas, see Bhatnagar [1998, 1999], Bhat-
nagar and Milne [1997], Bhatnagar and Schlosser [1998], van Diejen [1997b],
van Diejen and Spiridonov [2000-2003], Gustafson [1987a—1994b], Gustafson
and Krattenthaler [1997], Gustafson and Rakha [2000], Ito [2002], Leininger
and Milne [1999a,b], Lilly and Milne [1993], Milne [1980a-2002], Milne and
Bhatnagar [1998], Milne and Lilly [1992, 1995], Milne and Schlosser [2002],
Rains [2003a,b], Rosengren [1999-2003f], Rosengren and Schlosser [2003a,b],
Schlosser [1997-2003¢], Spiridonov [1999-2003b], and Warnaar [1999-2003e].

Ex.11.15 This orthogonality relation is an elliptic analogue of Kratten-
thaler [1996, (1.5)].

Ex.11.17 This summation formula is an elliptic analogue of Gasper [1989a,
(5.22) with b= g"+1].

Ex.11.18 This identity is an elliptic extension of W. Chu [1995, (4.6d)].

Ex.11.20 This formula is a generalization of Gessel and Stanton [1983,
(6.14)].
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Ex.11.21 When p = 0 and b = a this formula reduces to Gessel and
Stanton [1983, (1.4)]. When p = 0 and e = a it reduces to W. Chu [1995,
(5.1d)] and to Rahman [1993, (1.9) with b = ¢—2"].

Ex.11.22 When p = 0 and b = a this is an elliptic analogue of Gasper
[1989a, (5.22) with ¢ = ¢—3"].

Ex.11.29 Also see the material on elliptic integrals and elliptic gamma
functions in Felder, Stevens and Varchenko [2003a,b], Felder and Varchenko
[2000-2003b], Narukawa [2003], and Nishizawa [2002].

Ex.11.36 Also see the elliptic summation formula in Rosengren and
Schlosser [2003b, Corollary 5.3].

Ex.11.38 The p = 0 case was independently discovered by Bhatnagar
[1999] and Schlosser [1997].

Ex.11.39 When p = 0 this reduces to an identity in Schlosser [1997].

FEx.11.40 Equivalent forms of the p = 0 case were independently dis-
covered by Denis and Gustafson [1992, Theorem 3.1], who derived it from a
multivariable integral transformations via residues, and by Milne and Newcomb
[1996, Theorem 3.1] via series manipulations. Also see Rosengren [2003a].
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IDENTITIES INVOLVING ¢-SHIFTED FACTORIALS, ¢-GAMMA

FUNCTIONS AND ¢-BINOMIAL COEFFICIENTS

g-Shifted factorials:

1’
(a;9)n = { (1—a)(1—aq)---

(1—ag ") (1 —ag™?)--

(a§ q)—n =

(a;9)n =

and, for any complex number c,

where the principal value of ¢* is taken and it is assumed that |¢| < 1.

(a;

(a:¢)a

Q)n =

n =0,
(1—ag™ 1), n=12...
'(lfa’qn)]_la n=-1-
S S Gl TN ¢
(ag™:q)n  (¢/a;q)n

_ (@59)
(aq®;q)oc’

(¢""/a;q) (—a)"q(2).

(ag":q),, = (a/a;q)n (—g)YLq(g).

(ag

—n.
3

)n
q)

(¢/a;q)n (%)”

(ba5q),,  (q/b;q)n
_ _ (@49 A
(@:q)n—k = @ a0, (*5) gl2) =k,
(@ Onk _ (a:0)n (¢7"/biq), (b)k
O Dnr — (b59)n (" "/a;q), '
—-n., (7(])71 _1\k (g)—nk
(¢ q), = CT (=1)%q :
—n. ( a;q )k( /a Q)n —nk_
(aq 7q)k T (¢ a; 9,

351

(1.11)
(1.12)

(1.13)
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g = W ((a)TE )
(aa™"50),,, = (a/a; q)k ( q) e
a —2n, — (q/a7Q)2n _i " 73(71)
(aa™59), (¢/a;q)n ( q2> ¢
wo—t gy = (WG Dkn n (5 —kn?
(aa™:a), (q/a;q)(k_l)n( )yl
(@5 Ok = (a:0)n(aq™; Q-
nov (a:Qk(ad"; q)n
(aq"; ) = o
n _ (a’q (k+1)n
(0™ @) = (a;Q)kn
k. _ (a;Q)n
(aq”; Q)n—r = (@
2%, _ (a;q@)n(aq"™; @
(aq ’q)nik (@;Q)% '
i ~ (@59)n(aq™;9) -1k
(a50),, (a;q)jk
(a1,a2,...,a1;q)n = (a1;0)n(a2; @n - - (ak; Q-
(a1,a2, ..k @)oo = (a13 @) o0 (A2; @)oo - - - (AR @) oo
(a;q)Zn = (a,afﬁq )n)
(a;9)3n = (a,aq,aq*; ¢*)n,

and, in general,

(a;Q)kn = (a,aq,...,aq
(@*;¢*)n = (a,—

(a35q3)n = (a,aw,an;q)n, w

and, in general,

(" ¢")n = (a, awy, ..

(a®;q*)n 1 —ag™

(qa?,—qa%;q)n

a;q)n,

k—1. _ 2mi/k
Lawp i q)n, Wi =€ /k,

(CL%, —CL% ) Q)n B

(a;6%)n

(qa¥,qwa’¥, qw?a’;q)

9

1—a

_ (ag%®) _ 1-—ag™

(a},wat,w?at;q) (@:¢*)n  1—a’
and, in general,
(qa%,qwka%,...qw’g_la%;q)n _ (aq®;q")n 1 —ag"™
(a%,wka%,...7wl,:_1a%;q)n C (@d"),  1-a
where w = €2™/3 and wy, = e*™/k,
fm G950 g yma 4 cq

—1- (2;¢)

(1.33)

(1.34)
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¢-Gamma function:

(G0 (1 _ g1-s, 0<g<l,
(€% q) oo
o Eg_;g_igz (- 1)1 7q(), ¢>1 )
lim I'y(«) = I(a). (1.36)
T, (22)T G) — T, (2)Ty <a: + %) (1+q)2 L, (1.37)
oon () (3 (25
—(4g+...+¢ )" T ()T, (x+ %) T, ( + nl) ,
(1.38)

with r = ¢".

¢-Binomial coefficient:

R P R )

and, for |¢| < 1 and complex a and 3,

% o (qg:;:j;:)w (1.40)

g . Tq(B +F1q)(ro;(4;1_) 311) (1.41)

z - % (—g*)* ¢ (2), (1.42)
W“;% (1.43)

{ka]q = {a +;§ - 1L (—g)" @), (1.44)

[aﬂq = [ZLQM [;ﬁll = [ZL+ {kflhq““"“, (145)
[Ziz]q N (q;q)(za:(lég)ﬁ;q)k’ (1.46)

{ZL = [ZLQ’“Z—“, (1.47)

where n, k are nonnegative integers. For elliptic analogues, see Chapter 11.
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SELECTED SUMMATION FORMULAS

Sums of basic hypergeometric series:

The two g-exponential functions,

= n 1
eq(2) = T;) G- Eos 2] < 1, (IL.1)
=Y D (11.2)
= (G )n
The g-binomial theorem,
olai—ia2) = 02 g, (11.3)

n

or, when a = ¢~ ", where, as elsewhere in this appendix, n denotes a nonnega-

tive integer,

100(a™ "¢, 2) = (2¢” "3 @)n- (I1.4)
The sum of a 1¢; series,
(¢/a;q)so
3 C; = II.
l(bl (a‘7 ¢ q, C/a) (C, q)oo ( 5)
The g-Vandermonde (g-Chu-Vandermonde) sums,
- (c/a;@)n
"eiq,q) = LoD gn IL6
2¢1(a7q 767Q7Q) (C; q)n a ( )
and, reversing the order of summation,
_ (c/a;@)n
" eiq,eq"/a) = : I,
2¢1(a7q ;6 4, ¢q /a) (C, q)n ( 7)
The ¢g-Gauss sum,
(¢/a,c/b;q)eo
b; ¢; b) = 1 II.
2¢1 (aa ,c,q,c/a ) (C, c/ab; q)oo ( 8)
The g-Kummer (Bailey-Daum) sum,
(=4 @) (ag, ag® /0% ¢*) o
¢1 (a,b;aq/b;q,—q/b) = . I1.9
291 ( / /) (—a/b,aq/b; q)sc (1L9)
A g-analogue of Bailey’s o F;(—1) sum,
ab,bq/a; ¢%) o
2¢2(aa Q/av —-q, b7 q, _b) = % (1110)

(5 @)oo

354
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A g-analogue of Gauss’ o F1(—1) sum,

1 1 a*q,0*¢;¢%) oo
202 (aQ,bQ;abq2,—abq2;q, —Q) = W~ (IL11)

The ¢-Saalschiitz (¢-Pfaff-Saalschiitz) sum,

a,b,q" (c/a,c/b;q)n
: g q| = L% D)n .12
02 e 9] = (IL-12)
The g-Dixon sum,
p a,—qa?,b,c ) qa® B (ag, gv~'a?,qc"a?, aq/be; Q). (IL.13)
951 _ak, ag/b,agfc’ T be (ag/b,aq/c,qa?,qat [be;q) .
or, when ¢ = ¢~ ",
1 —n 14n 1 2 .
a,—qa?,b,q a? aq,qaz /by q
4¢3 1 14n D ? = ( T )n (I1.14)
—az,aq/b,aq'*t" b (qa2,aq/b;q),
Jackson’s terminating g-analogue of Dixon’s sum,
—2n 2—n
q ", b, c q (0, ¢; @)n (g, bc; q)2n
g, - . (IL15
502 [ @b, g e ] (4, b¢;@)n (b, 5 @)2n (IL15)
A g-analogue of Watson’s 3F5 sum,
QS >\7q)\%a7q>\%7a7b7 c, —¢C, )\q/c2 >\q
4, ——
o )\%,—)\%,AQ/G,)\q/b, )\Q/C,—)\Q/C, CQ ab
_ (A, /N @) (ag, by, c*q/a, Pq/bi %o (IL.16)
(Ag/a,Aq/b; @)oo (g, abq, c?q, c?q/ab; ¢*) oo’
where A = —c(ab/ q)%; and Andrews’ terminating g-analogue,
q—n’ a2qn+1’ ¢, —c
4¢3 o 10,9
aq, —ag, ¢
0, if n is odd,
=1 (g, 02/ D)2 (I1.17)

, if n is even.
(@@, CGq7 ) )2
A g-analogue of Whipple’s 3F5 sum,
—C, Q(_C)%a _Q(_C)%’ a, Q/CL7 & _d7 _Q/d
897 . ) 1q,c
<_C>§7 _<_C)§7 _CQ/av —ac, —q, CQ/dv cd

(—¢,—¢q; q) o (acd, acq/d, cdg/a, cq® Jad; ¢%)

, IL18
(cd-cq/d, —ac, —ca @ q)., e
and a terminating g-analogue,
by |10
403 6,62(]/6,—(] 14,4
eq ", eq"t, gt e, 2q" 2 Je; ¢?
 (eq ™ eq g e, 22 fesq )ooqn<n+1)/2, (I1.19)

(e,c2q/€;q) o0
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The sum of a very-well-poised g¢5 series,
|:a7 qa%, _qa%, b) ¢, d aq
6¢5 1 1 4y 7
az, —aZ, aq/b, aq/c, aq/d bed
_ (ag,aq/be,aq/bd, ag/cd; ) o
(aq/b,aq/c,aq/d, aq/bed; q)oo

or, when d = ¢~ ",

(I1.20)

1 1 —-n n
a,qaz,—qa?,b,c,q ~ag"t! _ (aq, aq/be; q)n (I1.21)

a},—a},aq/bagfe,ag T be (ag/b,aq/c;q)y

695 [

Jackson’s g-analogue of Dougall’s 7 Fg sum,

1

az, —a%, G/Q/b7 G'Q/ca a’q/d7 G‘Q/ev aq
_ (agq,aq/be,aq/bd, aq/cd; q)n
(aq/b,aq/c,aq/d,aq/bcd; q)n’

where a?q = bedeq™™.

a, qa%7 7qa%7 b7 ¢, d7 €, q
sé7 ni11@:4

(I1.22)

A nonterminating form of the ¢g-Vandermonde sum,

(q/c,a,b;q) o
(c/q,aq/c,bq/c; @)oo
(q/c,abq/c;q)oo
(ag/c,bq/c; @)oo

A nonterminating form of the g-Saalschiitz sum,

a,b,c. (q/e7a7b7caqf/e;q)00
32 [ e,f q] ¥ /g, aa/e,baje, caje, F;d)o
X 36 [C“I/e’ bg/e, CQ/e,q q} _ (a/e fla f/b f/ea)o
2L @2e, qffe U] (agfe,bafe,cale, fia)s

201(a,bic;q,q) +

x 2¢1(ag/c,bq/c;q*/ciq,q) = (IL.23)

. (I1.24)

where ef = abcg.
Bailey’s nonterminating extension of Jackson’s g¢7 sum,
|:CL, qa/%7 _qa%a b7 C, d7 €, f :|
s¢7 1 1 14,9
az, —az, aq/b7 aq/c, O’Q/d, aq/ea aq/f
b (ag,c,d,e, f,bg/a,bq/c,bq/d,bg/e,bq/f;q)s
a (aq/b,aq/c,aq/d,aq/e,aq/f,bc/a,bd/a,be/a,bf /a,b%q/a;q)o
b2/a,qba7%,—qba7%,b, bc/a,bd/a,be/a,bf /a
X 8¢7 3 4,

)

ba’%,fba’%,bq/a7 bg/c,bq/d,bq/e,bq/ f
_ (ag,b/a,aq/cd, aq/ce, aq/cf, aq/de, aq/df, ag/ef; q)oo
(CLQ/C, CLQ/d, QQ/G, aq/fa bC/Cl, bd/a7 be/a7 bf/av q)oo ’

where ga? = bedef.

(I.25)
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g-Analogues of the Karlsson-Minton sums,
a,b,brg™, ..., b.q""
r+20r+1 [ ba.br.. ... b, 34,
(4,04/34) o (b1/53 @) rma - (br /5 Dy iy 4o,
(04, 0/ @; @)oo (b1 Dy~ (brs @),

a—lql—(m1+”'+mr)]

and b b
a L. T
7‘+1¢7‘ g ord ;Qaailqi(mle.“ijT) = 07
bi,..., b,
where my, ..., m, are arbitrary nonnegative integers.

Sums of bilateral basic series:
Jacobi’s triple product,
i 2
> " = (¢ —az—q/ )
k=—o00
Ramanujan’s sum,

(¢,b/a,az,q/az;q)so

b _ ]
R = a2 baz )

The sum of a well-poised 219 series,

212(b, ¢;aq/b, ag/c; q, —aq/bc)
_ (ag/bc; Q) (ag? /0%, aq® /2, 47, aq, /a5 ¢7) oo
a (ag/b,aq/c,q/b,q/c,—aq/bc;@)os
Bailey’s sum of a well-poised 393,
b,c,d _ q
s L/b, afe,q/d’® W}
~ (gq,4/bc,q/bd, q/cd; q) o
 (g/ba/c.a/d. q/bed; q)oc”
A basic bilateral analogue of Dixon’s sum,

1 3
" —qaz, b, c, d  qa?
e —a%, aq/b, aq/c, aq/d’q’ bed

_ (aq,aq/be,aq/bd, aq/cd, qa® /b, qa? /c,qa? /d, q,q/a; @)oo

~ (ag/b,aq/c,aq/d, q/b,q/c,q/d,qa*,qa%, ga [bed; g) oo
The sum of a very-well-poised g1)g series,
qa%, fqa%, b, c, d, e qa’®
5% { az, —az, aq/b, aq/c, aq/d, (qu/e;q7 @}
_ (ag, aq/bc, aq/bd, aq/be, aq/cd, ag/ce, ag/de, q,q/a; ¢)

S

(ag/b,aq/c,aq/d,aq/e,q/b,q/c,q/d, q/e,qa? /bede; q)oo
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(I1.26)

(I1.27)

(11.28)

(I1.29)

(11.30)

(11.31)

(11.32)

(11.33)
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Bibasic sums:

Gosper’s indefinite bibasic sum,

n _ k k . . . .
3 L—ap’q” (ap)s( @ _ (0i2)n(G D n (1134)

—~ 1-a (gq)klap/c;p)x (¢; @)n(ap/c;p)n

An extension of (I1.34),

n

) (1—ap*q®) A —bp*q*)  (a,b;p)i(c,a/be; q)k y
port (I—a)(1-b) (¢ aq/b; q)w(ap/c, bep; p)i

_ (ap,bp; p)n(cq, aq/be; q)n

(¢, aq/b;q)n(ap/c, bep; )y (11.35)

and, more generally,

2": (1 —adp*¢*)(1 — bp*/dg*)  (a,b;p)i(c, ad®/be; )i "
(I —ad)(1—b/d)  (dg,adq/b;q)k(adp/c,bcp/d;p)s

(1 —a)(1 = b)(1 —c)(1 — ad?/bc) (ap, bp; p)n(cq, ad*q/bc; @)
d(1 —ad)(1 = b/d)(1 — ¢/d)(1 — ad/bc) { (dq, adq/b; q)n(adp/c,bep/d; p)n
(c¢/ad, d/bc; p)m+1(1/d,b/ad; q)m+1 } (I1.36)
(1/e,bec/ad?; @)ma1(1/a,1/b;0)msr | '
where m is an integer or +oo.
An extension of the formula for the n-th g-difference of (ap*;q),_1,

(1 _ 2) <1 _ é) z“: (", bp s q)ua (L= ap™ ) i () 5

q a) = ;) (p; P)n—rk(ap® /b; p)nir

k=—m

(11.37)
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SELECTED TRANSFORMATION FORMULAS

Heine’s transformations of ,¢; series:

2¢1(a,b;¢;q,2) = % 2¢1(c/b, 25023 ¢, b) (TIL.1)
— % 201 (abz/c,b;bz; q,c/b) (111.2)
- W()Z/;;Q)OO 2¢1(c/a,c/b;c;q,abz/c). (IIL3)

Jackson’s transformations of ¢, 2¢2 and 3¢, series:

(az; @)oo
(2:0) oo
_ (abz/ciq)o a,c/b,0

-~ (b2/ ) 302 C,Cq/bz’qaq

(a,bz,¢/b;q) o 2, abz/c,0

.z cfom)e 02 | bz bzgjc 94| (IL.5)

2¢1 (aab; ¢ dq, Z) - 2¢2(G7C/b; C, G,Z;q,bZ) (III4)

Transformations of terminating »¢; series:
—n (¢/b; @)n (bz>”
g " begz)=F—— | —
291l ) (a)n \ g
X 302(q7" /2, ¢ g T beT g T, 05g,) (T1L6)

_ (e/bia)n g ", b,bzg™" /e ]

= o 0] [ bg'=" /e, 0 14, q (ITI1.7)
_ (C/b7 q)n n q_n7 b7 Q/Z . E

=G b 3¢1{ b= je & J, (I11.8)

where, as elsewhere in this appendix, n denotes a non-negative integer.

Transformations of 3¢, series:

é a, b, ¢~ de
392 d, e anabc

(e/a,de/bc; @)oo a, d/b, dfc e
B (e,de/abc; q) oo 3 2{ d, de/be b a] (ILL.9)
_ (b,de/ab,de/bc; q) oo {d/b, e/b,de/abc b] (I11.10)
(d,e,de/abc; q) oo de/ab, de/bc o) .
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qg ", b c
32 [ ;q,q}

d, e
(de/bc; q)n (bc)n {q_"a d/b, d/c }
=" | — : II1.11
(e’q)n d 3¢2 d, de/bc 74,49 ( )
(e/c;q)n {q”,c, d/b bq}
=112 " iq, — I11.12
(&5 @)n s d,cql_”/e’q7 e’ ( )

q_",b,c. deqn:| o (e/C§Q)n ¢ |:q—n7 ¢, d/b
de T | T (@@ (7 d, gt /e

The Sears-Carlitz transformation of a terminating well-poised 3¢5 series,

s {a, b, c aqz}
37 aq/b, aq/c’q7 be

302 [ 3 4, q] . (IT1.13)

: 3, —a2,(aq)?,—(aq)?, aq/b
_ % , |:a ,—a ,(aq) ’ (GQ) ?CLQ/ C;Q7q:| (11114)
(21 ¢0)oo aq/b,aq/c,az,q/z

provided that a = ¢~™. See (II1.35) for a nonterminating case.

Sears’ transformations of terminating balanced 4¢3 series:

¢ |:qn’a7 b7c- }
493 de,f 74,94
(e/a, f/a;@)n [ q ", a, d/b, d/c ]
=-——————qa" 1 q, II1.15
CY 195 d, ag="/e, agt="/f 1 ( )
a,ef/ab,ef/ac;q)n q ", e/a, f/a,ef/abc
_ (a,ef/ f/' q) e { fa; f/ 1_/ ol L)
(e, fyef/abe; q)n ef/ab,ef/ac,qg" ™" /a
where def = abcg'~".
Watson’s transformation formulas:
a, qa%7 _qa‘%7 b7 c, d7 €, f a2q2 :|
8P7 1 1 74,
az, —az, aq/ba aq/c, aq/da aq/e7 aq/f deBf
_ (ag,aq/de,aq/df,aq/ef;q) o aq/be,d,e, f y q}
= 4P3 y Yy
(ag/d,aq/e,aq/ f,aq/def;q)oo aq/b,aq/c,def/a
(TI11.17)

whenever the g¢r7 series converges and the 4¢3 series terminates, and, when
—n
f=a",

a, qa%7 —qa%, b, c, d, e, " aZqnt?
T ad b, agfh, agfe, agld, agfe, agt " e |
(agq,aq/de; q)n aq/be,  d, e, q "
~ (aq/d, ag/e;q)n 495 aq/b, aq/e, deq‘"/a;q’q]

(IT1.18)
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or, equivalently,

é [q_”,a,b,c' :| . (d/bad/C§Q>n
4¢3 d,@,f s 4 - (d,d/bc,q)n
ag, qo—%a 7q0—%7 f/a') e/a7 b’ ¢, qin efqn
X 8¢7 1 1 ‘D )
o2, —02, e, fy o ef/ab, ef/ac, efq"/a be
(IH.lg)

where def = abcq' ™" and o = ef /aq.

Another transformation of a terminating balanced 4¢3 series to a very-well-
poised g7 series,

4¢3 |:q_n7aabac;q,q:| — (abq/f7 acq/f, bCC]/f, q/qu)oo
dye, f (aq/f,bq/f,cq/f,abcq/ f;q)oo
% 8¢7 |:/L7 (IME, _qluf7 a, b) c, dqna eqn iq k
w2,  —p2, pgf/a, pg/b, pgje, e, d 7 abc)’
(I11.20)

where def = abeqg'™™ and p = abe/f.
Singh’s quadratic transformation:
a?,b%,¢,d
abq%, fabq%, —cd
a?,b?, %, d?

a?b?q, —cd, —cdg

193 [ 9%9]

- 4¢3 |: ;q23q2:| 5 (11121)

provided the series terminate.

A g-analogue of Clausen’s formula:

{ 5 { a,b,abz,ab/z ]}
a8 abq%,—abq%,—abﬂ’q

a?, b2, ab,abz,ab/z
= 504 2p2 14,4

2

111.22
abq%, —abq% ,—ab,a ( )

provided both series terminate. A non-terminating g-analogue of Clausen’s
formula is given in (8.8.17).

Transformations of very-well-poised g¢; series:

a, qa%, —qa%, b, c, d, e, f a’q?
8¢7{ az, —az, aq/b, agqlc, aq/d, aq]e, aq/f’q’bcdef]
_ (agq,aq/ef,A\q/e, \q/ [} @)oo
 (aq/e,aq/f, A\, Ag/ef;q)so

[)\, g \Z, —q)\?, Ab/a, Ac/a, Md/a, e, f aq]
X 8¢7

1 1 34y —7
)\Ea _A§7 aQ/b? GQ/Ca CLQ/d7 )‘Q/e7 )\Q/f €f

(IT1.23)
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_ (aq,b,bep/a, bdu/a,bes/a,bf /s )
~ (ag/c,aq/d,aq/e, aq/f, pq,bu/a; ¢) oo
XS%[M, qul%, —quf, ag/be, aq/bd, agfbe, ag/bf, buja |
p3,  —pz, bep/a, bdufa, beufa, bfu/a, agq/b
(I11.24)

where A\ = ga?/bed and p = ¢?a®/b*cdef.

Transformations of a nearly-poised 5¢, series:

QS [a7 b’ C’ d’ q_n .
L agb, agle, agld, a2qmyae Tl

_ (Aa/a, Naqfaiq)n (bnlx, gA2, —qA%, bA/a, cAa, d)/a,

(Mg, A2q/a?; q)n /\%, Y aq/b, aq/c, aq/d,
a¥,  —a*,  (aq)*,  —(aq)?, N}q"*/a, q7"
Mfat, —Mgfat. Ma/a)t, -Aa/@)t, ag7/A, Aqn+1;q’q]’
(I11.25)
q ", b, c, d, e
5¢4{ ¢, e, gy, eq 2 /u

(12q" ", pg/e; n
(u2qn*t/e, pg; q)n

p,oaqui, —quz, pbg",  peq,  pdg”,

X 12011 1 1 l—n 1-n 1-n
M27 —‘[,(,2’ q /ba q /C7 q /da
q—n/2’ _ q—n/2’ q(l—n)/Q’ _q(l—n)/Q, e, M2qn+1/e :|
n n n n —n 144
e R RN VN T

(I11.26)
where A\ = ga?/bed and p = ¢* =" /bed.

Transformation of a nearly-poised ;¢g series:

(b a, qa%a 7qa%7 b7 & d7 q—n :|

796 14,4
az, —a%, aq/b, ag/c, ag/d, a*q¢*™"/N\?

~ (Mag, N /aq; q)n (1 — X3¢ /a) s A aAr —gAr, bMa, eMa,
(A, N /a®q;q)n  (1—N2/ag)  7M AT, =3, ag/b, ag/e,

d\/a, (aq)?, —(aq)?, qa?, —qa?, \>¢""'/a, ¢~" q]
)

1 1 1 1 ’q7
ag/d, Ng/a)z, —X(g/a)2, N az, —=\az, ag® " /X, Ag"T!

(I11.27)
where \ = ga?/bcd.
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Bailey’s 19¢9 transformation formula:
¢ avqa%7iqa%7b7c7d7€a f7)\aqn+1/ef,q7n
1099 1 1 _ 34,4
az 9, —az K aq/b7 a’q/C7 a’q/d7 aq/e7 aq/f? efq n/>\7 aqn+1
q)‘% ) _q)‘% ) )‘b/av /\C/a’u

_ (ag,aq/ef, Aq/e; g/ fi@)n ode A,
(ag/e,aq/f, Ma/ef, Ag; q)n AZ, =A%, ag/b, aq/c,

M/a, e, f,  Xaq"tllef, ¢ ™,
ag/d, Mgfe, Mg/f, efq"/a, g™ ;q’q} ’ (11128)
where \ = ga?/bed.
Transformations of ,;2¢,1 series:
a,b,big™, ..., b " a—lqm+1—(m1+~~+m7~)]

241 [ bg' ™ by, .., by

(0,09/a;9) 00 (bG; @) (b1/b;Q)m, - -~ (br /D5 Q). P——
(6 D) m (b1 Dmy - (br; O,

~ (bg,9/a;9)oc
qim7b7bQ/b1a"'7bq/b'r‘ :|
X pro®p iq, I11.29
20 {bq/a, bg' =™ by, ..., bgt = fb, (ITL.29)
and
aabablqmlw"ab’rqmr — —(mq+--+m
sq,a” gt T Omttme)

7”+2¢T+1 |: bcqv blv R br
(bg/a,cq; @)oo (b1/b5@)m, - -+ (br/b; @), r——
(beq, q/a;@)oe (013 @) my -+ (br; @O,

¢ 1b, bq/bi,...,bq/b,
X T T 7 9 Y III3O
+20r41 [bq/a,bql‘ml/bl,u-,bql‘m’"/br E Cq] ( )

where m, mq, ..., m, are arbitrary nonnegative integers.

Three-term transformation formulas:
abz/c,q/c; @)oo
201(a,b;¢;q,2) = W 201(c/a, cq/abz; cq/az; q,bq/c)
(b,q/c,c/a,az/q,q°/az;q)s )
_ b : : .
(c/q,ba/c,q/a,az/c,cq/az;q) 201(ag/e,bafea/eia, 2)

(TT1.31)

o _(b,c/a,az,q/az;q)so ' )

2¢1 (aa b7 ¢ q, Z) - (C, b/a, z, Q/Z, q)oo 2¢1(a7 QQ/Ca QQ/ba q, CQ/abz)
a,c/b,bz,q/bz;q) oo

((C é/b . q;z.q)) 261(b,bg/c; bq/a; q, cq/abz).

(111.32)
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s a,b,c_ de
372 d,e 7q’abc

B (ech/daQ/aae/bc;q)oo v CQ/(l,qu/€7q’E

(q/d,eq/d,b,c,d/a,de/bcq, beq?/de; q) oo {aq/d,bq/d,cq/d. E}
(d/q, e,ba/d, cq/d, qfa, efbe,beg/es @)oo * 2| qPldyeq/d T abe]”

_ (e/be/e,cq/a,q/d; q)oo {C,d/ach/e, bq}

(I1L.33)
{a,b,c de] (e/b,e/c;q) oo {d/m b, c ]
302 | = 7 3P2 14,4
d,e abc (e,e/bc; q) oo d, beg/e
(d/a,b, c,de/bc; ) [6/@6/0@6/“[’0. ] (IT1.34)
(d,e,bc/e, de/abe; @)oo 32 de/be, eq/be ’ -
é a, b, c . aqr
2L ag/v, ag/e’® b
ar; q)so 3. —q? 3. - 3 b
_ .q) Sou | @7 T2 (ag)F, —(ag)z, ag/bc.
(%3 @)oo aq/b, aq/c,  ax, q/x
(a,aq/be, aqx /b, aqx/c; q) oo
(aq/b,aq/c, aqz/be, 213 q)o
xa%,—xa%,x a %,—m a %,a x/bc
x5¢4[ (09)%, ~o(ag)?, agw/ ;q7q} (I11.35)
aqx /b, aqx/c, xq, ax
|:aa qa%7 _qaéa ba ¢, da €, f a2q2 :l
897 1 1 4,
az, —a2, aq/b, aq/c, aq/d, aqle, aq/f = bedef

_ (ag,aq/de,aq/df,aq/ef;q) o { ag/be,d,e, f }
~ (aq/d, ag/e, ag/f,aq/def;q)o ¥ Lag /b ag/c, def a1
(ag,aq/be,d, e, f,aq? /bdef,a*q?/cdef; q) oo
(aq/b,aq/c,aq/d,aq/e,aq/f,a*q?/bedef, def /aq; q)oo

aq/de,aq/df ,aq/ef,a*q? /bede f
X 4%[ 5 2 2 2 ) 14,4 (II1.36)
a®q*/bdef,a*q*/cdef, aq” /def
¢ |:(L, qa%, _qaév bv ¢, dv €, f . a2q2:|
o at, —ad, ag/b, agfe, ag/d, agfe, ag/f T bedef

— (QQ7 aq/dea UJQ/df, GQ/efv eq/c, fQ/C, b/aa bef/a; Q)OO
(ag/d,aq/e,aq/ f.aq/def.q/c,efq/c,be/a,bf [a;q)s

-t lef/c, a(ef/0)F =a(ef/0)® aafbe.aqfed,effae. ] g}
(ef/e)® , = (ef[c)® ,bef/a,def [a,ag/c, fq]c,eq/c a
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b (ag,bg/a,bq/c,bq/d, bq/e,bq/f,d,e, f,aq/bc; q)
a (aq/b,aq/c,aq/d,aq/e,aq/f,bd/a,be/a;q)co
(bdef/a* a*q/bdef;q) oo
(bf fa.def/a,aq/def,q/c,b?q/a; @)
X abr [b2/a,blqa_%,1bqa_%,b,bc/a,bd/a,be/a,bf/a;q7 a’q? } .
ba~z,—ba"2,bq/a,bq/c,bq/d,bq/e,bq/f bede f

X

(I11.37)

Transformation of an gig series:
(agq/b,aq/c,aq/d, aq/e, q/ab,q/ac, q/ad, q/ae; q)s
(fa,ga, f/a,g/a,qa? q/a* q)c
qa, —qa  ba, ca, da, ea, fa, ga q>
”Ma, —a, aq/b, agfe, ag/d. agfe, aq/f, aqlg’" bcdefg}
(g:9/bf,q/cf q/df a/ef af /baf/c,af /d;af/e;q)s
(fa,qa/fa,aq/f, f/a,9/f, [9,af% @)
[fza af, —af, fb, fe, fd,  fe, fyg e 1
X g7

S =f. fa/v faje. fafd, fafe, fafg " bedefg
(ITL.38)

+ idem (f;g).
Bailey’s four-term 1¢¢9 transformation:
¢ |: avqa%7_qa%7bvcad7evf7gah
10%9 1 1
az ) —az 9 aq/ba aq/c, aq/da aq/ea QQ/f, aq/g, aq/h
n (ag,b/a,c,d,e, f,9,h,bq/c; q)o
(b2q/a,a/b,aq/c,aq/d,aq/e,aq/f,aq/g,aq/h,bc/a; q)o
(bg/d,bq/e,bq/f,ba/g,bq/h; q)o
(bd/a,be/a,bf [a,bg/a,bh/a;q)e
b?/a, gba=%, —gba~ %, b, be/a, bd/a, be/a, bf/a, bg/a, bh/a
X 1 1 ; })
091 bamt, —bat, bg/a, bg/c, ba/d, bafe, ba/f, bafg, bafh
(ag,b/a, Aq/ f, Aa/g: Aa/h,bf /A, bg/ A, bh/X; q) s
(Ag, b/ aq/ f,aq/g,aq/h,bf /a,bg/a,bh/a; q)
i’ X, g\2, —qA2, b, Ae/a, Ad/a, Ne/a, f, g, h
X 1099 1 1 3 4,
>‘§a _>‘§a Aq/ba aq/c, aq/da aq/ea )‘q/fa )\Q/g, )‘q/h
n (ag,b/a, f,g,h,bq/ f,bq/g,bq/h, Ac/a, Ad/a, Ae/a, abg/Ac; q) o
(b2Q/)‘v A/bv GQ/Cv GQ/CL aq/ev GQ/f7 aq/g, GQ/hv bc/a’ bd/av be/a, bf/a; q)oo
(abq/Ad, abg/Xe; @)oo b2/, gbA~ 2, —gbA~2,b, be/a, bd/a,
(bg/a,bh/aiq)ee " | bA™E,—bA~,bg/), abg/c), abg/d),
be/a,bf /X, bg/\, bh/X
¢/ b/, bo/, bh/ 1 g, q] : (I11.39)
abg/eX,bq/ f,bq/g,ba/h

34,4
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where a3¢? = bedefgh and X = qa?/cde.

Transformation of a 1911 series:
(aq/b,aq/c,aq/d,aq/e,aq/f,q/ab,q/ac,q/ad,q/ae,q/af;q)o
(ag,ah,ak,g/a,h/a, k/a,qa?, q/a%; q) oo
qa, —qa, ba, ca, da, ea, fa, ga, ha, ka ¢
X 10’1/110 4 T
a,—a,aq/b,aq/c,aq/d,aq/e,aq/f,aq/g,aq/h,aq/k " bedefghk
(¢,q/bg,q/cg,q/dg,q/eg,a/fg,a9/b,qa9/c,a9/d,q9/e, a9/ f; D)oo
(gh,gk,h/g,k/g,ag,q/ag,9/a,aq/g,q9% @)oo

% 100 { 9%,49, —q9, gb, gc, gd, ge, g f, gh, gk » ¢ }

10¥9 sy 37 79
9.—9,99/b,a9/c,qa9/d, qg/e,q9/ f,ag/h,qg9/k ~ bedefghk

+ idem (g; h, k). (T11.40)
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g-integral representations of
2¢1 series, 24
Askey-Wilson polynomials, 207
continuous g-ultraspherical polynomials,
185
very-well-poised g¢7 series, 52
g-integrals, 23, 24, 52-55, 57, 58, 65, 76,
149, 156-158, 162, 163, 166, 171, 172,
183, 185, 203, 207
g-Kampé de Fériet series, 284
g-Karlsson-Minton sums, 19, 20, 357
g-Krawtchouk polynomials, 201, 202
g-Kummer sum, 18, 354
g-Lagrange inversion theorem, 107
g-Laguerre polynomials, 210
g-Lauricella function, 300, 301
g-Leibniz formula, 27
g-Mehler’s formula, 275
g-Meixner polynomials, 202
g-multinomial coefficients, 25, 68
g-multinomial theorem, 25
g-number, 7
g-number factorial, 7
g-number shifted factorial, 7
g-quadratic lattice, 12, 294
g-Racah polynomials, 59, 197-180
g-Saalschiitz sum, 17, 355
g-series, 4, 8, 282
g-shifted factorial, 3, 351
g-sine functions, 28
g-trigonometric functions, 28, 212
g-ultraspherical function of the second kind,
211
g-Vandermonde sum, 14, 354
g-Watson sum, 61, 355
g-Whipple sum, 61, 355
q,p-binomial coefficient, 311
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q,p-shifted factorial, 304
Quadratic elliptic transformation formula,

341
Quadratic summation and transformation

formulas, 69-90, 91, 92, 96-100, 162, 163,
341, 361, 362

Quartic summation and transformation for-
mulas, 94, 111, 109

Quasi-periodicity relations, 317

Quintuple product identity, 147

Ramanujan’s identities, 171, 172
Ramanujan’s summation formula, 52, 138,
357
Recurrence relations for
Askey-Wilson polynomials, 188
big g-Jacobi polynomials, 202
continuous g-ultraspherical poly-
nomials, 203, 204
discrete g-Hermite polynomials, 209
little g-Jacobi polynomials, 204, 205
orthogonal polynomials, 175, 200
g-Racah polynomials, 177
sieved orthogonal polynomials, 201, 202

Reduction formulas for ¢g-Appell series, 282,
284-289, 299
Reversal of terminating
basic series, 25
theta hypergeometric series, 338
Rodrigues-type formula for the Askey-Wilson
polynomials, 199
Rogers’ linearization formula, 226
inverse of, 249
Rogers-Ramanujan identities, 44, 241
Rogers-Szegd polynomials, 210

Saalschiitzian series, 5

Saalschiitz’s formula, 17

Sears’ 4¢3 transformation formula, 49, 360

Sears’ nonterminating extension of the
g-Saalschiitz sum, 51, 356

Sears’ transformations of well-poised
series, 130, 131

Sears-Carlitz transformation formulas, 64,
75, 360

Selberg’s integral, 174

Shifted factorial, 2

Sieved ultraspherical polynomials of the
first kind, 204
second kind, 205

Singh’s quadratic transformation, 99, 361

67-coefficients, 180, 302, 307

Split-poised series, 106
Squares of
o F series, 232
2¢1 series, 232, 234
4¢3 series, 232, 234, 251, 261
s¢7 series, 235
Stieltjes-Wigert polynomials, 216
Summation formulas (selected):
212 sum, 141, 357
313 sums, 149, 150, 357
4%4 sum, 141, 357
642kV542k SUM, 152
10V9 sum, 313
10Vo sum, 307
6+2k Ws ok sum, 65
Bailey-Daum ¢ sum, 18, 354
Bailey’s g¢7 sum, 54, 356
Bailey’s g6 sum, 140, 357
bibasic sums, 80—83, 328, 358
cubic summation formulas, 93, 108-110
Gauss’ o F; sum, 3
Gosper’s indefinite bibasic sum, 81, 358
Heine’s 2¢1 sum, 13, 354
Jackson’s g¢7 sum, 43, 356
Jacobi’s triple product, 15, 357
Karlsson-Minton sum, 18, 19
g-binomial theorem, 8, 354
g-Dixon sums, 44, 58, 355
g-Dougall sum, 43, 356
q-Gauss sum, 14, 354
g-Karlsson-Minton sums, 19, 20, 357
g-Kummer sum, 18, 354
g-Saalschiitz sum, 17, 355
g-Vandermonde sum, 14, 354
g-Watson sum, 61, 355
q-Whipple sum, 61, 355
quadratic summation formulas, 61, 92,
98
quartic summation formulas, 94, 109

Ramanujan’s 147 sum, 138, 357

Sears’ 3¢2 summation formula, 51, 356
very-well-poised 4¢3 sum, 41, 42, 355
very-well-poised ¢¢5 sum, 42, 356

Tchebichef polynomials, 2, 203

Theta functions, 16, 303

Theta hypergeometric series and functions,
304-310, 312-324

Thomae’s 3 F> transformation formulas, 69

Three-term recurrence relation, see Recur-
rence relations

Totally elliptic hypergeometric series, 320
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Transformation formulas (selected):
r+1¢r series, 33, 121, 127, 128
2o series, 148, 150
Bailey’s very-well-poised 1o¢9 trans-
formation, 47, 55-57, 363
bibasic, 105-107, 330
cubic transformations, 93, 109
multibasic, 106, 343, 344
Heine’s 2¢1 transformations, 13, 359
Jackson’s 21, 22, and 3¢ trans-
formations, 14, 28, 359, 360
nearly-poised 5¢4 and 7¢s series, 46, 47
g-extensions of Clausen’s formula,
232-236, 251, 361
g-series, 33, 121, 127, 128, 130-134
quadratic transformations, 76-80, 91, 92,
96-100, 361-364
quartic transformations, 94, 110
Sears’ 3¢o transformations, 71, 72, 359,
360
Sears’ 4¢3 transformations, 49, 360
Sears’ transformations of well-poised
series, 130, 131
Sears-Carlitz transformation, 64, 360
o,m-shifted factorials, 312
Singh’s quadratic transformation, 99, 361
three-term transformations, 26, 27, 50,
51, 53, 61, 63, 73-75, 77, 78, 102, 117,
363-365
very-well-poised 5 ¢4 series with arbitrary
argument, 75
very-well-poised g ¢~ series, 48-50, 53, 360,
361
very-well-poised 2y42¢2r41 series, 134
very-well-poised g5 and 1010 series
144, 148, 365, 366

very-well-poised 2,2, and op_1%2r_1
series, 143-145

Watson’s transformations, 42, 360
well-poised 3¢2 series with arbitrary
argument, 74, 75, 364

Whipple’s 4 F5 transformation, 49

Trigonometric deformation, 7
Trigonometric hypergeometric series, 7
Trigonometric number, 7

Triple product identity, 15, 357
Truncated series, see Partial sums
Turan-type inequality, 210

Ultraspherical polynomials, 2
Unilateral theta hypergeometric series, 316

Vandermonde’s formula, 2, 3
Very-well-poised series, 38—40, 138, 306
Very-well-poised (VWP)
VWP-balanced series, see VWP-balancing
conditions
VWP-balancing conditions, 39, 138, 308,
314

Wall polynomials, 214
Watson’s transformations, 42, 43, 360
Weight function, 175
Well-poised (WP)
WP-balanced series, see WP-balancing
conditions
WP-balancing conditions, 38—40, 138, 306,
308, 309, 313
Whipple’s 4 F;5 transformation formula, 49



